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Abstract – Considering the 3-dimensional (3D) air-gap
fringing field, unified 3D analytical models equivalent
to linear machines are proposed for surface-inserted
axial flux machines (SIAFMs) with odd-/even-piece
Halbach arrangements. The 3D scalar potential govern-
ing equations for several regions can be uniquely solved
according to Fourier decomposition coefficient matrixes
derived from field boundary conditions. Based on this,
the electromagnetic parameters can be derived. Predic-
tions indicate that, compared with the non-optimized
SIAFMs with three-/four-piece Halbach arrangements,
the optimized SIAFMs with three-/four-piece Halbach
arrangements exhibit excellent electromagnetic perfor-
mances. The 3D finite element (FE) and analytical
predictions for the SIAFM models are compared.

Index Terms – Odd-/even-piece Halbach arrange-
ments, surface-inserted axial flux machine, unified 3D
analytical model.

I. INTRODUCTION
Different from the non-optimized radial flux perma-

nent magnet (PM) machines, axial flux machines with
PMs have not only smaller volume but also higher torque
and power density although they may lead to larger
torque ripple [1, 2]. With the progress and develop-
ment of society, especially extensive use of rare earth
materials and improvement of control techniques, more
axial flux machines, which are used in fields like electric
vehicles, aerospace, and wind power [2–4], are needed.

A great variety of academic research on surface-
mounted axial flux machines (SMAFMs) with PMs is
carried out with the aim of improving their performance.
Halbach arrangements that not only weaken torque
ripple but also gather the magnetic field [4], are used
for SMAFMs in [4–9], and the combination of mag-
net circumferential displacement with various pole-arc

ratios and magnet axial shape design are utilized to
reduce pulsating torque in [10]. Surface-inserted axial
flux machines (SIAFMs) with different thickness Hal-
bach magnets and soft magnetic materials are proposed
in [11]. Axial flux machines combining surface-inserted
and surface-mounted magnets are analyzed in [7].

As a numeric solution approach, the 3-dimensional
(3D) finite element (FE) analysis takes a long com-
putation time, especially for optimization. In order to
reduce the computing time, a few approaches have
been presented. An approach with 2-dimensional (2D)
scalar potential equivalent to linear motor for SMAFM
is proposed in [5, 12, 13]. A 2D analytical model
with vector potential is presented for achieving the
magnetic field in SMAFMs with Halbach arrangements
in [14, 15], and a method with 2D vector potential
equivalent to linear machine is proposed in [4, 6, 16–
18]. However, these approaches, except [13, 17], ignore
the fringing effect in radial direction, and the methods
with correction coefficient proposed in [13, 17] still have
a degree of error. Then, 3D scalar potential techniques
based on Bessel function in [18–20] or virtual argument
Bessel function in [8, 9, 21] are presented. These 3D
techniques can only solve the fields in SMAFMs and
have non-negligible errors with the equivalent method
in [7]. In addition, an equivalent method with the 3D
scalar potential equivalent to linear motors has been
proposed in [22–25], but it cannot be used for SIAFMs.
The approach proposed in [26] only applies to surface-
inserted radial flux PM machines.

In this paper, unified 3D analytical models are
proposed for SIAFMs with odd-/even-piece Halbach
arrangements. By means of solving the Fourier decom-
position of boundary condition matrix in equivalent lin-
ear machines, the field governing equations in different
regions are solved. The stator slotting effect is taken into
account by Carter’s coefficient. Different from 2D radial
flux machines, the air-gap fringing effect for SIAFMs
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needs to be considered and the air-gap fringing field is
analyzed. According to the solved magnetic fields, the
electromagnetic performances are obtained. Computa-
tion results demonstrate that the optimized pieced Hal-
bach arrangement SIAFMs have better performance than
the corresponding non-optimized ones. A comparison of
3D FE and analytical predictions demonstrates that the
proposed 3D analytical model is valid.

