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Abstract — 1In this paper, we propose a novel
Multibranch-Linear-Linear basis function based adap-
tive accuracy enhanced (MB-LLB-AAE) method to
solve the scattering problem from multiscale perfect
electric conductor (PEC) targets. The calculation accu-
racy of traditional magnetic-field integral equation
(MFIE) and combined field integral equation (CFIE) is
not as good as that of electric-field integral equation
(EFIE) under the same mesh size. The proposal of
MBLL basis function has solved the accuracy problem
of MFIE and CFIE when calculating multiscale PEC
targets to a certain extent. However, a MB-LL basis
function has two unknowns on a common edge, thus
generating a prohibitive computational cost when cal-
culating multiscale targets. Based on this problem, we
propose the novel MB-LLB-AAE method, which not
only effectively reduces the consumption when calcu-
lating multiscale targets, but also maintains an accuracy
similar to that of using the MB-LL basis function only.
Several numerical examples prove the advantages of the
proposed method.

Index Terms — Adaptive accuracy enhanced (AAE)
method, combined-field integral equation (CFIE),
magnetic-field integral equation (MFIE), multibranch
RWG basis function (MB-LL), multiscale objects.

I. INTRODUCTION

With the rapid development of high-power
microwaves, the simulation of scattering properties
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of targets becomes more and more important [1-3].
The surface integral equation (SIE) method has
gradually become a more common method for calcu-
lating scattering problems because of its advantages
in computing consumption [4-6]. The most widely
used equations in SIE are the electric-field integral
equation (EFIE) [7], the magnetic-field integral equation
(MFIE) [8] and the combined-field integral equation
(CFIE) [9]. However, MFIE and CFIE are not as
accurate as EFIE when using the same size mesh
[10-12]. The main reasons for this problem are two
aspects [13]. One is that, although the integral kernel
can be calculated accurately in MFIE, the integral kernel
has the singularity of high order points [14]. Second,
one of the MFIE is a regular integral. When the source
triangles and the test triangles are close enough and the
integral points are selected on the edges and vertices, a
solid angle error will occur in the process of singularity
extraction [15]. In order to solve this problem, many
solutions are proposed [16—19]. Among these methods,
two are relatively representative. One of them uses the
Linear-Linear (LL) basis function to improve calculation
accuracy [20]. The LL basis function has a higher order
than the RWG basis function, thus achieving higher
calculation accuracy. However, the unknown quantity on
a common edge of the LL basis function is 2. Therefore,
if only the LL basis function is used for calculation, it
will bring an excessive number of unknowns. Another
method is the accuracy enhanced-CFIE (AE-CFIE)
method which improves the computational accuracy
of CFIE by mixing CFIE with EFIE. Although this
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method improves the accuracy of CFIE to a certain
extent, it sacrifices convergence and does not consider a
multiscale scenario at the same time [21].

The calculation of multiscale targets is also a key
issue that needs to be considered. It is difficult to guar-
antee the accuracy of the calculation if the large mesh
is used to mesh the whole target, and a large amount of
unknown quantity will be produced if the fine mesh is
used. For solving the multiscale problems, a series of
methods were proposed [22-25].

Fig. 1. Schematic diagram of the two kinds of MB-LL
basis function.

Recently, a multibranch-RWG (MB-RWG) basis
function was proposed to solve the problem of mul-
tiscale target computation [26]. The MB-RWG basis
function replaces the negative triangle of the RWG
basis function to several branches, and guarantees the
continuity of the current. By defining the MB-RWG
basis function at the junction of the regions divided by
different size mesh, the calculation of multiscale targets
can be realized effectively, and it is relatively easy to
achieve [27]. In [28], we proposed the construction
method of multibranch LL basis function (MB-LL),
which solved the accuracy problems of MFIE and CFIE
when calculating multiscale targets. However, in [28],
we only considered using the MB-LL basis function for
calculation, which brings a large number of unknowns.

