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Abstract — This paper proposes an efficient algorithm
for analyzing electrically large targets after partial mod-
ification. After solving the original model using the
characteristic basis function method (CBFM), the mesh
modification algorithm (MMA) is employed to modify
the mesh according to requirements. Subsequently, in
the CBFM blocks, only the characteristic basis functions
(CBFs) associated with the affected blocks need to be
regenerated, and the corresponding data in the reduced
matrix are updated to rapidly obtain the solution of the
new model by using the partial modification algorithm
(PMA). Numerical examples validate the accuracy and
efficiency of the proposed method, demonstrating its
potential for practical engineering applications.

Index Terms — Characteristic basis function method
(CBFM), mesh modification algorithm (MMA), partial
modification algorithm (PMA).

I. INTRODUCTION

The characteristic basis function method (CBFM)
[1-3] was proposed to reduce the number of unknowns
and the matrix size in the traditional method of moments
(MoM) [4, 5], thereby overcoming the high memory
and computational complexity of MoM when analyz-
ing electrically large targets. The characteristic basis
functions (CBFs) in CBFM are not only significantly
fewer in number compared to Rao-Wilton-Glisson
(RWG) basis functions, but can also be combined
with various acceleration algorithms such as adaptive
cross approximation (ACA) [6, 7], further reducing the
computational resources and enhancing the efficiency.
However, in engineering applications, such as optimiz-
ing the layout of array antennas, engineers frequently
encounter situations where the partial structures need
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to be modified repeatedly. The process of remeshing,
regenerating CBFs, refilling, and resolving the reduced
matrix after each partial modification remains very
time-consuming.

To address the challenges of “partial modification
problems,” researchers first proposed an “add-on” tech-
nique [8, 9] based on the partitioned-inverse formula
and the Sherman-Morrison-Woodbury (SMW) formula
[10, 11]. Although this technique is limited to adding
small structures, it enables the data of unmodified
regions to be reused, making the computational cost
of the new structure almost negligible. Then, a partial
modification algorithm (PMA) [12] was proposed to
support more general partial modification operations
based on data reuse, including adding, deleting, and
modifying partial structure. Subsequently, a mesh mod-
ification algorithm (MMA) and the integral equation
discontinuous Galerkin (IEDG) method [13, 14] was
integrated into PMA [15], enabling mesh modifications
during program execution. However, the above methods
share a common bottleneck that they all require storing
the impedance matrix of the original structure, and the
storage complexity of MoM limits the scale of the
problem to be solved. Given that add-on technique has
already been introduced into CBFM [16], using PMA
to reuse the reduced matrix data of CBFM provides
an excellent solution for the partial modification of
electrically large targets.

This paper proposes the MMA-PMA-CBFM that
introduce the PMA [12] with the MMA [15] into the
CBFM. First, after solving the original model, block
division and CBFs of unaffected blocks are preserved,
and then the reduced matrix equation and its solution
are updated via the PMA [12]. Second, the MMA [15] is
applied, which supports mesh modification of arbitrary
shapes through a mesh-based representation and overlap
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detection, thereby reducing reliance on preprocess-
ing software. Consequently, the MMA-PMA-CBFM
reduces memory and computational cost while enabling
automatic mesh modifications and rapid resolving of
electrically large targets after partial modifications.

II. METHOD AND FORMULATIONS
A. Conventional CBFM
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Fig. 1. Schematic diagram of CBFM’s partitioning of
the computational domain. Main blocks do not overlap
with each other, while extended blocks may overlap with
other main blocks or extended blocks.

Implementation of the conventional CBFM [3]
needs to divide the computational domain into several
blocks, called the main blocks. In order to avoid the
current singularity caused by blocking, an extended
region is added around each main block and referred
to as an extended block, as shown in Fig. 1. All RWG
basis functions are then assigned to the main blocks
and their associated extended blocks. Each RWG basis
function belongs to exactly one main block, but may be
located within multiple overlapping extended blocks. To
ensure the compression ratio of CBFs, the size of the
main block is typically selected to be 1 to 2 wavelengths
(1), while the extended size is typically set as 0.14
to 0.2A. Further increasing the extended size yields
limited effect on improving accuracy, and will increase
the computational time of CBF generation.