II. 3D PHYSICAL MODEL FOR HALBACH
SIAFMS

A. Geometrical parameters for Halbach arrange-
ments

Figures 1 (a) and (b) show the design parameters of
the odd-/even-piece Halbach arrangements for SIAFMs.
For the odd/even-piece Halbach, α1, . . ., and αλ are the
arc ratios of all the magnet pieces. Regardless of odd-
or even-piece number, α is the proportion of polar arcs
between two rotor teeth, α0 is the arc ratio of all the
N or S magnets. For both odd- and even-piece Halbach
arrangements, the magnetization angles between the
axial symmetric axis and the magnetization directions
are defined as θ1, . . ., and θλ+1. In particular, for the
odd-piece Halbach, θ1 = 0◦. If θ1 is equal to zero
for the even-piece Halbach, the even-piece Halbach is
equivalent to the odd-piece Halbach.
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Fig. 1. Design parameters of surface-inserted odd-/even-
piece Halbach arrangements: (a) odd-piece Halbach and
(b) even-piece Halbach.

Figure 2 clearly exhibits the 3D structure of single
rotor and double stator SIAFM with three-piece Halbach
arrangements. In the cylindrical coordinate systems, the
3D analytical equations of SIAFM models can be hardly
solved. As a consequence, for easy solution of the 3D
field distributions in SIAFMs with Halbach arrange-
ments, the cylindrical coordinate system is converted to
the spatial Cartesian one. However, due to the difference
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Fig. 2. 3D structure of SIAFM with three-piece Halbach
arrangements.
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Fig. 3. Top view of SIAFM.

between inner and outer diameters, the unfolded ring
cannot be strictly equivalent to a rectangle. In order
to ensure the rigor and accuracy of the equivalent
calculation, the PMs can be divided into nt (an odd
number) circular cylinder slices with unequal inner and
outer radii but equal differences between inner and outer
radii. From inside to outside, the circular cylindrical
regions are numbered as 1, . . . , j, . . ., and nt . Therefore,
the average radius of the j-th circular cylinder can be
computed as

R j = Rin +( j−1)
Rout −Rin

nt
+

1
2

Rout −Rin

nt
, (1)

where Rin and Rout are the inner and outer radii, respec-
tively, as shown in Fig. 3.

B. Magnetization parameters for Halbach arrange-
ments

The double Fourier decomposition of magnetiza-
tion by trigonometric functions are one key point of
the analytical model. However, because of the special
circumstances of the rotor teeth, polar distance cannot
be used as half a cycle of magnetization components.
Through the mirror method, the length between the rotor
teeth can be considered as half a cycle of the magneti-
zation components. In the spatial Cartesian coordinate
system, the three magnetization components in x-, y-
, and z-directions for odd-piece Halbach (given three-
piece Halbach as an example) between −l/2 to 3l/2 can
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be expressed as⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
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where M j
x ,M

j
y , and M j

z are x-, y-, and z-axis components
of the j-th group of magnets, Bre is PM remanence, µ0
is vacuum permeability, p is pole-pair number, and h is
PM length in the axial direction.

Using double Fourier decomposition, the magneti-
zations in regions Q0(−1/2 ≤ x ≤ 3/2 and qnt ≤ z ≤
qnt ) are expressed by⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
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where i is an odd number, m is a nonnegative integer, and
ω

j
m and ω

j
i can be given as
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where M j
zmi and M j

xmi are the Fourier decomposition
coefficients and can be written as
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III. 3D ANALYTICAL MODEL FOR
HALBACH SIAFMS

A. Slotless 3D field prediction
In order to ensure the feasibility of 3D field calcula-

tion, several assumptions are made: infinite permeability
for the stators and rotor, linear demagnetization property
for PM, and neglected eddy current.

The whole 3D solution domain consists of air region
Q1(−q/2 < y < q/2 and h < z < h + g) and magnet
region Q2(−l/2+ l/α ≤ x ≤ 3l/2+ l/α,−q/2 < y <
q/2 and 0 < z < h). The 3D governing equations in these
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two regions are written as⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
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where µr is relative permeability of PMs, ϕ is scalar
potential, subscript numbers denote the region, super-
script j means j-th group of magnets, and g is axial
length of air gap. In the linear analytical model, per-
meability of the magnet is generally considered as a
constant.

