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Abstract — Nonlinear frequency diverse arrays have
attracted increasing attention because of their unique
point-like focusing characteristics in the joint angle-
range domain. However, the quantitative relationship
between the focusing pattern and key design parameters,
as well as systematic performance evaluation tools, have
not been fully established. In this paper, we propose the
gain-focusing area as a quantitative metric for assessing
the focusing efficiency of nonlinear frequency diverse
arrays (NFDA). Unlike conventional one-dimensional
beamwidth measures, the gain-focusing area captures
the joint angle-range behavior of the array and provides
a basis for performance evaluation and design optimiza-
tion. Using this metric, we systematically study single-
and dual-region focusing, and quantify the influence of
focusing location (angle, range) and array design param-
eters (number of elements, frequency-offset coefficient)
on the gain-focusing performance. Numerical simula-
tions demonstrate that the proposed gain-focusing-area
based evaluation method provides a more reliable per-
formance metric; compared with existing approaches, it
nearly doubles the valid angular range while maintaining
accurate characterization of the focusing behavior. This
enables NFDA spatial focusing capability and parameter
sensitivity to be robustly quantified over a wider field of
view, offering a more dependable tool for shaping the
electromagnetic environment in and around the target
region.

Index Terms — Gain-focusing area, nonlinear fre-
quency diverse array, single-point focusing, two-point
focusing.

Submitted On: December 03, 2025
Accepted On: May 04, 2026

I. INTRODUCTION

In array signal processing, nonlinear frequency
diverse arrays (NFDA) achieve two-dimensional beam
steering over angle and range, concentrating gain at the
prescribed target while decreasing gain as the angular
or range offset increases. This behavior enables flexi-
ble and highly controllable gain focusing at the target
location [1, 2], which is valuable for radar detection
and wireless communications because it reduces electro-
magnetic impact around the target area [3, 4]. By incor-
porating nonlinear frequency offset coefficients, NFDA
mitigates the intrinsic “S-shaped” coupling between
angle and range observed in linear frequency diverse
arrays, thereby forming focal regions at specific spatial
locations [5-8]. A variety of optimization approaches,
genetic, artificial bee colony, and mayfly algorithms,
have been employed to tune these coefficients and
obtain narrower beam widths with reduced peak side-
lobe ratios [9-15].

Among the existing studies, [16] provides a repre-
sentative analysis related to NFDA focusing behavior.
However, its analytical derivation is established under
the approximation conditions specified in that work and
is mainly oriented to a THz near-field scenario. In con-
trast, the present work considers a beampattern-based
geometric evaluation framework for far-field NFDA gain
focusing.

To address this gap, this paper introduces the
gain-focusing area as a quantitative metric for far-
field NFDA focusing in the joint angle-range domain,
and further establishes a corresponding geometric cal-
culation framework for its extraction and evaluation.
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Based on —3 dB boundary extraction and equivalent
tilted-ellipse characterization, the proposed framework
enables reproducible computation of Sf,cis, BWipera and
BW,4nge. Using this framework, we study both single-
point and two-point gain focusing and systematically
quantify the effects of target location and array design
parameters.

II. GAIN-FOCUSING AREA DEFINITION
AND CALCULATION FRAMEWORK

In contrast to traditional phased arrays, NFDAs can
focus the gain not only in the angular dimension but also
in the range dimension, thereby exhibiting inherently
two-dimensional gain-focusing behavior. To character-
ize this behavior in a quantitative and reproducible
manner, this work not only defines the gain-focusing
area as a performance metric, but also establishes a
geometric calculation framework for its extraction in the
angle-range plane. Specifically, the proposed framework
identifies the —3 dB focusing boundary from the far-
field NFDA beampattern, constructs an equivalent tilted
elliptical focusing region, and computes its area as Sgycys-

In this work, the two-dimensional gain-focusing
area is calculated directly from the NFDA far-field
beampattern in the joint angle-range domain. The pro-
posed approach is based on —3 dB boundary extraction
and geometric characterization of the focusing region,
and therefore does not rely on a specific closed-form
analytical approximation. For reference, [16] considers
a different derivation route under its own approximation
conditions.