For the excitation-independent CBFs, the genera-
tion for a given block requires solving the MoM equation
under multiple planewave excitations at different angles
and polarizations:

Zi+Ii+ - Vi+, (1)

where Z, I, and V represent the impedance matrix,
current vector, and voltage vector, respectively, and i+
represents all RWG basis functions contained in the
main area and extended area of the i-th block. Data
corresponding to the extended block are removed from
I+ to obtain I;, which only contains data of the main
block. However, I; still contains redundant information,
so it is decomposed using singular value decomposition
(SVD):

L =UxvV7, (2)
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and the first several columns of U are taken as a set of
CBFs, represented as J;. Selection criterion is based on
whether the corresponding singular value ¢ meets the
requirements G > €Omax, Where the threshold € is set to
0.001 in this paper. Because the singular values decrease
extremely rapidly, the number of CBFs N¢BF is far less
than the number of RWG basis functions NX¥C within
the block.

After generating CBFs, the next step is to fill in
the reduced impedance matrix Z”. The reduced mutual
impedance matrix Z;; corresponding to the i-th block
and j-th block is:

7}, =173, (3)

where Z;; is the mutual impedance matrix of the two
blocks generated by the RWG basis functions within the
two blocks. Since size has been significantly reduced,
solving the reduced impedance matrix significantly
reduces computational time.

In addition, for two non-overlapping blocks, the
filling process can be accelerated by ACA [17, 18].
The mutual impedance matrix can be decomposed by
the ACA:

Zij ~ Ul-le-j. (4)

The size of Z;; is NiRWG X NJRWG, and the size of matrix
U;j and V;; is NiRWG x k and k x NfWG, where k is the
effective rank solved by the ACA algorithm:

k < min(NfVC NEWG), (5)
Z;; can be expressed as:

Zj; = ZijJ; = (T Uy)(Vijd;). ©6)

The smaller size of the matrix will reduce the time
of matrix multiplication, improving the performance of
filling reduced impedance matrix. However, it is still
very time-consuming to repeatedly perform this process
when solving partial modification problems.

B. PMA-CBFM for solving partial modification
problems

In partial modification problems, all modifications
are applied to the original model. Even when multiple
modifications are performed, each new model is derived
from the original, rather than from the previous version.
Any partial modification can be divided into two steps.
Step 1 is to remove the subtract-structure from the
original-structure, leaving what is referred to as the rest-
structure. Step 2 is to affix the add-structure to the rest-
structure. The key to efficiently solving such problems
lies in reusing data obtained from the original model



to avoid redundant computations. Therefore, this paper
achieves efficient partial modification analysis based on
CBFM by reusing CBF data and reduced matrix data.

Before partial modification, the original structure
was solved by the conventional CBFM. After the mod-
ifications, it is no longer necessary to re-divide the
computational domain. Instead, the original partitioning
information can be used.

Fig. 2. Schematic diagram of a partial modification.
The original-structure is the yellow plate, which is
divided into multiple blocks by CBFM and represented
by black wireframes. Part of the plate is replaced by a
green cube structure.

Taking the partial modification in Fig. 2 as an
example, it should be pointed out that if the mesh and
RWG basis functions within a block remain unchanged,
its CBFs are unaffected. Since partial modifications
typically affect only a few blocks, such as in Fig. 2,
only one block is modified, which means that most
CBFs are reusable. In CBFM, generating CBFs is com-
putationally expensive in the solution process. There-
fore, the proposed strategy generates CBFs only for the
affected blocks when solving a partial modified model,
while reusing the CBFs of all other unaffected blocks.
Compared to regenerating CBFs for every block, this
approach saves considerable computation time without
sacrificing accuracy. The process of generating CBFs is
the same as that introduced in section IL. A.

In addition to reusing the CBFs, we also introduce
PMA [12] to reuse the reduced matrix and its solution
of the original model. In step 1 of partial modification,
all CBFs of the affected blocks are marked as “subtract,”
and CBFs on the unaffected blocks are marked as “rest".
In step 2, new CBFs need to be regenerated and marked
as “added” in these affected blocks, unless the block no
longer contains any basis functions. We partitioned the
reduced equations of two steps as follows:

er er J r Vr

= ; (7
Zsr Zss J K Vs
er Zm Ir _ Vr 7 ( 8)
Zur Zua Ia Va

where subscripts s,7, and a represent subtracted, rest,
and added CBFs, respectively. Z,,,Z,, and Z,, are
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the reduced self-matrices. Z,, Zg,,Z,,, and Z,, are the
reduced mutual-matrices. V,, V;, and V,, are the reduced
voltage vectors. J, and J are the reduced current vectors
in step 1. I, and I, are the reduced current vectors
in step 2. V, will be reused, while V, needs to be
recalculated based on the partial modification.