To address both multiscale problems and the issue
that the full-domain application of MB-LL basis func-
tions would double the number of unknowns, we extend
the AE-CFIE method appropriately. We employ LL and
MB-LL basis functions in regions that have a significant
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impact on computational accuracy, while using RWG
and MB-RWG basis functions in other regions. In this
manner, the number of unknowns associated with a
single common edge is 2 only in the LL-based regions,
whereas it is 1 in the RWG-based regions, thus effec-
tively reducing the total number of unknowns. Based on
this idea, in this paper we propose a novel multibranch-
Linear-Linear basis function based adaptive accuracy
enhanced (MB-LLB-AAE) method. The core innova-
tions of this paper are summarized into three aspects.

* We applied MB-RWG to the AE-CFIE method.
Since AE-CFIE is essentially a hybrid of EFIE and
CFIE (replacing eligible components with EFIE),
the introduction of EFIE degrades the convergence
to a certain extent. To tackle this problem, we
introduced MB-LL basis functions to further opti-
mize the equation, thus developing the MB-LLB-
AAE method. To the best of our knowledge, this
is the first attempt to implement the MB scheme
in the AE-CFIE framework.

* The proposed method is the first to introduce
LL basis functions into the AE-CFIE framework
and, combined with the MB scheme, it forms a
novel approach more suitable for the calculation
of multiscale targets.

* We propose a brand-new replacement strategy for
MB-LL basis functions, which is different from
the conventional AE-CFIE method. Specifically,
for eligible common edges, their corresponding
triangle pairs are determined, and all basis func-
tions contained in these triangle pairs are replaced
with MB-LL basis functions.

We use several numerical examples to prove the superi-
ority of the proposed method in calculating the scattering
problem from multiscale targets.

II. DEFINITION OF THE MB-LL AND THE
CONSTRUCTION METHOD OF THE
IMPEDANCE MATRIX

Schematic diagrams of the two kinds of 1 — N, MB-
LL basis functions are shown in Fig. 1. The two kinds of
LL basis functions can be expressed as [28]:
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where i indicates that the expression belongs to the i-
th MB-LL basis function, j indicates the expression
belong to the j-th negative branch of the MB-LL basis
function, superscript 4/ — is intended to demonstrate the
expression belongs to positive triangle/negative branch,
S is the area of the triangle, A is the domain of the
integration, / is the length of the common side, rlfi,
r;; and r3; represent the three vertices of the positive
triangle, while r,; T30 and 7, ; ; represent the three
vertices of the negative branch. The specific positions of
the vertices are shown in Fig. 1. 72 represents the normal
vector of a triangle or branch. It should be noted that
the current distribution over an MB-LL basis function
is non-uniform. The distribution of current intensity is
illustrated in Fig. 1, where a darker color indicates a
stronger current. In addition, the degrees of freedom
(DoF) of an MB-LL basis function are twice those of an
MB-RWG basis function. Therefore, the global applica-
tion of LL and MB-LL basis functions will significantly
increase the number of unknowns. For perfect electric
conductor (PEC) targets, EFIE and MFIE are defined as:

E; -+ — ]kn/s (I—I— ZZ) .J(’}"/)G(R)dsl

n X
_ / J(') x VG(R)ds' + Hine
S

0
J ()

where G(R) = e /*R JAxR R = |r — /| is the distance
from the field point to the source point, 7 and ' are
the position vectors of the field point and the source
point, k is the free space wave number, 7 is the free
space wave impedance, E;, is the incident wave electric
field, and J is the surface current. J is expanded by
the RWG basis functions and MBRWG basis functions.
By linear combination of the EFIE and MFIE in a
certain proportion (a: (1 —a),0 <a < 1), CFIE can be
constructed as:

2

CFIE = a-EFIE + (1 —a)n - MFIE. 3)
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Here, if only LL basis functions and MB-LL basis
functions are adopted in the computation, the current
density J needs to be expanded as:

