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Abstract – Large computational electromagnetic prob-
lems for scattering from forest canopies in L-band (1–2
GHz) typically require modeling trees by a collection
of lossy, dielectric cylinders and disks using Multi-
ple Body of Revolution (MBOR) scattering techniques.
MBOR techniques are desired for their computational
efficiency compared to the 3-D Method of Moments
(MoM). Within the vegetation environment associated
with forest canopy, BORs are weakly coupled and, thus,
approximations may be made to improve computational
efficiency of MBOR scattering. This paper develops an
efficient method to calculate the scattered fields from
a lossy, finite length, dielectric cylinder, illuminated
by a small current source. A small current source is
representative of those on an adjacent BOR in MBOR
scatter. Computational solutions to this problem exist,
but those solutions are complicated and computation-
ally expensive. Using the proposed method, a BOR
is discretized into a series of discs such that far field
conditions are a function of BOR radius rather than
BOR length. These field conditions define the Localized
Plane Wave Approximation (LPWA), which provides
foundation for a more system specific MBOR scattering
methodology, where BORs are harmonically indepen-
dent of each other. For LPWA validation, the LPWA
is compared to both analytical and computational solu-
tions. The approximation shows good agreement within
the constraints of the underlying assumptions. Finally,

the method improves computational efficiency by more
than an order of magnitude.

Index Terms – Electromagnetic propagation in absorb-
ing media, Method of Moments, microwave propa-
gation, multiple body of revolution, remote sensing,
scattering.

I. INTRODUCTION
Understanding microwave propagation through

vegetation and forest environments is an important
research topic with regards to remote sensing appli-
cations, communications, and target discrimination for
military applications within these environments. For
remote sensing applications, P/L-band frequencies are
frequently used due to their forest canopy penetration
and ionosphere penetration [1–3]. With respect to com-
munications, the frequency bands can vary from HF to
Ka-band.

Within these bands, there are various frequency
regimes of interest for vegetative Radio Frequency
(RF) scattering where different scattering models are
employed. Depending on the application and frequency
band of interest, these models generally are of two
classes: radiative transfer methods [3, 4] or Distorted
Born Theory (DBA) [3, 5]. For transport theory, one uses
the scatterer properties to construct an extinction and

Submitted On: March 12, 2026
Accepted On: May 17, 2026 1054-4887 © ACES

https://doi.org/10.13052/2026.ACES.J.410504



MICHAELCHUCK JR., LANG, COBURN, LAMBRAKOS: LOCALIZED PLANE WAVE APPROXIMATION FOR BODIES OF REVOLUTION 414

phase matrix which are used in the transport equation.
In transport theory, scattered powers are added incoher-
ently, and scatterers are assumed to be in the far field
of each other. For DBA theory, the scatterer properties
are used in conjunction with the Foldy-Lax approxima-
tion [3, 6–8] to find the mean field in the scattering
medium [9]. From this mean field, an effective medium
is derived. The scatterers are then embedded in the
effective medium, and the scattered fields are computed
and summed coherently. Both single and higher order
scattering in the effective medium can be considered.

In particular, L-band is of interest for remote sens-
ing applications that examine backscatter from for-
est environments such as the Advanced Land Observ-
ing Satellite 4 (ALOS-4) launched in July 2025 by
the Japanese Space Agency (JAXA) [10] and the
NASA/NISAR joint US/India L/C band Synthetic Aper-
ture RADAR (SAR) [11] that was launched on 30 July
2025. Due to the complicated nature of forest environ-
ments in L-band and its importance to communications
and remote sensing, examination of Lband has been
studied extensively [12, 13].

A. Background
Forest environments are often modeled as dielectric,

lossy, Bodies of Revolution (BOR) such as cylinders,
ellipsoids, and disks [13–15]. These representations
cover a wide range of vegetation including tree trunks,
needles, and leaves. Classical geometries are specifically
chosen due to their relative simplicity and computational
efficiency. Additionally, the use of classical shapes, as a
discrete representation, provides a path towards simpler
representations of forest environments, which by the
definition of their nature appear stochastic. Upon exam-
ination of this environment and the classical shapes, the
problem is well posed to combine both effective medium
modeling and Multiple Body of Revolution (MBOR)
scattering.

Previously, the DBA model of a singular Caucasian
Fir tree was employed by Lang and Landry [16, 17].
The DBA model [18] entails discretizing a tree into
cylindrical dielectric scatterers. The tree is then enclosed
in a bounding cone, and the average medium dielectric
constant is calculated via Foldy-Lax Theory over a series
of layers within the cone via the mean field. An example
bounding dielectric cone model can be viewed in Fig. 1.
The 1st and, if desired, 2nd order scattering is calculated
and coherently summed.

For the 1998 IGARSS paper by Lang et al. [16],
the simulated monostatic RADAR Cross Section (RCS)
results trended with the measured data, but the sim-
ulated results under-predicted the monostatic RCS by
approximately 4 dB. Due to the RCS underprediction,
second order scattering effects were introduced via

Fresnel Double Scattering (FDS) where the scattering
cross sections were predicted by the Discrete Dipole
Approximation (DDA) [19, 20]. The scattering methods
within the FDS-DDA model, however, underpredicted
the Caucasian Fir tree RCS as well. Based on previous
FEKO 3-D Method of Moments (MoM) simulations, the
DDA has limitations when applied to our problem. This
motivates an MBOR scattering approach.

Fig. 1. A 5 m Caucasian Fir tree bounded in a cone
that is discretized into layers to calculate the effective
medium [19].

Overall, BOR and MBOR problems have been
extensively studied over the previous 70 years due
to their computational efficiency compared to that of
the 3D MoM [21–26]. Recently, MBOR scattering for
vegetation has been evaluated by Huang et al. where
the Foldy-Lax multiple scattering equations are com-
bined with an MBOR approach, but the model is only
applied to thin cylinders where the radius is much less
than a wavelength, which is representative of grass and
wheat [27].

Additionally, Gu et al. has recently applied a hybrid
3D MoM approach via the combination of the T-Matrix
vector cylindrical wave expansions of the scatterers and
the Foldy-Lax multiple scattering equation to calculate
the total scattered field of multiple trees in close prox-
imity to one another [28]. Due to the dense vegetation
environment found in the 5 m Caucasian Fir tree of
interest [16, 17], the T-Matrix approach is not ideal,
i.e., the cylindrical or spheroidal surfaces of the large
aspect ratio cylinders would produce significant overlap
regions throughout the tree model. Additionally, the
T-Matrix solution does not neatly map within the exist-
ing FL/DBA model due to both the effective medium
surrounding the scatterers and the multiple rays propa-
gating within the multi-layer medium.
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The method for calculating BOR scattered fields,
described here, addresses certain computational prob-
lems, not well posed for solutions using T-Matrix based
methods. First, unlike T-Matrix methods, the addition of
spheroidal surfaces, bounding the BOR, are not required
for scatterer representation. This reduction in method
complexity results by imposing the volumetric condition
of non-overlapping BORs, a reasonable approximation
for vegetation scattering in the far-field.