In a Cartesian coordinate system, according to the
symmetry and period boundary conditions, with setting
a zero scalar potential value on the interface, the 3D
scalar potential equations are expressed as⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
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On the basis of (15) and the separation of variables,
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where A j
1mn and A j

2mi are unknown coefficients of the j th
group of magnets depending on the boundary conditions
and n is an odd number.

Moreover, in the 3D spatial Cartesian coordinates,
the relationships between scalar potential, magnetic field
intensity, and flux density are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
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For the unique solution of undetermined coefficients
in (16), the 3D boundary conditions between two differ-
ent regions are applied as{︄
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where subscript numbers denote the region, and sub-
script letters denote the x-, y-, and z-axis components.

Because of the rotor teeth being in the magnet
region, Fourier decompositions are made for the bound-
ary conditions. Separate Fourier decomposition coef-
ficients need to be in agreement. Thus, (21) can be
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According to (16)–(20), both the magnetic field
intensity components H j

1x and H j
2x and the flux density
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components B j
1z and B j

2z in (22) are the superposition of
multiple harmonics. Therefore, considering the orthogo-
nality of trigonometric functions, (22) can be simplified
to a matrix equation as[︄
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where A j
1m is a matrix with (nmax + 1)/2 × 1,A j

2m is
a matrix with (imax + 1)/2 × 1, C j

m is a matrix with
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with unknown coefficients in (23) is rewritten as[︄
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where A j
1m is a matrix with (nmax + 1)/2×m,A j

2m is a
matrix with (imax+1)/2×m, and subscript max denotes
the maximum value.

Once the field due to j-th group of magnets is
calculated, the total flux densities are the superposition
of flux density generated by multiple groups of magnets
and are given as ⎧⎪⎪⎪⎨⎪⎪⎪⎩
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B. Slotted 3D field prediction
Considering the slotting influence, an equivalent

approach is brought in. Figure 4 shows five flux paths
denoted (a)–(e), where γ is an angle and x1,x2,x3,x4,xrb,
xrc, and xrd are length parameters. Accounting for the
shortest magnetic circuit principle, it is worth noting that
there exist at most five paths. The expressions of these
flux paths are given as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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The magnetic conductance expressions of five
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dS =
2µ0 (Rout −Rin)

π

× ln

[︄
1+

π
(︁
xδ − xβ

)︁
kt +πxrd

]︄

Λe = µ0

∫︂
Se

1
ηe

dS =
µ0Se

g+ x1 − x3

,

(27)
where Sa,Sb,Sc,Sd, and Se are the areas of five paths, xα ,
xβ , and xδ are the specific values for the equal lengths for
paths (b) and (c), those for paths (c) and (d) and those for
paths (d) and (e), respectively. In addition, kp and kt are
written as ⎧⎪⎨⎪⎩kp =

π(γ +90)
180

kt = 2g+2x4 · tanγ +2x3

. (28)

Instead of the slotted stator, the equivalent area S f ,
the air gap length η f , and the magnetic conductance Λ f
for the slotless stator are given as⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

S f = π
(︁
R2

out −R2
in
)︁ 1

2Ns

η f = g f

Λ f = µ0

∫︂
S f

1
η f

dS =
µ0S f

g f

. (29)

With the same total magnetic conductance, the
equivalent air gap can be written as

g f =
µ0S f

Λa +Λb +Λc +Λd +Λe
=Cs ·g, (30)

where CS is Carter’s coefficient and is computed by

CS =
µ0S f

g · (Λa +Λb +Λc +Λd +Λe)
. (31)

For a period of one slot with 2lc = 2π(Rout +
Rin)/2Ns, the coefficient C′

s related to CS can be defined
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as

C′
s =

⎧⎨⎩Cs
π

Ns

Rout +Rin

2
−β < x <

π

Ns

Rout +Rin

2
+β ,

1 others
(32)

where β is the circumferential length of one half of slot
and Ns is the stator slot number.