According to the method in [12], the solution of (8)
can be efficiently calculated as:

L =Yu(Va—ZoZ,'V,), 9)
IL,=27.(V,-Z,1,), (10)

where
You = (Zoa— LarZp' Lya) ™", (11)

Zil =Y, + Yrs(l - Zerrs)71 ZyY,, (12)

rr

Y,, and Y,; are the submatrices of the inverse of
the impedance matrix of the mother-structure [12].
1 represents the identity matrix.

It can be found that, after solving the original model,
Z,,! can be reused for multiple modifications. Under the
condition that PMA is effective, which means the modi-
fied structure is much smaller than the original structure,
the number of affected CBFs will also be much smaller
than the total CBFs, and computational complexity is
reduced considerably. To further illustrate the method
presented in this paper, pseudocode is provided here.

// Find the computational domain of the original model
and extend it.
Domain = Compute (Original_Mesh);
Domain = Expand (Domain, Distance);
// Divide into blocks and generate CBF
Blocks = Partition (Domain)
fori =1, BlockNumber

CBFs(i)=Generate_CBF (Blocks(i))
/I Generate the reduced matrix and solve
fori =1, BlockNumber

Vr(i) = FillReducedV (CBFs(i))

for j = 1, BlockNumber

Zx(i, j) = FillReducedZ (CBFs(i), CBFs(j))

Ir = Solve (Zr, Vr)
// Partial modification
New_Mesh=PartialModify (Original_Mesh,
Subtract_Mesh, Add_Mesh)
// Mark affected blocks & CBFs
for i =1, BlockNumber

MarkCBF (Blocks(i), CBFs(i), New_Mesh)
/| PMA
PMA_Sub (CBFs_Ori, CBFs_Sub, Zr, Vr, Ir)
PMA_Add (CBFs_Ori, CBFs_Sub, CBFs_Add, Zr, Vr,
Ir)

C. MMA for mesh modification

The feasibility of data reuse in partial modification
problems stems from the fact that only the mesh of the
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affected regions needs to be modified, rather than re-
discretizing the entire model. Conventional approaches,
such as “add-on” technique or PMA, impose significant
constraints when modifying partial structures. These
methods require the new structure to be predefined
during preprocessing, and the mesh of all structures
must maintain conformity to ensure current continu-
ity. This requirement is often too complex to satisfy,
making these traditional approaches suitable only for
cases where the structures are separate. To overcome
these limitations, the MMA proposed in [15] allows
direct mesh modification without preprocessing soft-
ware, while preserving current continuity across the
structures via the IEDG method [13].

Overlap

e

Fig. 3. Schematic diagram of removing the triangles
from the original-structure that overlap with the subtract
shape. Yellow triangles belong to the original-structure,
blue triangles belong to the subtract shape, and red
triangles overlap with the subtract shape, which belong
to the subtract-structure and will be removed. On the
right are three situations that will be considered as
overlaps.

Some technical details of the MMA in [15] were not
elaborated in detail. In this paper, we supplement some
important technical details of the MMA. Continuing
with the partial modification shown in Fig. 2 as an
example, the program will first remove a square from
the plane and then replacing it with a cube. To solve this
problem, the steps of the MMA are as follows.

Step 1: Identify triangles located inside the subtract-
structure, mark and delete them. When a square needs to
be subtracted from the original-structure, as illustrated in
Fig. 3, the MMA requires a mesh of corresponding shape
at the specified position. It then detects all triangles in
the original-structure that overlap with the triangles of
the mesh of subtract shape and marks them for removal.
The overlap between two coplanar triangles only has
three cases, as cataloged in Fig. 3 (right). Accordingly,
a node-edge detection method is employed here. The
method first checks if each node of a triangle is inside
another triangle. For triangle ABC and point P, we have

AP — uAC +vAB, (13)
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when satisfied
0<u<li
0<v<i1, (14)
u+v<li

it can be considered that point P is inside the triangle.
Then check whether the edges of the two triangles
intersect. If two line-segments AB and CD intersect in
the same plane, they will satisfy

{(Rxﬁ)-(za_c)xg_ﬁko )
(CAxCB)- (DAxDB) <0’

and triangles that meet either of the checks are marked
for removal. The strategy is able to find triangles whose
nodes are not inside the subtract shape but overlap with
the shape.