Second, the method is structured formally for mod-
eling scattered fields using effective-medium propaga-
tion constants. This formal aspect of the methodology,
which should be noted for its general application, is not
within the scope of this study.

In section IV, constraints are imposed for computa-
tional stability of the method, which concerns a range of
cylinder aspect ratios, cylinder size to wavelength ratios,
and source locations.

B. Objective
Our overarching objective – not the topic of this

paper but described here to provide clarity to the reader –
is to find the scattering amplitude of two lossy dielectric
cylinders that are arbitrarily oriented with respect to each
other. Each cylinder has a radius that is small compared
to its length; the cylinder radius size can vary up to sev-
eral wavelengths. The cylinders can be in the near field
of each other but are not tightly interacting, i.e., only the
first and second order scatter terms are important. The
first order scattering amplitude is the bistatic scatter from
each individual scatterer. The first term of the second
order scattering amplitude is the scatter from the first
cylinder onto the second cylinder and vice versa. The
computation of the second order scatter consists of two
parts: first compute the electric and magnetic surface
currents on the first cylinder and, then, decompose the
surface currents into dipoles. Finally, find the scattered
field from the second cylinder in the presence of a
dipole.

The focus of this paper is to develop a computa-
tionally efficient method to calculate the scattered fields
from a lossy, finite length, dielectric BOR, e.g., a cylin-
der, that is illuminated by a small current source, i.e., a
Hertzian dipole, in support of the goal described above.
This modification expands the applicable parameter
space compared to the classical thin cylinder approxima-
tion. Additionally, the technique avoids using spherical
harmonics, the Mautz and Harrington approach [29, 30],
by treating the incident field due to the infinitesimal
current source as a local plane wave upon each BOR
segment. Thus, the method is described as a Localized
Plane Wave Approximation (LPWA) for arbitrary wave
incidence on BORs. Although studied here in the context
of vegetation scattering, the technique may be applied to

any MBOR scattering problem where the BORs are not
strongly coupled.

This paper will first develop a derivation for the
approximation on a BOR, which also serves as a rel-
atively direct computational encoding for this MoM
implementation. An example using an electric Hertzian
dipole is derived. Next, the paper validates the results
of the LPWA for BORs against the full Fourier series
solution, the 3-D MoM in FEKO, and an analytical
solution for thin cylinders.

II. BODY OF REVOLUTION METHOD OF
MOMENTS

To evaluate the scattered fields from a BOR, the
Body of Revolution Method of Moments (BOR-MoM)
is first developed to solve for the induced electric and
fictitious magnetic surface currents due to an incident
field. This derivation was developed by Mautz and Har-
rington [31]. The software implementation of the BOR-
MoM used in this analysis was developed and validated
by de Matthaeis and Lang [32, 33].

As described in [34], we restate here, for com-
pleteness, the formal mathematical foundation of our
development, which is as follows. A BOR is the rotation
of a generating curve, planar arc C, about an axis, as
shown in Fig. 2. In this study, the axis of rotation will
be the z-axis of a Cartesian coordinate system, and the
generating curve will only exist in the xz-plane whereby
the definition, the curve, C, is rotated 360◦ around the z-
axis. In turn, the surface, S, formed by the BOR, will be
the interface separating free space and the scatterer with
permittivity and permeability of ε = εrε0 and µ = µrµ0,
respectively.

The coordinate unit vectors are defined in Fig. 2 by

τ̂ = sinψ cosϕ x̂+ sinψ sinϕ ŷ+ cosψ ẑ, (1)

n̂ = cosψ cosϕ x̂+ cosψ sinϕ ŷ− sinψ ẑ, (2)ˆ︁ϕ =−sinϕ x̂+ cosϕ ŷ, (3)

where τ̂ is the unit vector tangential to the generating
arc, n̂ is the unit vector normal to the generating arc, ˆ︁φ
is the unit vector in the azimuthal direction, and ψ is the
angle between the z-axis and τ̂ vector.

The tangential Electric Field Integral Equations
(EFIE) used to evaluate the surface currents along the
surface, S, are defined by

Et(r)
2

=Ei
t(r)

− jωµ0(I−ˆ︁nˆ︁n) ·PV
∫︂

S+
G(0)(r,r′) · JS(r′)dS′

− (I−ˆ︁nˆ︁n) ·PV
∫︂

S+
K(0)(r,r′)×MS(r′)dS′,

(4)
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Et(r)
2

= jωµ(I−ˆ︁nˆ︁n) ·PV
∫︂

S−
G(r,r′) ·JS(r′)dS′

− (I−ˆ︁nˆ︁n) ·PV
∫︂

S−
K(r,r′)×MS(r′)dS′, (5)

where Et(r) is the total, tangential, electric field on the
surface, Ei

t(r) is the tangential electric field due to the
incident wave, ω is the angular frequency, I is the unit
dyadic, PV denotes a principal value of the integral, S+

is the outer surface of S,S− is the inner surface of S,
G(0)(r,r′) is the electric dyadic Green’s function in free
space, G(r,r′) is the electric dyadic Green’s function in
the medium, K(0)(r,r′) is the magnetic dyadic Green’s
function in free space, K(r,r′) is the magnetic dyadic
Green’s function in the medium, Js(r′) are the induced
electric surface currents, and Ms(r′) are the induced,
fictitious magnetic surface currents [23].

The incident fields and induced sources within the
EFIE can then be split into τ and φ vector components

Ei
t(r) = Ei

τ(l,ϕ)τ̂ +Ei
ϕ(l,ϕ)φ̂, (6)

Js(r) = Jτ(l,ϕ)τ̂ + Jϕ(l,ϕ)φ̂, (7)

Ms(r) = Mτ(l,ϕ)τ̂ +Mϕ(l,ϕ)φ̂, (8)

where r ∈ S, and the location, r, may be expanded as
a function of the azimuthal angle, ϕ , and the location
along the generating arc, l, i.e., r = r(l,ϕ).