Nrr
=Y LR
n=1

Substituting (4) into (2) and then applying the
Galerkin testing method yields the matrix equation,
which can be explicitly written as:

ZIMB LL MB LL( ) (4)

VAIRIS Z11 MB—IL I,
Zyp-111L  ZmB-rimB-LL| | IMB-1L
ViL
Vms-11

It should be noted that the matrix forms of Z, I, and
V in (9) can be found in [28] and will not be elaborated
here. It should be emphasized that (4) and (9) correspond
to the case where only LL basis functions and MB-LL
basis functions are used for computation. In this paper,
current density J is expanded by employing RWG, MB-
RWG, LL, and MB-LL basis functions simultaneously.
Accordingly, (4) is extended as:

Mg 1t MB—LL ¢MB—LL
)+ Y, LR ()

n=1

& LL pLL
r)=) Lf(r
n=1

Nug_owe MB—RWG pMB—RW
+ Y pERVC pERYG (), (6)

(b)

Fig. 2. Schematic diagram of the dihedral angle Br (a)
when using traditional conformal mesh and (b) when
using nonconformal mesh.



Similarly, (9) is extended as:

ZiLiL Z11mMB-LL Z11.rRWG Z 11 MB-RWG
Zyp-LLLL ZyB-LLMB-LL ZMB-LLRWG ZMB-LLMB-RWG
ZRWG.LL ZRWG.MB*LL ZR\VG,RWG ZRWG.MB*RWG
Zyp-RWG.LL — ZMB-RWGMB-LL ~ ZMB-RWGRWG — ZMB-RWG.MB-RWG
I Vie
IMB*LL _ VMB*LL (7)
Irwe Viwe '
Typ-rwa Vius-rwa

Herein, the approach for handling singularities is
adopted from [29]. It should be noted that the MB
method requires some “special” treatment for meshes
of different sizes; that is, the endpoints of the positive
shared edges in one basis function must be aligned with
those of the negative shared edges. If only the LL-basis
functions and MB-LL basis functions are used to expand
the current density J, the number of unknowns obtained
will be twice that when using the RWG basis functions
and MB-RWG basis functions. This is unacceptable for
the analysis of large-scale targets.

III. CONSTRUCTION RULES OF THE
ADAPTIVE ACCURACY ENHANCED
METHOD

To construct the AAE method, we referred to [21].
First, we need to define a dihedral angle fB7. For tradi-
tional conformal triangles, we identify the positive and
negative triangles corresponding to each common side.
Next, we determine the specific angles of Br using the
method employed in Fig. 2 (a).

In the case of using the nonconformal mesh, we
need to calculate the angle between the positive triangle
and each negative branch as B, as shown in Fig. 2 (b).

Next, we need to presuppose a critical value fy. In
the case of using a traditional conformal triangle, when
Br corresponding to the common side is greater than Sy,
we replace the RWG basis functions corresponding to
the common edge and the other four edges which belong
to the positive and negative triangles of the common
edge by the LL basis function (if the other common
edge is open boundary, no replacement is done). Other
common edges where P is less than By continue to be
calculated using the RWG basis function. The specific
replacement of the common edges corresponding to the
basis function is shown in Fig. 3 (a). In the case of
using nonconformal mesh, when the Br corresponding
to the positive triangle and the negative branch is greater
than fy, the MB-RWG basis function corresponding to
this common edge is replaced with the MB-LL basis
function. Then we replace the RWG basis functions cor-
responding to the other two common sides of the positive
triangle and the RWG basis functions corresponding to
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No”” Whether the common edze
belong to negative branch.

using the RWG basis
function

Fig. 3. Specific replacement of the common edges corre-
sponding to the basis function (a) when using the confor-
mal mesh, (b) when using the nonconformal mesh, and
(c) the implementation flowchart of the MB-LLB-AAE
method.

the other two common edges of this negative branch
with LL basis functions (if the other common sides are
open boundaries, no replacement is made). The other
common edges where Br is less than By continue to
use the RWG basis functions or the MB-RWG basis
functions for calculation. The specific common edges
corresponding to the replacement RWG basis function
is shown in Fig. 3 (b). These are the construction rules
of the AAE method. To facilitate readers’ understanding
of the method, the implementation flowchart of the
proposed algorithm is illustrated in Fig. 3 (c).