In order to predict the slotted model, using Fourier
decomposition, the coefficient is expressed as

C′
s =

∞

∑
ncs=0

csn cos
(︃

ncs
πx
lc

)︃
, (33)

where ncs is a nonnegative integer and csn can be
defined by

Csn =

⎧⎪⎪⎨⎪⎪⎩
1
lc

∫︂ 2lc

0
C′

s cos
(︃

ncs
πx
lc

)︃
dx ncs ̸= 0

1
2lc

∫︂ 2lc

0
C′

sdx ncs = 0
. (34)

Thus, the slotted flux density in the air-gap is
calculated as

B1slotted =
B1sum

C′
s

. (35)

As shown in Fig. 2, considering the winding end
being in the 3D solution region, the air-gap fringing
effect for SIAFMs needs to be considered. As shown in
Fig. 5, there exists the air-gap fringing magnetic field.
The air-gap fringing field coefficient is defined as

Cfr = 1+
π(2|y|−qnt)

4g
. (36)

In order to calculate the back-EMF, according to
(16), (19), (20), and (25), the slotless flux density in the
axial direction at z = h+g can be written as

B1z|h+g =−2µ0

nt

∑
j=1

∞

∑
m=0

∞

∑
n=1,3

A j
1mnk j

1ek j
1(h+g) cos(ω j

nx)

× cos
{︃

ω
j

m

[︃(︃
y+

(︃
j− nt +1

2

)︃
q
]︃}︃

, (37)

where A j
2mi and B j

2mi are the undetermined coefficients
in the region of the layer magnets near the air-gap.

And the ranges of region Q3 influencing the back
EMF of the s-th slot are W − R jαcp/2 < x < W +
R jαcp/2 and q < y < q

W =W (t) = R j[−ωrt +αcp(s−1)], (38)

αcp =
2π

Ns
, (39)

ωr =
2πne

60
, (40)

where ne is the rated rotational speed.

Therefore, the slotted flux density in the axial direc-
tion at z = h+g can be expressed as

B′
1z|h+g =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

B1z|h+g

CsCfr

⎧⎪⎪⎨⎪⎪⎩
W −

R jαcp

2
≤ x ≤W −

R jαcp

2
+β

−qnt ≤ y ≤−qnt

2
or

qnt

2
≤ y ≤ qnt

B1z|h+g

Cfr

⎧⎪⎪⎨⎪⎪⎩
W −

R jαcp

2
+β ≤ x ≤W +

R jαcp

2
−β

−qnt ≤ y ≤−qnt

2
or

qnt

2
≤ y ≤ qnt

B1z|h+g

CsCfr

⎧⎪⎪⎨⎪⎪⎩
W +

R jαcp

2
−β ≤ x ≤W +

R jαcp

2

−qnt ≤ y ≤−qnt

2
or

qnt

2
≤ y ≤ qnt

B1z|h+g

Cs

⎧⎪⎪⎨⎪⎪⎩
W −

R jαcp

2
≤ x ≤W −

R jαcp

2
+β

− qnt

2
≤ y ≤ qnt

2

B1z|h+g
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W −

R jαcp

2
+β ≤ x ≤W +
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2
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− qnt

2
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2
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⎧⎪⎪⎨⎪⎪⎩
W +

R jαcp

2
−β ≤ x ≤W +

R jαcp

2

− qnt

2
≤ y ≤ qnt

2

.