Let B(r,0;f(m)) denote the normalized NFDA
beampattern in the selected angle-range observation
plane, where r and O represent the range and angular
coordinates in that plane, respectively, f(m) denotes the
transmit frequency corresponding to the m-th array ele-
ment, and m is the element index. Since the present work
focuses on a two-dimensional gain-focusing analysis for
a linear NFDA in the chosen observation plane, the
out-of-plane angular variable ¢ is not introduced in the
current formulation. Its maximum at the target location

(r0,60) is
Bmax:B(rO:eo;f(m))a (D

where f(m) = fo + Afpm,m =0,1,...M — 1, fy is the
reference carrier frequency and Af,, is the nonlinear
frequency offset of the m-th element.

The gain-focusing region is then defined as

Qppeus = {(1,0)|B(r,0; f(m)) > Bmax /2}, 2)

and the gain-focusing area is defined as the geometric
area of this region,

Sfocus = Area(Qfocus) . 3
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In computation, B(r,0;f(m)) is evaluated on a
discrete angle-range grid, and all points satisfying (2)
are extracted as the —3 dB gain-focusing region. Sg,cus
is then estimated from this region using the geometric
procedure in Fig. 2. Under the considered settings, Sscus
is mainly influenced by the target position, frequency-
offset coefficient, and array size.

Equations (1)—(3) define the gain-focusing area
metric, whereas the practical computation of Syrpcys iS
carried out through the calculation framework summa-
rized in Fig. 1 and detailed in Steps (1)—(6). Under the
NFDA configuration considered in this paper, the size
of Spycus i primarily governed by the target position,
the frequency-offset coefficient, and the number of array
elements.

Obtain boundary point coordinates
¥
‘ Determine the major-axis boundary point
]
‘ Calculate the semi-major axis (a)
¥

longitudinal boundary ‘ ‘
|
|
‘ Calculate the offset angle (6) ‘
|
l

Range

]

‘ Calculate the semi-minor axis (b)
¥

‘ Calculate the gain-focusing area (Speus)

Angle (°)

Fig. 1. Flowchart of the proposed gain-focusing area
calculation framework and the specific calculation steps.

For the configurations considered here, the —3 dB
region is well approximated by a tilted ellipse [16].
Therefore, Spycus is obtained by determining the semi-
major axis, semi-minor axis, and offset angle of the
equivalent ellipse from the boundary points, following
Steps (1)-(6) in Fig. 1.

(1) Extract the —3 dB boundary points from the simu-
lated beampattern in the angle-range plane.

(2) Determine the major-axis boundary point by finding
the boundary point with the largest angular extent and
its range coordinate.

(3) Calculate the semi-major axis a and the offset angle
0 from the target point and the major-axis boundary
point.

(4) Determine the short-axis boundary point from the
target coordinates and the offset angle 6.

(5) Calculate the semi-minor axis b from the target point
and the short-axis boundary point.

(6) Compute Sgycs from the semi-major axis a and semi-
minor axis b.

Based on this definition, Sf,¢,s is computed from the
extracted —3 dB gain-focusing region and then used as
a quantitative metric in the subsequent single-point and
two-point performance evaluations.
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III. SINGLE POINT GAIN-FOCUSING
PERFORMANCE ANALYSIS
To investigate the focusing performance of NFDAs,
we examine the factors influencing Sp,c,s from two
perspectives.
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quantitative data, including BWiera, BWange, and Sgcus
for each target position, are provided in Table 1.

As shown in Fig. 2 and Table 1, varying the tar-
get range while keeping the angle fixed leaves Spcys,
BW thetq, and BW 4. almost unchanged, indicating that,

in our simulations, the target range has little influence on
the gain-focusing performance. In contrast, as observed
in Fig. 2 and the corresponding data in Table 1, varying
the target position at a fixed range but different angles
results in a minimum S,.,; when the target is aligned
with the array’s normal direction. Similarly, from a
one-dimensional perspective, BW,;¢. remains constant,
while BWj,,,, is minimized when there is no angular
offset between the target and the array, indicating that
gain-focusing width in the angle dimension is minimized
at this position.