In actual engineering, only a few computational
parts can be very sharp. As a result, the RWG-basis
functions and the MB-RWG basis functions are still
dominant, only in the sharp parts do we introduce the
LL basis functions and the MB-LL-basis functions to
improve calculation accuracy. Therefore, compared with
using the LL basis functions and the MB-LL basis
functions only for calculation, the AAE method can
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effectively reduce calculation consumption. At the same
time, generally speaking, the sharp parts are the parts
that need to be locally refined during our calculations.
When using the MB method, a finer mesh can be used
to calculate the sharp parts, and a coarser mesh can
be used to calculate the smooth parts. This leads to a
high possibility of mesh boundaries near the sharp parts.
Therefore, it is meaningful to discuss the construction
rules of the AAE method in the case of nonconformal
meshes. We usually set By to 90°, which is enough to
ensure the good performance of AAE.

IV. NUMERICAL RESULTS

The platform used for performing the simulations is
a workstation with a 32-core AMD Ryzen Threndripper
Pro 3975 WX CPU@ 3.50 GHz and 512 GB RAM. All
objects are illuminated by the plane wave propagating
in —z direction, and the incident field is x-polarized.
The generalized minimum residual method (GMRES)
is used to solve the matrix equation, and the residual
is 1075,

.

Fig. 4. Mesh schematic diagram of PEC cube for MB
method.

A. Cube

In the first example, we use a simple PEC cube
model to verify the correctness and accuracy of the
proposed algorithm. The size of this cube model is
1 x 1 x 0.25 m. The center of the model is at the origin
and its operating frequency is 300 MHz. To verify the
advantage of the proposed method in terms of accuracy,
we introduce relative error and define it as:

_ |RCS,(8) ~ RCS,(6)|

eret(6) maxg |[RCS.(8)]

®)

where RCS,(0) represents the bistatic RCS result
obtained by using a relatively fine mesh and the
RWGEFIE method for calculation. Since the EFIE
method was used and the mesh was relatively fine,
the calculation result is relatively accurate. We take
it as the reference standard. RCS.(0) is the result
of bistatic RCS calculated by six methods, namely
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MB-RWGCFIE method, MB-RWG-MFIE method, MB-
LL-CFIE method, MB-LL-MFIE method, MB-AAE-
CFIE method, and MB-AAE-MFIE method. For the
EFIE method serving as the reference standard, we
use triangles with an average side length of 0.01A
to perform meshing on the entire target. For the six
methods, we use triangles with an average side length
of 0.1 to perform meshing on two faces of the cube
model, and use triangles with an average side length of
0.052 to perform meshing on the other four faces. The
junctions of the different sizes mesh are connected using
MB-RWG basis functions or MB-LL basis functions.
For the MB-AAE-CFIE method and the MB-AAEMFIE
method, we set By to 90°. We present the mesh diagram
of the MB method in Fig. 4 and mark the parts in cyan
of the AAE method where the MB-RWG basis functions
need to be replaced with the MB-LL basis functions. It
can be seen that only a small portion of the MB-RWG
basis functions have been replaced with MBLL basis
functions.