(41)

Then, using the slotted flux density, the flux linkage
for the s-th coil with N-turn is written as

Ψ = NΦ = N
∫︂∫︂

Q3

B′
12|h+gdS. (42)

In addition, the back EMF of each coil can be
obtained as

es =−∂Ψ/∂ t = 4Nu0

nt

∑
j=1

+∞

∑
m=0

+∞

∑
n=1,3

×A j
1mnk j

1ek j
1(h+g)

ωrR j · Int(t) · Int, (43)
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Fig. 4. Ideal paths in one half of slot and tooth.
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Fig. 5. Air-gap fringing magnetic field for SIAFMs.

where

Int(t) = sin{ωnR j[−ωrt +αcp(s−1)}

×
{︃

2
Cs

sin
(︃

ωnβ

2

)︃
cos

[︃
ωn(R jαcp −β )

2

]︃
+ sin

[︃
ωn(R jαcp −2β )

2

]︃}︃
, (44)

Int =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

qnt +
4g
π

ln
(︃

1+
πqnt

4g

)︃
, m = 0

2
sin

(︁
ωmqnt

2

)︁
ωm

m ̸= 0

×cos
[︃

ωm

(︃
j− nt +1

2

)︃
q
]︃

+ Int1 + Int2,

,

(45)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Int1 =
∫︂ −qnt/2

−qnt

1
Cfr

· cos
{︃

ωm

[︃
y+

(︃
j− nt +1

2

)︃
q
]︃}︃

dy

Int2 =
∫︂ qnt

qnt/2

1
Cfr

· cos
{︃

ωm

[︃
y+

(︃
j− nt +1

2

)︃
q
]︃}︃

dy

.

(46)

Figure 6 exhibits the stator coil distribution and
the current directions of a 20-pole/ 24-slot SIAFM.
The instantaneous balanced three phase back-EMFs are
written as⎧⎪⎨⎪⎩

eA = 2(−e1 + e2 + e7 − e8 − e13 + e14 + e19 − e20)

eB = 2(e3 − e4 − e9 + e10 + e15 − e16 − e21 + e22)

eC = 2(−e5 + e6 + e11 − e12 − e17 + e18 + e23 − e24)

,

(47)
where eA,eB, and eC are the three-phase back-EMFs,
and the subscripts 1,2, . . . ,24 are the coil numbers.
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Fig. 6. Coil distribution and current directions of 20-
pole/24-slot SIAFMs.

Therefore, the electromagnetic torque for SIAFMs
is

Te =
eAiA + eBiB + eCiC

ωr
, (48)

where iA, iB, and iC are the instantaneous three-phase
currents.

Table 1: Design parameters of SIAFMs

Symbol Parameter Value
R1/R2 Inner/outer radii of rotor iron 52/68
r1/r2 Inner/outer radii of magnets 52/68
p/Ns Numbers of pole-pairs and slot 20/24

I Rated phase current 4 A
N Number of coil turns 16
α0 Arc ratio of whole pole magnets 0.7
α Arc ratio of distance between 0.7
g Air gap length 1 mm
h Magnet thickness 5 mm

Bre/µr Magnet property 1.1
ne Rated rotational speed 3000
PN Rated power 270 W

IV. OPTIMIZATION RESULTS AND FE
VALIDATION

Table 1 lists the main design parameters of 20-pole/
24-slot SIAFMs. In order to obtain the relatively bet-
ter performance of the SIAFMs, optimization is made.
The optimization object with the maximum average
electromagnetic torque and the optimization constraint
conditions are written as⎧⎪⎨⎪⎩

Max{Average[Te(α1, . . . ,αλ ,θ1, . . . ,θλ+1)]}

Subject to.

{︄
0 ≤ α1, . . . ,αλ ≤ α0 ≤ 1

0◦ ≤ θ1, . . . ,θλ+1 ≤ 90◦
. (49)
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Based on the parameter scanning technique, Fig. 7
shows the analytically obtained average electromagnetic
torque against two optimization variables (magnetiza-
tion angle and pole-arc ratio) for the three-piece Hal-
bach arrangements, and Fig. 8 shows that against three
optimization variables (two magnetization angles and
pole-arc ratio) for the four-piece Halbach arrangements,
respectively.