Fig. 2. A body of revolution where (a) is the threed-
imensional model with the relevant coordinate system
definitions and (b) is the coordinate definitions along the
surface of the BOR.

A. Fourier series expansion
To evaluate the induced surface currents on the

generating arc, C, the variables are expanded in Fourier
series around the z-axis such that (4) and (5) needs to
be only evaluated over the generating arc for a series

of harmonics. The resulting incident field and induced
sources are

E i
t,p(r) =

∞

∑
n=−∞

E i
t,p,nejnϕ , (9)

Js,p(r) =
∞

∑
n=−∞

Js,p,nejϕϕ , (10)

Ms,p(r) =
∞

∑
n=−∞

Ms,p,nejϕ , (11)

where p ∈ {τ,ϕ}. The Fourier series coefficients are
defined as

Cp,n =
1

2π

∫︂
π

−π

f (ϕ)e− jnϕ ′
dϕ

′, (12)

where Cp,n = Ei
t,p,n,Js,p,n, or Ms,p,n, f(ϕ) = Ei

t,p,Js,p, or
Ms,p, and p ∈ {τ,ϕ}.

B. Method of Moments expansion
The electric and magnetic surface currents can be

discretized via the MoM such that

Js,τ,n(l) =
M

∑
m=1

Js,τ, m,n(l) =
M

∑
m=1

Λτ
m,nPm(l)

ρm
, (13)

Js,ϕ,n(l) =
M

∑
m=1

Js,ϕ, m,n(l) =
M+1

∑
m=1

Λ
ϕ
m,nPm(l), (14)

Ms,τ,n(l) =
M

∑
m=1

Ms,τ, m,n(l) =
M

∑
m=1

Ω
τ
m,nPm(l), (15)

Ms,ϕ,n(l) =
M

∑
m=1

Ms,ϕ, m,n(l) =
M+1

∑
m=1

Ω
ϕ
m,nPm(l), (16)

where Js,τ,m,n,Js,ϕ,m,n,Ms,τ,m,n, and Ms,τ,m,n are the sur-
face currents per harmonic for their respective orthogo-
nal and tangential vectors on each discretized segment
of the generating arc, m is the segment number, M is
the total number of segments, Pm(l) is the chosen basis
function expansion, ρm is the distance from the z-axis,
and Λτ

m,n, Λ
ϕ
m,n, Ωτ

m,n, and Ω
ϕ
m,n are the basis function

coefficients. Note that the basis function coefficients are
unique for each harmonic, n, and each segment of the
generating arc, m. For this implementation, triangular
and rectangular basis functions are chosen [33].

Testing functions are now applied using the sym-
metric product

⟨χ(l),α(l)⟩=
∫︂

∞

−∞

χ(l) ·α(l)dl. (17)

The testing functions chosen are both Dirac Delta
functions and rectangular pulse functions [31–33].
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Interaction matrix and incident field matrix can be
evaluated for a single harmonic on the BOR’s generating
arc. The equivalent sources are solved by inverting the
interaction matrix

[In] = [Zn]
−1[Vn], (18)

where Zn is the interaction matrix. The induced surface
currents per harmonic for both the τ and ϕ directions are
described by

In =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

J1,n

J2,n

...

JN,n

M1,n

M2,n

...
MN,n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (19)

and the incident, tangential electric and magnetic fields
per harmonic and for both the τ and ϕ directions, are
described by

Vn =

⎡⎢⎢⎢⎢⎢⎣
E i

1,n

E i
2,n

...

E i
M,n

⎤⎥⎥⎥⎥⎥⎦ . (20)

Referring to (18)–(20), the general procedure is
such that [Zn]

−1 and [Vn] are calculated a priori, and In
is solved for via (18).

III. INCIDENT FIELD EXPANSION
To generate a matrix formulation for the BOR

MoM, the tangential, incident electric field is expanded
into Fourier series as

Ei(r) =
∞

∑
n=−∞

Ei
n(l)e

jnϕ , (21)

where n is the harmonic, ϕ is the azimuthal angle around
the z-axis, and r = r(l,ϕ) is the coordinate locations of
the generating arc. Note that the electric field will be
kept as a vector, and the subscript, t, will be dropped
from the tangential, electric field vector. These subtle
changes simplify the notation throughout this derivation.
Using the definition from (12), the Fourier series coeffi-
cients are defined by

Ei
n(l) =

1
2π

∫︂
π

−π

Ei(l,ϕ ′)e− jnϕ ′
dϕ

′, (22)

where l represents the location along the generating arc,
the integral bounds are between [−π,π], and r= r(l,ϕ).
Note that the integral bounds can also be over [0,2π],
but integrating over [−π,π] allows for the removable
singularity at zero to be integrated via the principal value
of the integrals.

Fig. 3. Discretized generating arc for a BOR.

Furthermore, the generating arc is discretized into a
series of segments such that

Ei(r) =
M

∑
m=1

Ei
m(l,ϕ), (23)

where Ei
m denotes the incident field upon a specific

segment of the discretized BOR and M is the total
number of segments along the generating arc of the
BOR, which is shown in Fig. 3. Note that Ei

m(l,ϕ)
is unique for each segment of the BOR. Expanding
Ei

m(l,ϕ) from (23) into a Fourier Series about the ϕ

axis, (21) yields

Ei
m(l,ϕ) =

∞

∑
n=−∞

Ei
m,n(l)e

jnϕ . (24)

The total incident electric field can then be found by
substituting (24) into (23) which yields

Ei(r) =
M

∑
m=1

∞

∑
n=−∞

Ei
m,n(l)e

jnϕ . (25)

The Fourier series coefficient in (25), Ei
m,n(l), can

be determined uniquely for each segment of the BOR
generating arc by applying the Fourier Series definition
from (12) to (25). Accordingly, the resultant Fourier
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series coefficient for a single segment and single har-
monic is

Ei
m,n(l) =

1
2π

∫︂
π

−π

Ei
m
(︁
l,ϕ ′)︁e− jnϕ ′

dϕ
′. (26)

The symmetric product of (26) with the testing
functions results in the Fourier Series coefficients per
harmonic in (20).

At this point in the development, an arbitrary inci-
dent field is still considered. For the exact method,
derived by Harrington and Glisson [29, 30], the known,
incident electric field, e.g., an incident, Hertzian dipole,
is substituted into (26). The Fourier series coefficient for
a single segment of the generating arc is then computed
by performing the integral around the BOR z-axis with
respect to ϕ .