The numerical variation trends of Sg,cus, BWiper, and
BW,4n6e With respect to target angle are consistent with
the expected focusing behavior, which also supports the
validity of the proposed evaluation framework. As a
representative reference, [16] reports similar variation
tendencies under its own assumptions. However, since

A. The influence of target position on gain-focusing
area

The changes in gain-focusing area are examined
by independently varying the target position along the
angle and range dimensions. To assess the impact of
these parameters, we simulate NFDA patterns for targets
at a fixed range with different angles and at a fixed
angle with different ranges. Figure 2 depicts, for both
cases, the NFDA focusing points together with each
point’s Sgycus and 3 dB widths—BWy,,, (horizontal) and
BW,4nge (vertical). Note that Fig. 2 does not display the
numerical values of the angular offsets; it only visual-
izes the focusing points and widths. The corresponding

[0S 1 (ellipse color) —BW, —BW the present method is based on direct geometric extrac-
sl R JIFEL tion from the obtained beampattern, it can be applied in
0 30 the far-field NFDA configurations considered here over

29 3
=60 a a wider angular range.
) 28 2
I > e e e D
Ea0 e e
30l il B B. Impact of array parameters on gain-focusing area
25
20 =) -

From equations (1)-(3), Spcus depends on the
underlying beampattern B(r, 8; f(m)), which in turn is
determined by the array size and the frequency-offset
coefficient. We therefore numerically examine in this

-50 0 50
0 (deg)

Fig. 2. Impact of target position on gain-focusing area.

Table 1: BW;jerq, BWrange and S gocys for different target positions

Focus Target Positions | BWipeta | BWrange | Sfocus 0f Ours | Sgocys of [14]
(0°, 80 km) 7.3 4.3 23.7596 316.4782
(0°, 20 km) 7.3 4.3 23.7596 316.4782
(0°, 50 km) 7.3 4.3 23.7596 316.4782

(—10°, 50 km) 7.5 4.3 24.4191 377.1766
(10°, 50 km) 7.5 4.3 24.4191 377.1766
(—20°, 50 km) 7.8 4.3 25.4083 775.5258
(20°, 50 km) 7.8 4.3 25.4083 775.5258
(—=30°, 50 km) 8.5 4.3 27.7167 2.0517¢3
(30°, 50 km) 8.5 4.3 27.7167 2.0517e3
(—40°, 50 km) 9.6 4.3 31.3413 474.5241
(40°, 50 km) 9.6 4.3 31.3413 474.5241
(—=50°, 50 km) 11.6 4.3 37.9405 327.9682
(50°, 50 km) 11.6 4.3 37.9405 327.9682
(—60°, 50 km) 15.1 4.3 49.4845 332.2909
(60°, 50 km) 15.1 4.3 49.4845 332.2909




section, we vary these parameters and examine the
changes in gain-focusing width in the angle and range
dimensions. Figure 3 shows how NFDA Sg,c..c, BWieras
and BW,ue. vary under different array sizes and fre-
quency offset coefficients, and provides the correspond-
ing values of Sgycus, BWinera, and BWypge.

——BW, -0 BW,_. [,

44.33 4433
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Fig. 3. Impact of array parameters on gain-focusing area.

As shown in Fig. 3 (according to the data therein),
Sfocus decreases as the number of array elements
increases, indicating that more elements yield a smaller
gain-focusing area. In parallel, the angular gain-focusing
width BW;;,.,, exhibits a substantial reduction, whereas
the range-dimension width BW,,e remains nearly
invariant, suggesting that the element number primarily
affects the angular width. According to Fig. 3, S,cs also
decreases as the frequency-offset coefficient increases.
At the target position, BW;,,, remains essentially con-
stant, while BW,,,e. decreases significantly, implying
that a larger frequency-offset coefficient produces a
narrower range-dimension focusing width and a more
concentrated focus.

In conclusion, for the far-field configurations con-
sidered here, the target range has a negligible influence
on Speus- In contrast, the target angle and the array
design parameters (number of elements and frequency-
offset coefficient) strongly affect the gain-focusing area
and its one-dimensional widths. The angle parameters
of the target position affect the gain-focusing area, with
the minimum gain-focusing area occurring when the
target is aligned with the normal direction of the array.
Additionally, for NFDA, an increase in the number of
array elements or the frequency offset coefficient results
in a reduction in the gain-focusing area. From a one-
dimensional perspective, the range parameters do not
affect either BWjperq Or BWyye0. In contrast, the angle
of the target and the number of elements primarily
affect BWjperq, With negligible influence on BWgpge in
the considered configurations, whereas the frequency-
offset coefficient mainly affects BW,yuge, With BWierq
remaining nearly unchanged. Thus, the gain-focusing
area is primarily governed by the angular position and
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array design parameters, while the effect of target range
on Spcus 1s negligible in the far-field configurations
examined.