Table 2: Optimized parameters for three-/four-piece Hal-
bach
Optimized Parameters Three-Piece Four-Piece

α1 0.29 0.39
θ1 / 17.1◦

θ2 53.0◦ 60.0◦

Tmax(Nm) 0.847 0.862

According to Figs. 7 and 8, for the three-/four-
piece Halbach SIAFM, the optimization variables and
the largest average value of electromagnetic torque are
given in Table 2.

Fig. 7. Analytically obtained average electromagnetic
torque against pole-arc ratio and magnetization angle for
three-piece Halbach.

Fig. 8. Analytically obtained average electromagnetic
torque against pole-arc ratio and two magnetization
angles for four-piece Halbach.

Figure 9 shows a comparison of axial flux density
waveforms of SIAFMs with optimized three-/four-piece
Halbach arrangements at different radii by 3D FE and
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Fig. 9. Flux density waveform comparison of SIAFMs
with optimized three-/four-piece Halbach arrangements
at different radii in the radial direction and at 5.5 mm
(axial air gap center) in axial direction by 3D analytical
and FE models: (a) three-piece at 26 mm, (b) three-piece
at 30 mm, (c) four-piece at 26 mm, and (d) four-piece at
30 mm.
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(a) 

 
(b) 

Fig. 10. Magnetic flux density vector of SIAFMs with
optimized three-/four-piece Halbach arrangements in 3D
FE models: (a) three-piece and (b) four-piece.

analytical models to verify the feasibility of the method
by equivalent reluctance coefficients. It can be seen
that, independent of the radius, each two waveforms
calculated by two models are in great agreement.

Figure 10 shows the magnetic flux density vector of
air gap and slots in SIAFMs with optimized three-/four-
piece Halbach arrangements in 3D FE models. Figure 11
presents the comparison of no-load back-EMF wave-
forms for SIAFMs with optimized three-/four-piece Hal-
bach arrangements from 3D FE and analytical models. It
is clearly seen that great accuracy can be achieved with
the use of Carter’s coefficient and the air-gap fringing
field coefficient for SIAFMs.

Because the amplitude of reluctance torque for
SIAFMs is lower than 1 mNm, its waveform is not given.
Compared with the electromagnetic torque, its value can
be ignored. Figure 12 shows that the instantaneous elec-
tromagnetic torque waveforms for 3D FE and analytical
models are in good agreement for SIAFMs with both
three- and four-piece Halbach arrangements. Thus, the
proposed 3D analytical models are validated.
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Fig. 11. Comparison of back-EMF waveforms of
SIAFMs with optimized three-/four-piece Halbach
arrangements by 3D FE and analytical models: (a) three-
piece Halbach and (b) four-piece Halbach.

Due to the presence of the radial air gap edge
magnetic field, accuracy values of analytical models
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with/without air gap edge magnetic field are differ-
ent. For SIAFMs with optimized three-/four-piece Hal-
bach arrangements, the errors in back-EMF amplitude
reduce from 9.22%/8.97% to 1.61%/1.34%, respec-
tively. In terms of the average electromagnetic torque,
the errors decrease from 7.73%/8.03% to 0.06%/0.35%,
respectively.
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Fig. 12. Comparison of electromagnetic torque wave-
forms of SIAFMs with optimized three-/four-piece Hal-
bach arrangements for 3D FE and analytical models: (a)
three-piece Halbach and (b) four-piece Halbach.

V. OPTIMIZATION RESULTS AND FE
VALIDATION FOR SMAFMS

Similarly, Figs. 13 (a) and (b) show the PM design
parameters of 2D cross section for the proposed surface-
mounted odd-/even-piece Halbach arrangements, and
the PM design parameters are same as those for surface-
inserted odd-/even-piece Halbach arrangements. In par-
ticular, if α = 1, the SIAFMs are equivalent to the
SMAFMs.

Figure 14 shows a comparison of axial flux density
of slotted SMAFMs with optimized three-/four-piece
Halbach arrangements by FE and 3D analytical models.