Upon examining the structure of the 5 m Caucasian
Fir tree, the full expansion method is not required due to
the size distribution of the branches and trunk sections.
The full expansion method, however, can be applied to
the MBOR scattering problem. In this case, the induced
surface currents from the 1st BOR would be treated as
equivalent electric and magnetic Hertzian dipoles. Then
those dipoles would be incident upon the 2nd BOR where
the full Fourier Series integration is performed. The Full
Expansion method can be used to solve for the scattered
fields for any size cylinder with an arbitrary distance
between the cylinders, i.e., examination of trees larger
than 5 m.

In general, Harrington and Mautz’s method is a
relatively direct approach using spherical harmonics and
reciprocity; however, the method was not designed as
an MBOR scattering technique. The method requires
integration around the BOR ϕ-axis to relate the current
source to the incident field upon the BOR. The introduc-
tion of multiple BORs results in harmonic dependence
between the BORs and requires a large number of inte-
grations for MBOR scattering. Thus, the full expansion
method suffers a large computational burden for MBOR
problem sets.

IV. LOCALIZED PLANE WAVE
APPROXIMATION

The following development will derive the LPWA
for a vertical Hertzian dipole located on the x-axis
and incident on a BOR. Formally, the method can be
applied to an arbitrarily located and oriented dipole but,
for simplicity’s sake, the dipole is oriented vertically
on the x-axis. For application to an arbitrarily oriented
dipole, the problem can be treated in a straightforward
manner using local and global coordinate systems where
the same approximations with respect to both the BOR
radius and discretization size will still apply.

Let us consider an incident, analytical, spherical
wavefront from a vertically oriented, electric, Hertzian

dipole positioned along the x-axis, as shown in Fig. 4,
whose source function is described by

J(r) = J0δ (r−rd) ẑ = J0δ (x− xd)δ (y)δ (z)ẑ, (27)

where J0 is the current density, δ (r) is the Dirac Delta
function, r is the field location, and rd = xd ˆ︁x is the
source location.

To reduce the field complexity, the Hertzian dipole
can be represented as a source at the origin in a local
coordinate system. Following this approach, the source-
function simplifies to

J(r) = J0δ (r)ẑd , (28)

where subscript d denotes that the variable is referenced
to the dipole source location.

Fig. 4. Vertically polarized, electric, Hertzian dipole
centered on the x-axis incident on a BOR.

The electric field due to the source function in (28)
has the general form of

Ei
d (r,rd) =Ei

0,d
e− jk0Rd

Rd
, (29)

where

Ei
0,d = Ei

rd
r̂d +Ei

θd
ˆ︁θd , (30)

and

E i
rd
=

jη0k0J0

4π

(︄
2

jk0Rd
+

2

( jk0Rd)
2

)︄
cosθd , (31)

E i
θd

=
jη0k0J0

4π

(︃
1+

j
jk0Rd

+
1

( jk0Rd)2

)︃
sinθd , (32)

where η0 is the free space wave impedance, k0 is the
free space wavenumber, θd is the polar angle in the local,
spherical coordinates, and Rd = |r−rd |.
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A. Expansion over a BOR segment
For the following development, the spherical wave

described by (28)–(32) will be adjusted such that the
vectors are positional vectors with reference to a BOR
segment, m (see Fig. 5). This implies that the vectors
can be translated from one coordinate system to another
since they are referenced to an (x,y,z) location. This
avoids local and global coordinate transformation math-
ematics within the derivation.

Fig. 5. Diagram depicting a spherical wave source inci-
dent on a local BOR segment.

To generate the coefficients in (20) and to use the
positional vectors, (29) must first be discretized across
the BOR using the definition from (23). Substituting (29)
into (23) yields

Ei
d(rm,rd) =

M

∑
m=1

Ei
0,m(rm,rd)

e− jk0Rm

Rm
, (33a)

Ei
0,m(rm,rd) =Ei

0,d |rm , (33b)

where Rm = |rm −rd |.
The BOR discretized segment length can then be

characterized as

∆rm = rm+1 −rm. (34)

For small ∆rm,R(rm+∆rm,rd) can be expanded as

R(rm +∆rm,rd)

=
√︁

(rm +∆rm −rd) · (rm +∆rm −rd)

=
√︁

(Rm +∆rm) · (Rm +∆rm)

=

√︂
R2

m +(∆rm)
2 +2Rm ·∆rm

= Rm

√︄
1+
(︃

∆rm

Rm

)︃2

+
2Rm ·∆rm

R2
m

. (35)

Assume a small discretization and |∆rm
Rm

| ≪ 1. Also,
note that

[1+w]1/2 = 1+w/2−w2/8+O(w3), (36a)

w =

(︃
∆rm

Rm

)︃2

+
2Rm ·∆rm

R2
m

. (36b)

Using the definition from (36) and assuming
|w|≪1, (35) becomes

R(rm +∆rm,r
′) = Rm

[︄
1+

ˆ︁R
Rm

·∆rm

]︄

= Rm + ˆ︁R ·∆rm +O
(︃

∆r2
m

Rm

)︃
, (37)

where ˆ︁R = Rm/Rm. The higher order terms can be
neglected if the following conditions are satisfied

k0|∆rm|2

2Rm
sin2

α ≪ 1, (38)

where α is the angle between ˆ︁R and ∆rm and |∆rm
Rm

| ≪
1. For N ≫ 1, ∆rm is small and, typically, the BOR-
MoM satisfies this condition using standard discretiza-
tion sizes, i.e., less than or equal to a λ/10 mesh size.

Substituting (37) into (29) yields

Ei
d(rm +∆rm,rd) = Ei

0
e− jk0(Rm+ ˆ︁R·∆rm)

Rm + ˆ︁R ·∆rm
. (39)

Note that Rm + ˆ︁R ·∆rm ≈ Rm for small ∆rm. This
condition only applies to the denominator because the
incident field phase, e− jk0(Rm+ ˆ︁R·∆rm), has a high degree
of sensitivity, whereas the incident field magnitude scal-
ing, 1

Rm+ ˆ︁R·∆rm
, does not have a high sensitivity to error.

Expanding (39) and recognizing that ˆ︁R= ˆ︁ki yields

Ei(rm +∆rm,rd) = Ei
0,m

e− jk0Rm

Rm
e− jk0ˆ︁ki·∆rm , (40)

where ˆ︁ki is the incident field unit vector. Equation (40)
implies that the spherical source appears as a plane wave
across the segment, i.e., the full expansion method is
valid so long as (38) is valid. To solve for the coefficients
in (20), substitute (40) into (26), yielding

Ei
m,n(rm +∆rm,rd)

=
1

2π

∫︂
π

−π

[︃
Ei

0,m
e− jk0Rm

Rm
e− jk0ˆ︁ki·∆rme− jnϕ

]︃
dϕ.