Furthermore, simulation results show that NFDA
forms a focused gain-focusing area solely at the target
position, with a controllable gain-focusing area. The
array gain outside this area remains low, suggesting that,
in the considered scenarios, NFDA-based focusing may
help reduce the electromagnetic impact around the target
region compared with conventional beamforming.

IV. TWO POINT GAIN-FOCUSING
PERFORMANCE ANALYSIS
Assuming the target positions are set at (—40°,
60 km) and (50°, 30 km), the simulation results indicate
that NFDA can generate two distinct gain-focusing areas
with controllable positions, as shown in Fig. 4.

range/km

-60 -40 -20 ] 20 40 60
theta/®

Fig. 4. NFDA beam pattern.

To further analyze the two-point gain-focusing per-
formance of NFDA, simulations were conducted to
examine the changes in Sy,.,s within each focusing area
under varying conditions, such as changes in target
positions and modifications to array parameters.

A. Impact of changes in target position on gain-
focusing area

Alterations in the gain-focusing area of the two
focusing regions are examined by varying the range and
angle of the target positions. Table 2 reports simulations
for both cases, targets with identical angles but different
ranges, and targets with identical ranges but different
angles.

Table 2: Syycus for two-target configurations

Target Location | S¢ocvs | Target Location | Sfocus
A| (20° 15km) 3.57 (20°, 60 km) 10.94
B| (20°,20km) 8.22 (20°, 70 km) 8.24
C| (-30° 15km) | 3.83 (—=30°,60km) | 12.02
D| (—30°,20km) | 8.80 (—30°, 70 km) 9.12
Four representative two-target configurations

(A-D) are considered, as summarized in Table 2.
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In either case the simulated gain-focusing areas
successfully encompass both target positions. Cases
A/B and cases C/D correspond to two targets sharing
the same angle but different ranges, whereas cases A/C
and cases B/D correspond to two targets sharing the
same range but different angles. According to the data in
Table 2, changing either the angle or the range modifies
each focusing area. For the limited configurations
examined, these variations do not follow a simple
monotonic trend, suggesting that the two-point focusing
behavior is jointly shaped by the relative positions of the
two targets and the NFDA design parameters.

B. Impact of variations in array parameters on gain-
focusing area

50

T T
— © —M=32 (40°, 60km) — © —M=48 (40°, 60km)
—=—M=32 (50°, 30km) —=*—M=48 (50°, 30km) |]

frequency offset coefficient (kHz)

Fig. 5. Sf,cus Of each focusing region.

As shown in Fig. 5, the gain-focusing area in
each region decreases as the number of array ele-
ments increases, consistent with single-point focusing.
Notably, although both regions shrink, the focusing area
at (—40°, 60 km) remains consistently smaller than that
at (50°, 30 km). Likewise, Fig. 5 shows that as the
frequency offset coefficient increases, the gain-focusing
area of each focusing region gradually decreases, again
aligning with single-point NFDA behavior; however, the
two areas remain unequal.

These findings indicate that the nonlinear frequency
diverse array can realize two-point gain-focusing for
targets at different positions. By increasing the number
of array elements or adjusting the frequency offset
coefficient, the gain-focusing area can be reduced so
that array gain concentrates on the targets while the
electromagnetic influence outside the focus is strongly
attenuated.

V. CONCLUSION
This paper addresses the characterization of NFDA
gain-focusing by introducing the gain-focusing area as
an effective quantitative metric for point-like focusing.
Using this metric, we analyze one- and two-region
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gain-focusing and quantify the effects of focusing loca-
tion (angle, range) and design parameters (number of
array elements, frequency offset coefficient). Numerical
simulations confirm the spatial localization capability,
parameter sensitivity, and the improved reliability of the
proposed metric; compared with existing approaches, it
nearly doubles the valid angular range while maintain-
ing accurate characterization of the focusing behavior.
Guided by this metric, NFDAs can be tuned to meet
specific requirements, allowing gain-focusing regions
to cover target locations accurately over a wider field
of view. This adaptability is promising for applications
such as fixed-point communications and the mitigation
of electromagnetic radiation hazards.
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