It can be seen that the waveforms calculated by the two
models referred to above are in great agreement.
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Fig. 13. Design parameters of surface-mounted odd-
/even-piece Halbach arrangements: (a) odd-piece Hal-
bach and (b) even-piece Halbach.
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Fig. 14. Flux density waveform comparison of SMAFMs
with optimized three-/four-piece Halbach arrangements
by FE and 3D analytical models: (a) three-piece and (b)
four-piece.

Figure 15 presents a comparison of no-load back-
EMF waveforms of slotted SMAFMs with optimized
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Fig. 15. Comparison of back-EMF waveforms of
SMAFMs with optimized three-/four-piece Halbach
arrangements by FE and 3D analytical models: (a) three-
piece Halbach and (b) four-piece Halbach.
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Fig. 16. Comparison of electromagnetic torque wave-
forms of SMAFMs with optimized three-/four-piece
Halbach arrangements by FE and 3D analytical models:
(a) three-piece Halbach and (b) Four-piece Halbach.

three-/four-piece Halbach arrangements from FE and 3D
analytical models. It can be clearly seen that the use
of Carter’s coefficient and the air-gap outside leakage
magnetic field coefficient for slotted SMAFMs exhibit
great computation accuracy.

Figure 16 shows that instantaneous electromagnetic
torque waveforms from FE and 3D analytical models are
in excellent agreement for SMAFMs with both three-
and four-piece Halbach arrangements. Thus, the 3D
analytical models proposed above are validated.

VI. ANALYTICAL COMPARISON WITH
NON-OPTIMIZED HALBACH SIAFMS
To analyze the effects of the optimized variables

and methods mentioned in section IV, this section com-
pares the traditional Halbach array with the optimized
Halbach array in terms of back EMF, harmonics, and
electromagnetic torque. Figures 17 (a) and (b) show
the PM design parameters of the non-optimized three-
/four-piece Halbach arrangements for SIAFMs, and the
detailed parameter values are listed in Table 3.

Table 3: PM parameters for non-optimized SIAFMs with
three-/four-piece Halbach arrangements

Symbol Three-Piece Four-Piece
Combination 1 Combination 2

α 0.7 0.7 0.7
α0 0.7 0.7 0.7
α1 7/30 0.35 0.35

θ1(
◦) 0 30 45

θ2(
◦) 45 45 60
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Fig. 17. Design parameters of non-optimized three-
/four-piece Halbach arrangements for SIAFMs: (a)
three-piece Halbach and (b) four-piece Halbach.

The prediction shows that for four-piece Halbach,
the performance of combination 1 is better than that
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of combination 2. Therefore, combination 1 is chosen
for the comparison with the optimized results. Fig-
ure 18 exhibits and compares the back-EMF for the
non-optimized/optimized 3D SIAFM models with three-
/four-piece Halbach arrangements.
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Fig. 18. Comparison of back-EMF waveforms for
SIAFMs with non-optimized/proposed three-/four-piece
Halbach.
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Fig. 19. Comparison of fundamental component of back-
EMF with respect to speed for SIAFMs with non-
optimized/proposed three-/four-piece Halbach.

Figure 19 exhibits and compares the differences of
fundamental component of back-EMF with respect to
speed for SIAFMs with non-optimized/optimized three-
/four-piece Halbach. Tables 4 and 5 list the back-EMF
harmonics, total harmonic distortion (THD), and funda-
mental amplitude (FA) for the non-optimized/optimized
SIAFMs with Halbach arrangements. It can be clearly
observed that the back-EMFs of the optimized 3D
SIAFM models have higher fundamental and less har-
monic components than those of the non-optimized
ones. Compared with the values of the electromagnetic
torque, it can be seen that the amplitudes of cogging
torque waveforms for both Halbach arrays are small and
can be ignored.

Figure 20 compares the instantaneous electromag-
netic torque for the 3D SIAFM models with non-
optimized/optimized Halbach arrangements. As far as
the electromagnetic torque values are concerned, the
optimized model parameters are much better.