(41)

Recognize that the field coefficients of an arbitrarily
sized BOR can be solved for via (41) by integrating
around the BOR ϕ-axis, so long as the BOR generating
arc discretization is sufficiently small and the numerical
integration converges.
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B. Expansion around the BOR φ-axis
At this point within the derivation, an arbitrarily

sized BOR may be analyzed by integrating around the
BOR ϕ axis, (41), for each individual segment, m.
However, if thin BORs are considered, further approx-
imations may be applied. Examining (41), it is desirable
for computational efficiency to extract the spherical
wave term, Ei

0,m
e− jk0Rm

Rm
, from the integral. This would

result in a localized, analytic plane wave solution over
the segment, m.

Upon examination of the BOR cross section in
Fig. 6, the BOR cross section at the local segment, m, is
a circle by definition. The positional vector at the BOR
edges can be described by

R(rm +∆ρm(ρ,ϕ),rd) = |rm +∆ρm(ρ,ϕ)−rd |,
(42)

where ∆ρm(ρ,ϕ) is the vector between rm and the BOR
edge, and ρ is the radius of the BOR at segment m. A
full expansion of ∆ρm(ρ,ϕ) is described in [33].

Only the ∆ρm(ρ,ϕ) term in (42) varies with respect
to ϕ . The rm term is a positional vector on the BOR
generating arc, segment m. To extract the spherical
wavefront from the integration, ∆ρm(ρ,ϕ) must be
small, therefore ρ must be small.

Fig. 6. Spherical wave source incident on a local BOR
segment.

Using this assumption, a similar development to
(35)(40) can be used, i.e.,

R(rm +∆ρm,rd)

=
√︁
(rm +∆ρm −rd) · (rm +∆ρm −rd)

=
√︁

(Rm +∆ρm) · (Rm +∆ρm)

=
√︂

R2
m +(∆ρm)2 +2Rm ·∆ρm

= Rm

√︄
1+
(︃

∆ρm

Rm

)︃2

+
2Rm ·∆ρm

R2
m

, (43)

where Rm = |rm − rd |. Note that rm is a point along
the generating arc and does not vary with respect to ϕ .

Assume a small discretization and |∆ρm
Rm

| ≪ 1. Using a
similar development to (36)–(38), (43) becomes

R(rm +∆ρm,r
′) = Rm

[︄
1+

ˆ︁R
Rm

·∆ρm

]︄

= Rm + ˆ︁R ·∆ρm +O
(︃

∆ρ2
m

Rm

)︃
, (44)

with the following condition

k0|∆ρm|2

2Rm
sin2

β ≪ 1, (45)

where β is the angle between ˆ︁R and ∆ρm. Substituting
(44) into (41) and noting that Rm + ˆ︁R · ∆ρm ≈ Rm for
small ∆ρm yields

Ei
m,n(rm +∆ρm,rd)

=
1

2π

∫︂
π

−π

Ei
0,m

e− jk0Rm

Rm
e− jk0ˆ︁ki·∆ρme− jnϕ dϕ

= Ei
0,m

e− jk0Rm

Rm

1
2π

∫︂
π

−π

e− jk0ˆ︁ki·∆ρme− jnϕ dϕ. (46)

Since the Ei
0,m

e− jk0Rm

Rm
term no longer varies with

respect to ϕ , it was extracted from the integration, and
(41) now appears as a plane wave across the BOR at
segment, m. The plane wave solution for a BOR is
analytical and comprised of Bessel functions [23, 33].

At this stage, the coefficients in (20) have been
solved for via (46), and (46) is formally a piecewise
plane wave approximation over the BOR generating
arc where the initial phase and magnitude of the plane
wave is the Ei

0,m
e− jk0Rm

Rm
term evaluated at the BOR

segment rm. Thus, the computational complexity of
evaluating the incident field source coefficients (20) for
MBOR problem set is reduced since plane wave source
functions are analytical. Accordingly, (46) is termed the
LPWA, allowing for analytical representation of plane
waves incident on BORs.

Note that this approximation essentially turns a
BOR into a set of thin discs dependent upon the free
space wavenumber rather than the material wavenumber.
Therefore, the far field/plane wave criteria is a function
of the BOR radius rather than BOR length. In turn, the
approximation error is dominated by the BOR radius
since the BOR can be discretized into thinner discs, i.e.,
a finer mesh. Additionally, (38) and (45) establish clear
criteria for monitoring a software implementation of the
approximation.

C. Electric field coordinate expansion
The incident wave may be defined by three orthog-

onal unit vectors: horizontal polarization, vertical polar-
ization, and the component of the electric field in the
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direction of propagation, i.e.,

ˆ︁hi =
ki × ˆ︁z
|ki × ẑ|

=−sinϕiˆ︁x+ cosϕiˆ︁y, (47)

ˆ︁vi = ˆ︁hi × ˆ︁ki =−cosθi cosϕiˆ︁x− cosθi sinϕiˆ︁y− sinθiˆ︁z,
(48)

ˆ︁ki =−sinθi cosϕiˆ︁x− sinθi sinϕiˆ︁y− cosθiˆ︁z, (49)

where ˆ︁hi is the horizontal polarization unit vector, ˆ︁vi is
the vertical polarization unit vector, ˆ︁ki is the unit vector
in the direction of incidence, ϕi is the incident, azimuthal
angle, and θi is the incident, polar angle. The tangential
incident field, Ei

m, can be described as

Ei
m = E i

h,m
ˆ︁hi +E i

v,mˆ︁vi +E i
r,m
ˆ︁ki. (50)

Using the τ and ϕ components as defined above,
(1)–(3), and combining the derived field definitions from
de Matthaeis and Lang [33], the incident field becomes

E i
τ,m,h = E i

h,m sinψm sin(ϕm −ϕi)e− jk0ˆ︁ki·rm , (51)

E i
τ,m,v =−E i

v,m[cosψm sinθi

+ sinψm cosθi cos(ϕm −ϕi)]e− jk0ˆ︁ki·rm , (52)

E i
τ,m,r =−E i

r,m[cosθi cosψm

+ sinψm sinθi cos(ϕm −ϕi)]e− jk0ˆ︁ki·rm , (53)

E i
ϕ,m,h = E i

h,m cos(ϕm −ϕi)e− jk0ˆ︁ki·rm , (54)