For electrically large targets with a very large num-
ber of triangles, traversing all triangles of the subtract
shape against all triangles of the original structure would
be computationally expensive. To accelerate the overlap
detection, we can employ a kd-tree [19] spatial index.
The original mesh is partitioned using a kd-tree, and only
those triangles within intersecting bounding boxes are
tested with triangles of the subtract shape.

Fig. 4. Diagram of finding the boundary of a subtract
shape and moving the nodes of the rest-structure. Blue
mesh belongs to the subtract shape, the points in the
middle image represent the boundaries of the subtract
shape, yellow mesh belongs to the rest-structure, and
the triangles in the rest-structure whose nodes have been
moved are purple.

Step 2: Move the nodes of rest structure to the square
boundary to smooth the jagged edge. As shown in Fig. 4,
the MMA first identifies all free edges in the mesh
of the subtracted shape, which are defined as edges
belonging to only one triangular element and not shared
by any adjacent triangles. Subsequently, each node is
relocated to the nearest position on the nearest identified
edge. Then we uniformly sample points along the edges
and move each node to its nearest sample point. This
approximation is both fast and effective in improving
boundary smoothness.

Step 3: Positioning the add-structure at the modified
location and defining RWG and Half-RWG basis func-
tions in the new structure region. As shown in Fig. 5, the



Fig. 5. Diagram showing the addition of add-structure
to rest-structure. The boundary of the rest-structure,
modified by the MMA, precisely matches that of the
add-structure, although the meshes are non-conformal.

green cube is moved to the mesh modification location.
Since the different structures are meshed independently,
the mesh junctions between them are non-conformal.
The current continuity of the non-conformal mesh junc-
tions is guaranteed by the IEDG method [13, 15].

The MMA is based on the principle of removing
overlapping triangles and aligning the rest nodes to
new boundaries. However, we acknowledge two current
limitations. The method is designed for planar subtrac-
tion shapes and has not yet been extended to curved
surfaces. Additionally, the node relocation step may
occasionally generate poorly shaped triangles. Neverthe-
less, the impact on overall solution accuracy is negligible
compared to the significant efficiency gains achieved by
avoiding full mesh regeneration.

When integrated with the PMA-CBFM, the MMA
enables a powerful solution for partial modification
problems. Specifically, the original model is solved
using CBFM, and its block partitioning, CBFs and
reduced matrix are stored. After the MMA performs a
partial mesh modification of arbitrary shape, only the
CBFs and reduced sub-matrices related to the affected
blocks are regenerated, and the solution of the reduced
matrix of the new model is updated via the PMA. This
method preserves accuracy while dramatically reducing
computational time. Moreover, both the matrix filling
and solving processes are inherently parallelizable, fur-
ther enhancing computational efficiency for electrically
large targets. Consequently, the proposed MMA-PMA-
CBFM offers a flexible, scalable, and efficient approach
for practical engineering applications.

III. NUMERICAL RESULTS

A numerical example is presented to demonstrate
the accuracy and efficiency of our method. As illustrated
in Fig. 6, the test case involves a perfect electrical
conductor (PEC) radar vehicle model. The main vehicle
body is about 5 meters long with 26,934 triangles,
which is set as the original-structure. The vehicle has a
circular platform where a radar can be placed, which has
1056 triangles. In this example, the MMA-PMA-CBFM
performs four partial modifications after solving the
vehicle. For each modification process, the program will
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Fig. 6. Schematic diagram of radar vehicle models and
meshes, with vehicles in green, radar in blue, and the
shape of the bottom of the radar in purple.

rotate the radar 90 degrees and place it on the platform
to obtain a new model. This example will calculate the
monostatic radar cross section (RCS) results over a theta
range of 0 to 90 degrees at 500 MHz. The program was
performed on a Dell workstation powered by two Intel
Xeon E5-2690v2 CPUs and 512 GB of memory.