Table 4: Back-EMF harmonics for non-optimized/
optimized three-/four-piece Halbach
Harmonic Three-Piece Four-Piece

Order Non-Optimized Optimized Non-Optimized Optimized
1 100.00% 100.00% 100.00% 100.00%
3 10.71% 9.49% 9.96% 9.73%
5 0.05% 0.13% 0.09% 0.12%
7 0.26% 0.04% 0.16% 0.03%
9 0.43% 0.04% 0.31% 0.31%

11 0.17% 0.35% 0.20% 0.08%
13 0.22% 0.18% 0.21% 0.17%
15 0.04% 0.04% 0.03% 0.01%
17 0.01% 0.01% 0.01% 0.01%

Table 5: Back-EMF parameters for non-optimized/
optimized three-/four-piece Halbach

Three-Piece Four-Piece
Non-Optimized Optimized Non-Optimized Optimized

FA (V) 29.73 31.39 31.01 31.94
THD 10.58% 9.50% 9.97% 9.74%
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Fig. 20. Comparison of torque waveforms for SIAFMs
with non-optimized/optimized three-/four-piece Hal-
bach.
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Figure 21 shows the cogging torque for the 3D
SIAFM models with proposed three-/four-piece Hal-
bach. Figure 22 exhibits the efficiency of the machine
over whole speed and torque range for the 3D SIAFM
models. When the 3D SIAFM models are in constant
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power operation, the current and speed are inversely
proportional. Therefore, as can be seen from the Fig. 22,
the efficiency increases with the increase of speed.
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Fig. 22. Efficiency of SIAFMs over whole speed and
torque range.

VII. DISCUSSION
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Fig. 23. Manufacturing process of one Halbach magnet.

The manufacture of a Halbach magnet with specific
magnetization angle is difficult and time-consuming and
expensive. Taking one Halbach magnet segment with a
specific magnetization angle as an example, the manu-
facturing process is shown in Fig. 23. First, a relatively
large rectangular prism with parallel magnetization is
manufactured. Second, the required portion of magnet
is exactly cut out. Third, this magnet segment with a
specific magnetization direction is placed at the desired
position. Finally, all the magnet segments of Halbach
array are assembled using a kind of superglue. For mag-
net bonding, it is essential to choose a suitable adhesive,
depending on the magnet material, service environment,
and strength requirements. Epoxy resin adhesive is one
of the commonly used options, offering high strength,
heat resistance, and chemical resistance. However, it
requires mixing of two components (A and B) and has
a relatively long curing time (typically 24 hours). It is
often used for permanent bonding of neodymium (rare-
earth) magnets and ferrite magnets to metals or plastics.

A considerable part of each magnet segment is
redundant and wasteful. It can be also seen that the man-
ufacturing process is complex and expensive. Although
Halbach arrays possess excellent electromagnetic per-
formance, their practical implementation is restricted by
complicated and costly manufacturing techniques. This
work focuses on applying the 3D analytical model to
axial flux PM machines, using a rectangular coordinate
system for derivation to avoid the complicated calcula-
tions with Bessel functions in cylindrical coordinates.
It also unifies surface-mounted and surface-inserted
structures into one model to evaluate the application
value of Halbach arrays in axial flux PM machines.
Since our research focuses on analytical modeling and
design analysis rather than experimental prototyping, no
physical prototype is developed in this work.

VIII. CONCLUSION
Different from 2D radial flux machines, the air-

gap fringing effect for SIAFMs needs to be considered.
Accounting for the air-gap fringing field, unified 3D
analytical models are proposed for SIAFMs with odd-
/even-piece Halbach arrangements. In order to obtain the
correct analytical solution with high accuracy, the slot-
ting effect is taken into account by Carter’s coefficient.
Based on the proposed 3D analytical models, the con-
structed equations according to the interface conditions
between different regions are solved and the optimized
electromagnetic performances of SIAFMs with Halbach
arrangements are obtained. The comparison of 3D ana-
lytical and FE predictions shows good agreement. The
proposed 3D analytical models can be applied for design
and optimization of SIAFMs with any-piece Halbach
arrangements.
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