In Fig. 5 (a), we present a comparison chart of the
relative error of the six methods. It can be seen that, com-
pared with the MB-RWG-CFIE method and the MB-
RWG-MFIE method, the other four methods effectively
reduce the calculation error, and the improvement of
accuracy by the method based on AAE is not much
different from that of the method based on LL basis
functions. To further verify the accuracy of the proposed
method, we define the root-mean-square errors (RMSE)
of the RCS as:

1 N
RMSE = \/N Zl |RCS; — RCSEFIE2, 9)
1=

where N = 180. Ee use RCS results of ¢ = 0— 180°
and 6 = 90° to calculate RMSE. The comparison of
RMSE between the MB-RWG-CFIE method, the MB-
LLCFIE method, and the MB-AAE-CFIE method are
presented in Fig. 5 (b). It can be seen that the RMSE of
both methods will gradually decrease with the increase
of o, and eventually converge to 0. However, the
RMSE of MB-AAE-CFIE method is smaller than that
of MB-RWG-CFIE method, and the convergence speed
is faster than that of the MB-RWG-CFIE method, and
is basically consistent with the MB-LL-CFIE method.
Table 1 presents a comparison of the computational
resource consumption between the MB-LL method and
the MB-LLB-AAE method. It can be observed that, in
comparison with the MB-LL method, the MB-LLBAAE
method achieves a reduction of approximately 5% in
the number of unknowns and a decrease of about 20%
in computation time. This result preliminarily validates
the superiority of the MB-LLB-AAE method in terms of
computational resource savings.



B. Ship

In the second example, we use a complex multiscale
ship model to verify the advantages of the proposed
method in terms of accuracy and computing resource
consumption. The ship model is 23.19 m in length,
2.52 m in width, 4.82 m in height, and operates at a
frequency of 300 MHz. This ship model not only has
a large-sized hull but also has small-sized naval guns,
missile cabins, a cockpit, and high-power microwave
weapons distributed on it.
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Fig. 5. (a) Relative error of the six methods and (b)
RMSE to EFIE results of the MB-RWG-CFIE method,
MB-LL-CFIE method, and the MB-AAE-CFIE method.

Table 1: Calculation resource comparison of three meth-
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Fig. 6. (a) Mesh schematic diagram of the PEC ship for
MB method. (b) Bistatic RCS results for the PEC ship.
(c) Relative error results of the MB-RWG-CFIE method,
the MB-AAE-CFIE method, the AAE-CFIE method and
the MB-LL-CFIE method for the PEC ship.

Table 2: Calculation resource comparison of three meth-
ods for analyzing the PEC ship

ods for analyzing the PEC cube

Method Number of | Memory CPU
Unknowns of Z Time

MB-LL-CFIE 7302 531 MB | 7.7 min

MB-AAE-CFIE 6942 475MB | 6.3 min

Method Number of | Memory CPU
Unknowns of Z Time
AAE-CFIE 113452 | 126062 MB | 656.8 min
MB-LL-CFIE 89502 78456 MB | 408.7 min
MB-AAE-CFIE 50482 25416 MB | 132.6 min

This ship model is a typically complex and practi-
cally significant multiscale model. For this ship model,
we still first use the EFIE method that utilizes fine
meshes for calculation and take the calculation results
as the reference standard.

We use triangles with an average side length of
0.011p to mesh the entire ship. Next, we use the

AAECFIE method, MB-AAE-CFIE method, MB-LL-
CFIE method and MB-RWG-CFIE method for calcu-
lation. For the MB method, we use a triangle with an
average side length of 0.1y to mesh the hull. The fine
structure of the ship is meshed using triangles with an
average side length of 0.05A. The connection points
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of mesh of different sizes are connected using MB-
RWG basis functions or MB-LL basis functions. For the
AAECFIE method, the triangles with an average side
length of 0.05A are used to mesh the whole modal and
selected By at 90°. In Fig. 6 (a), we present the mesh
scheme of the MB method and mark the parts where the
MB-RWG basis functions are replaced with the MB-LL
basis functions in red.