Table 1: Comparison of memory between MoM and
CBFM

Method | Number of Unknowns | Memory (GB)
MoM 40401 12.2
CBFM 6280 0.3

Table 1 compares the memory required to store
the impedance matrix for the original structure using
MoM and CBFM. Since the impedance matrix of the
original structure must be stored for reuse during partial
modifications, and the modified part is typically small,
the memory occupied by the original impedance matrix
represents the dominant memory requirement during
program execution. As shown in Table 1, CBFM signif-
icantly reduces the number of unknowns and memory
usage compared to MoM. Consequently, the proposed
MMA-PMA-CBFM can solve larger problems than the
conventional PMA.

Table 2: Comparison of time between conventional
CBFM and MMA-PMA-CBFM

Method | CBFM MMA- MMA-PMA-C
PMACBFM | BFM (Parallel)
Original | 1359.2s 1533.8 s 211.0s
Structure
Modify 1 | 1500.4 s 1324 s 194 s
Modify 2 | 1464.5 s 164.0 s 24.1s
Modify 3 | 1451.0s 142.6 s 209 s
Modify 4 | 1450.7 s 173.2s 25.1s

Table 2 compares the single thread solving time of
conventional CBFM and proposed MMA-PMA-CBFM.
Because MMA-PMA-CBFM extends the computational
domain of the radar structure, its block partitioning
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results differ from those of traditional CBFM, leading
to differences in computation time. However, these dif-
ferences are within an acceptable range. Each partial
modification replaces approximately 200 to 400 original
CBFs with 700 to 800 new CBFs, and the notable reduc-
tion in solving time validates the efficiency of proposed
MMA-PMA-CBFM in handling partial modifications
problems. In addition, we employ OpenMP to parallelize
the filling of the impedance matrix and the voltage
vector. The parallel solving time of the proposed method
also demonstrates excellent parallel performance.

—d{BFM [—CBFM
= *MMA-PMA-CBFM| = - MMA-PMA{CBFM|

Monostatic RCS (dBsm)
Monostatic RCS (dBsm)

——CBFM —CBFM
[= = “MMA-PMA-CBFM = -MMA-PMA-CBFM|

Monostatic RCS (dBsm)
Monostatic RCS (dBsm)

0 s 30 5 o 75 % 0 s 0 s &) 7s %0
Theta (degree) Theta (degree)

(c) (d)

Fig. 7. Comparison of monostatic RCS results of four
partial modification processes between conventional
CBFM and MMA-PMA-CBFM.

Subsequently, we compare the results of MMA-
PMA-CBFM with those of the conventional CBFM, as
shown in Fig. 7. Furthermore, the root mean square
error (RMSE) of the four modifications in m? is pre-
sented in Table 3, with the calculation formula given
below:

A(6;) = RCScprm(0i) — RCSmma-crm-pma(6i), (16)

1 N
RMSE = | =Y (A(6))>. 17)
i=1

It can be seen that the proposed MMA-PMA-CBFM has
reliable accuracy performance.

=4

Table 3: RMSE of four modifications

Modification | RMSE
Modify 1 2.2
Modify 2 1.5
Modify 3 1.2
Modify 4 1.3
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Fig. 8. Result of MMA modifying the mesh of the plat-
form to match radar boundaries. Triangles unchanged
are green, triangles overlapped and nodes moved are
orange (left), and triangle nodes moved are red (right).

Figure 6 illustrates the different mesh required by
MMA during partial modification, including mesh of
original structure, modified structure, and subtracted
shape. MMA first removes triangles that overlap with the
radar bottom on the platform, then modifies the shape
of the remaining triangles on the platform to match the
radar, and finally places the radar. Figure 8 displays the
results of a selected modification. It can be seen that the
modified mesh matches the boundary of the radar well.

IV. CONCLUSION

This paper introduces PMA with MMA into
CBFM to enhance computational efficiency for solv-
ing electrically large partial modification problems.
Compared with the conventional CBFM, the proposed
MMA-PMA-CBFM can reduce much CPU time for
solving partial modification problems. In future work,
MMA-PMA-CBFM can be combined with optimiza-
tion algorithms to achieve rapid optimization of partial
structures.
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