E i
ϕ,m,v = E i

v,m cosθi sin(ϕm −ϕi)e− jk0ˆ︁ki·rm , (55)

E i
ϕ,m,r = E i

r,m sinθi sin(ϕm −ϕi)e− jk0ˆ︁ki·rm . (56)

The basis functions chosen in this implementation
of the BOR MoM are rectangular and triangular pulses
and, thus, performing the integrals for the Fourier series
expansion over the basis functions yields

E i
τ,m,h,n = jnE i

h,m sinψmT+
n (uρm)e− jnϕie jvzm , (57)

E i
τ,m,v,n = jnE i

v,m[−cosψm sinθiJn(uρm)

++ j sinψm cosθiT−
n (uρm)]e− jnϕie jvzm ,

(58)

E i
τ,m,r,n = jnE i

r,m[−cosψm cosθiJn(uρm)

+ j sinψm sinθiT−
n (uρm)]e− jnϕie jvzm , (59)

E i
ϕ,m,h,n = jn+1E i

h,mT−
n (uρm)e− jnϕie jvzm , (60)

E i
ϕ,m,v,n = jnE i

v,m cosθiT+
n (uρm)e− jnϕie jvzm , (61)

E i
ϕ,m,r,n = jnE i

r,m sinθiT+
n (uρm)e− jnϕie jvzm , (62)

where ρm is the radial distance from the segment m to
the z-axis. Equations (57)–(62) are the tangential fields
along the generating arc of the BOR for each segment,
m, and harmonic, n. The T+

n (uρ) and T−
n (uρ) functions

are described by Jn(x), the Bessel function of the first
kind order n, i.e.,

T+
n (x) =

Jn+1(x)+ Jn−1(x)
2

, (63)

T−
n (x) =

Jn+1(x)− Jn−1(x)
2

. (64)

The remaining variables are described by

k0ˆ︁ki ·rm =−uρm cosϕm − vzm, (65)

with

u = k0 sinθi, v = k0 cosθi. (66)

Given that the incident electric field has been
derived, derivation of the magnetic fields follows via
duality, where

H i
τ,m,h,n = jnH i

h,m sinψmT+
n (uρm)e− jnϕie jvzm , (67)

H i
τ,m,v,n = jnH i

v,m[−cosψm sinθiJn(uρm)

+ j sinψm cosθiT−
n (uρm)]e− jnϕie jvzm , (68)

H i
τ,m,r,n = jnH i

r,m[−cosψm cosθiJn(uρm)

+ j sinψm sinθiT−
n (uρm)]e− jnϕie jvzm , (69)

H i
ϕ,m,h,n = jn+1H i

h,mT−
n (uρm)e− jnϕie jvzm , (70)

H i
ϕ,m,v,n = jnH i

v,m cosθiT+
n (uρm)e− jnϕie jvzm , (71)

H i
ϕ,m,r,n = jnH i

r,m sinθiT+
n (uρm)e− jnϕie jvzm . (72)

Referring to (57)–(72), the field angle of incidence
is unique for each segment of the BOR. The incident
angle can be characterized geometrically as the angle
between the incident source point, rd and mth segment
of the BOR generating arc.

Overall, the LPWA affected a reduction of compu-
tational complexity by means of functions with lookup
tables such as Bessel functions. It is interesting to note
that (57)–(72) represent a rather direct computational
encoding of the LPWA applied to the BOR-MoM for a
Hertzian dipole source.

V. HERTZIAN DIPOLE EXAMPLE
The Hertzian dipole derivation has been imple-

mented into a BOR MoM code to modify the incident
wave upon the BOR. To validate the LPWA for a BOR,
a Hertzian dipole example will be considered as a test
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case since it is a classical case with an exact solution,
see Fig. 4. The Hertzian Dipole is vertically polarized
along the z-axis and located at x = 0.2 m,y = 0 m, and
z = 0 m. Thus, the dipole will be located within the
reactive near field, Fresnel near field, and far field of
the dielectric BOR. The BOR center is located at x =
0 m,y = 0 m, and z = 0 m; see Fig. 7. Note that formally
the LPWA applies to magnetic surface currents as well,
i.e., magnetic dipoles. For the sake of compactness, only
electric dipoles are examined within this paper.

Although there are an entourage of test cases for
LPWA validation, only lossy dielectric cylinders repre-
sentative of a Caucasian Fir tree are examined. Addi-
tionally, the Hertzian dipole is placed along the x axis
to simplify the analytical solution for a thin cylinder
(see Appendix A). Note that the analytical solution relies
on the thin cylinder approximation where the phase
across the cylinder diameter is assumed constant, i.e.,
the method is a function of both cylinder radius and
dielectric constant [37].

The results are compared to the FEKO 3-D
MoM [35] solution, the full integration method [29, 30],
which entails integrating the dipole equations around the
BOR z-axis for the full Fourier series expansion, and
an analytical solution for thin cylinders. The analytical
solution is in Appendix A.

A. Case 1: Median branch
Let us consider an incident RF field on a lossy,

dielectric cylinder whose statistics are listed in Table 1,
at a frequency of f = 2.0 GHz. Simulation of MBOR
scattering within a 5 m Caucasian Fir tree is of interest;
therefore, the cylinder is the approximate size of the
median branch of a Caucasian Fir tree [16, 17, 36]. The
scattered far fields from the BOR due to the dipole are
examined in Cartesian coordinates. The results support-
ing validation are shown in Figs. 8 and 9. The x position
and y-position of the scattered electric field z axis sweep
are at x = 10 m and y = 0 m, respectively.

As expected, all four methods show great agreement
for a small cylinder case since the assumptions of the
analytical solution and LPWA hold, i.e., ρ

|rm| and |∆rm|
|rm|

are small.

B. Cases 2 and 3: Largest branch and trunk
To ensure the LPWA method applies to the largest

sections within a 5 m Caucasian Fir tree, let us consider
an incident RF field on lossy, dielectric cylinders whose
statistics are listed in Tables 2 and 3, at a frequency of
f = 2.0 GHz. The BOR size is consistent with the largest
branch and largest trunk sections of a previously vector-
ized and measured Caucasian Fir tree [16, 17, 36]. The
results supporting validation are shown in Figs. 10–13.

Fig. 7. LPWA BOR validation scenario where a verti-
cally polarized, Hertzian dipole is centered on the x-axis.