In Fig. 6 (b), we present the RCS result of the above
five methods. To show the accuracy differences more
clearly, we present the relative errors of the other four
methods and the control group (EFIE with fine mesh) in
Fig. 6 (c). It can be seen that the relative error of the MB-
AAE-CFIE method is not much different from that of
the AAE-CFIE method and the MB-LL-CFIE method,
and is much lower than that of the MB-RWG-CFIE
method. Meanwhile, in Table 2, we compared the com-
putational consumption of the MB-AAE-CFIE method,
the AAE-CFIE method, and the MB-LL-CFIE method.
It can be seen that the computational consumption of
the MB-AAE-CFIE method is much lower than that of
the other two methods in comparison with the MB-LL
method, the MB-LLB-AAE method achieves a reduction
of approximately 43% in the number of unknowns and
a decrease of about 67% in computation time. The
proposed method effectively reduces computational cost
while improving accuracy, which is very significant for
calculating large-scale targets.

250

200 - { 100°

150 | ! 70° '

100 -

Relative Error(%)

50

[1Y P L, WL p— — - i
0 30 60 90 120 150 180

Theta=0-180° Phi=90°

Fig. 7. Comparison of relative errors for the MB-
LLBAAE method with different fy angles.

To justify the selection of 90° as the criterion for
parameter fy, a sensitivity study is performed in this
work. The parameter « is set to 120°,110°,100°,90°,
80°,70°, and 60°, respectively, and all numerical tests
are implemented using the MB-LLB-AAE method. The
relative errors with respect to the dense-mesh RWGE-
FIE solution are depicted in Fig. 7, while the number
of unknowns and the corresponding reduction percent-
ages relative to the MB-LL method are summarized in
Table 3.
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Table 3: Comparison of computational resource con-
sumption for the MB-LLB-AAE method with different
Po angles for analyzing the PEC ship

Bo | Number of | Reduction

Unknowns | Percentage
120° 44964 49.7%
110° 45226 49.4%
100° 45342 49.3%
90° 50482 43.5%
80° 50722 43.3%
70° 50982 43.0%
60° 51120 42.8%

It can be observed that, as By decreases, the rel-
ative error declines gradually, whereas the number of
unknowns increases and the reduction ratio decreases
accordingly. A distinct turning point is observed at
90°, where the relative error is notably reduced and
the unknowns increase significantly. This phenomenon
arises because 90° enables the inclusion of right-angle
structures, which are the most frequently encountered
configurations in practical engineering applications.
When Sy exceeds 90°, the variation in both accuracy and
computational cost becomes relatively mild. Conversely,
when [y is smaller than 90°, typical rightangle edges
cannot be covered, and only marginal accuracy improve-
ment can be achieved at the expense of excessive com-
putational resources.

Accordingly, 90° is adopted as the standard value
for By, which achieves a favorable balance between
improved accuracy and affordable computational over-
head. In addition, only the ship model is employed for
sensitivity analysis, since the cube model only con-
tains right-angle edges and planar surfaces, which pro-
vides limited significance for validation. As a realistic
engineering model, the ship model is more suitable
to demonstrate the rationality of choosing 90° as the
criterion for f3.

V. CONCLUSION

In this paper, we propose a novel MB-AAE method
for improving the accuracy of MFIE and CFIE. This
method only needs to replace a small part of the RWG
basic functions and the MB-RWG basic functions with
the LL basic functions and the MB-LL basic functions
to effectively improve the calculation accuracy. This
gives this method an advantage in terms of computing
resource consumption. At the same time, this method
inherits the advantages of the MB method and can effec-
tively connect mesh of different sizes which is of great
significance for calculating multiscale targets. It should



be emphasized that the MB-LLB-AAE method can
maintain efficiency even when sharp features (fy < 90°)
account for more than 30% of the target. Furthermore,
the proposed method can be extended to the computa-
tion of dielectric targets in the future to improve the
calculation accuracy for dielectric objects. Therefore,
the proposed method shows promising prospects in both
application and development.
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