Table 1: Case 1 scenario for the LPWA with an incident
Hertzian dipole for the median branch in a 5 m Cau-
casian Fir tree

Quantity Value
Cylinder Length [m] 0.08
Cylinder Radius [m] 0.001
ϵr 10−j2.4
Harmonics 10
Mesh Size λm/40
rd(x,y,z)[m] 0.2, 0, 0
Dipole Polarization ẑ (V-Pol)
Dipole Moment [A-m] 1
|∆rm|
|rm| 0.002
ρ

|rm| 0.02

Fig. 8. Median branch – ˆ︁x polarized. Magnitude of the
bistatic electric field versus zS for a V-polarized wave
with ˆ︁x polarized scattering on a dielectric cylinder at
x = 10 m and y = 0 m. The vertically oriented dipole
is located at rd(x,y,z) = 0.2 m,0 m,0 m.
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Fig. 9. Median Branch – ẑ polarized. Magnitude of the
bistatic electric field versus zS for a V-polarized wave
with ẑ polarized scattering on a dielectric cylinder at
x = 10 m and y = 0 m. The vertically oriented dipole
is located at rd(x,y,z) = 0.2 m,0 m,0 m.

Table 2: Case 2 scenario for the LPWA with an incident
Hertzian dipole for the largest branch in a 5 m Caucasian
Fir tree

Quantity Value
Cylinder Length [m] 0.3
Cylinder Radius [m] 0.01
ϵr 10− j2.4
Harmonics 10
Mesh Size λm/40
rd(x,y,z)[m] 0.2,0,0
Dipole Polarization ẑ(V-Pol )
Dipole Moment [A-m] 1
|∆rm|
|rm| 0.003
ρ

|rm| 0.05

The results show a relatively small increase in error
for the LPWA as the BOR radius increases. However, the
solution error is still less than 0.2 dB compared to the
Full Expansion solution for the branches present within
the Caucasian Fir tree.

The results shown in Figs. 8–13 demonstrate com-
putationally that the analytical, thin cylinder approxi-
mation for scattering from a dielectric cylinder is not
valid when the BOR radius is large, as expected [37–39].
The analytical solution’s error increases significantly as
the BOR radius increases, since the cylinders are no
longer thin. This implies that the analytical solution
is no longer valid when the assumptions underlying
the approximations given in Appendix A are no longer
satisfied. Thus, traditional thin cylinder approximation
methods are not applicable for MBOR scattering of

Table 3: Case 3 scenario for the LPWA with an incident
Hertzian dipole for the largest trunk section in a 5 m
Caucasian Fir tree

Quantity Value
Cylinder Length [m] 0.5
Cylinder Radius [m] 0.05
ϵr 23− j5.2
Harmonics 10
Mesh Size λm/40
rd(x,y,z)[m] 0.2,0,0
Dipole Polarization ẑ (V-Pol)
Dipole Moment [A-m] 1
|∆rm|
|rm| 0.25
ρ

|rm| 0.05

Fig. 10. Largest branch – ˆ︁x polarized. Magnitude of the
bistatic electric field versus ZS for a V-polarized wave
with ˆ︁x polarized scattering on a dielectric cylinder at
x = 10 m and y = 0 m. The vertically oriented dipole
is located at rd(x,y,z) = 0.2 m,0 m,0 m.

Fig. 11. Largest branch – ẑ polarized. Magnitude of the
bistatic electric field versus ZS for a V-polarized wave
with ẑ polarized scattering on a dielectric cylinder at
x = 10 m and y = 0 m. The vertically oriented dipole
is located at rd(x,y,z) = 0.2 m,0 m,0 m.
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this class of Caucasian Fir tree. The LPWA, however,
does not have the same BOR radius limitation as the
analytical solution and, in turn, the LPWA is well suited
for solving large MBOR problem sets related to tree
scattering. Thus, the LPWA is an ideal method for the
class of BORs expected within the 5 m Caucasian Fir
tree.

Fig. 12. Largest trunk section – ˆ︁x polarized. Magnitude
of the bistatic electric field versus zS for a V-polarized
wave with ˆ︁x polarized scattering on a dielectric cylinder
at x = 10 m and y = 0 m. The vertically oriented dipole
is located at rd(x,y,z) = 0.2 m,0 m,0 m.

Fig. 13. Largest trunk section −ẑ polarized. Magnitude
of the bistatic electric field versus ZS for a V-polarized
wave with ẑ polarized scattering on a dielectric cylinder
at x = 10 m and y = 0 m. The vertically oriented dipole
is located at rd(x,y,z) = 0.2 m,0 m,0 m.

C. Error examination
The following analyses examine LPWA error tol-

erance. In particular, the graphs show a comparison

between the full expansion method and LPWA for the
electric field coefficients.

Fig. 14. Incident electric field coefficient, magnitude
comparison, for the 0th harmonic, between the full
expansion method and LPWA.

Fig. 15. Incident electric field coefficient phase compar-
ison, for the 0th harmonic, between the full expansion
method and LPWA.

A small cylinder is simulated that is 10 cm in
length and 4 mm in radius like that of Case 1. The
incident field is V-polarized on a dielectric cylinder
at a frequency of f = 3 GHz. The vertically oriented
dipole is located at rd(x,y,z) = 0.2 m,0 m,0 m. Both
magnitude and phase of the electric field coefficients at
specific harmonics are plotted, shown in Figs. 14–17.
Note that only the coefficients for a V-polarized wave
are shown here for brevity, but both H-polarized and
V-polarized coefficients have been examined.

Overall, the method shows great agreement across
the cylinder body for incident electric field coefficient
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magnitude. The methods do differ, however, with respect
to the coefficient phase. In these validation cases, the
phase error primarily occurs at the corner of the cylinder
and the upper cylinder segments, where the cylinder
segments are perpendicular to the incident electric field.

As it relates to the transverse segment phase error,
i.e., the segments on the top and bottom of the cylinder,
the transverse segment current magnitudes are on the
order of 20 dB lower than that of the segments parallel
to the incident electric field. Thus, their induced currents
and the resultant contributions to the scattered field are
negligible. Additionally, the transverse segment current
magnitudes have minimal error compared to the exact
solution, which further supports the conclusion that
transverse segment phase error is negligible relative to
total scattered field error. Since the phase error has
negligible impact on the total scattered fields, its source
is not explored further in this paper.

To further examine the error due to BOR radius, i.e.,
the validity and impact of the |∆ρm|

|Rm| ≪ 1 assumption, an
error plot examining the LPWA versus full expansion
method with respect to BOR radius is plotted in Fig. 18.
See Table 4 for simulation statistics.

Fig. 16. Incident electric field coefficient magnitude
error between the full expansion method and LPWA for
the 1st harmonic.

Figure 18 shows the average, difference error mag-
nitude (47) between the full expansion method and
LPWA for the scattered electric field in the far field.
A cylinder is simulated that is 50 cm in length with
various radius values. The incident field is V-polarized
on a dielectric cylinder at a frequency of f = 2 GHz.
The vertically oriented dipole is located at rd(x,y,z) =
0.2 m,0 m,0 m.

As the BOR radius increases and the approximation
conditions are no longer satisfied, there is an exponential
increase in error (see Fig. 18), which is physically

Fig. 17. Incident electric field coefficient phase error
between the full expansion method and LPWA for the
1st harmonic.

Fig. 18. Far field, average, scattered electric field mag-
nitude error between both the Mautz and LPWA meth-
ods and FEKO and LPWA methods versus Condition
2( k0|∆ρm|2

2Rm
sin2

β ≪ 1) at the scattered field point xs =
10 m,ys = 0 m,zs = 0 m for a V-polarized wave incident
on a dielectric cylinder.

Table 4: Error examination scenarios for the LPWA with
an incident Hertzian dipole

Quantity Value
Cylinder Length [m] 0.5
Cylinder Radius [m] 0.001, 0.01, 0.05, 0.1
εr 10.3−j2.4
Harmonics 10
Mesh Size λm/40
rd(x,y,z) [m] 0.2, 0, 0
Dipole Polarization ẑ (V-Pol)
Dipole Moment [A-m] 1
|∆rm|
|rm| 0.003, 0.003, 0.005, 0.008
ρ

|rm| 0.005, 0.05, 0.33, 1
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consistent and expected. In general, when the conditions
specified by (38) and (45) are satisfied, i.e., ≪1, the
LPWA error between the exact (Full expansion) method
and FEKO 3-D MoM solution is less than 0.2 dB and
1 dB, respectively. With regards to the FEKO 3-D MoM
solution, the additional error is not due to the LPWA,
but due to error associated with a specific software
implementation of this BOR-MoM and its numerical-
algorithmic formulation, which typically has a magni-
tude difference on the order of 1 dB or less compared to
the FEKO 3-D MoM. This is due to the limitations of
the Mautz and Harrington BOR-MOM solution, as well
as the use of low order basis functions not a topic of this
paper.

When considering this error, it is important to
realize that, for a multi-scatter development, the other
branches will be comprised of thousands of segments
orthogonal to the trunk [16, 17, 36]. Thus, a majority of
the segments, i.e., point sources, will satisfy the |∆ρm|

|Rm| ≪
1 criteria, and only a small number of segments will be
susceptible to large errors – a discussion for a future
paper.

D. Computational efficiency
With regards to computational efficiency, the BOR-

MOM inherently is more efficient than the 3-D MoM;
see reference [34] for a breakdown between this BOR-
MoM implementation and the FEKO 3-D MoM. The
efficiency of the LPWA, however, warrants further dis-
cussion.

Typically, MBOR scattering requires mapping cur-
rents to spheroidal surfaces, using T-Matrix based pro-
cedures, which is not possible for the tree scattering
case considered here, as stated in section I. Other model
formulations of MBOR scattering require that sources
from a BOR couple to adjacent BOR, imposing the
need for numerical triple integration for evaluation of
the incident field matrix. Thus, a reduction of model
complexity should be desirable.

Additionally, calculation of the impedance matrix
is typically the slowest calculation component for the
MoM. In a multi-scatter model, however, the impedance
matrix is calculated once per BOR, while the incident
field matrix must be calculated multiple times per BOR.
For example, a tree comprised of 19,000 segments would
require each BOR’s incident field matrix to be calculated
19,000 times, i.e., once per incident plane wave and
once per each of the 18,999 BORs illuminating the
BOR of interest. Thus, relating scattered fields from
adjacent BORs would have excessive computational
costs.

To validate the computational benefit of the LPWA,
the LPWA incident field matrix computation time is

compared to the Full Expansion integration method in
Table 5 for a single harmonic. Overall, Table 5 shows
that the LPWA reduces the integration cost of the method
by greater than an order of magnitude per harmonic.
Also, computation time for the LPWA does not scale
proportionately with number of elements M, whereas
the full expansion method scales linearly with number
of elements.

Table 5: Comparison of the computation time of the
LPWA and full expansion methods for a single harmonic

Length M Full Expansion Method LPWA
λ 327 183 ms 9 ms

3λ 526 280 ms 10 ms
6λ 825 483 ms 10 ms

10λ 1223 587 ms 10 ms

Table 6: Comparison of the expected computation time
of the LPWA and full expansion methods for multiple
BORs with 1000 segments each evaluated over ±10
harmonics
Number of BORs Full Expansion Method LPWA

2 1000 s 20 s
4 6,000 s 120 s
8 28,000 s 560 s

16 120,000 s 2400 s

Notably, the LPWA is formulated to achieve a
reduction in computational complexity for MBOR sce-
narios. Specifically, its formulation does not require
integration of the field source, due to the ith BOR around
the jth BOR. Table 6 shows a comparison of expected
computation times, based on the results of Table 5, for
an MBOR scenario, where each BOR has 1000 segments
and ±10 harmonics per BOR. Table 6 shows that even
for a two BOR scenario, the computational cost has
been reduced by more than an order of magnitude. If
the ith BOR is treated as a singular source, rather than
a collection of sources, computation time for the LPWA
can be decreased even further. This follows in that the
full expansion method must treat each segment as a
singular source.

The test cases were run on a computer with an
Intel i910900k CPU overclocked to 4.9 GHz all core,
64 GB of 3600 MHz DDR4 RAM, and a Samsung 970
Evo Plus NVMe SSD. For this analysis, the software
implementation was programmed in MATLAB 2025a,
and the code is parallelized and vectorized to maximize
computational efficiency. If this program were deployed
in C++ rather than MATLAB, it is estimated to improve
the computation times by another order of magnitude.
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VI. CONCLUSION
This analysis resulted in the derivation and rel-

atively direct computational encoding of an arbitrary
wave incident on a BOR for the MoM using the LPWA.
Both the incident, tangential, electric, and magnetic
fields on both the discretized τ and ϕ segments of the
BOR were derived.

The derived equations demonstrated two
approaches to the problem including a full expansion
method at each segment for arbitrary BOR size, and a
LPWA for thin BORs. For the full expansion method,
it is assumed that the discretization is small along the
generating arc and around the BOR ϕ-axis. When the
BOR radius is not large compared to wavelength, we
can further simplify the procedure resulting in a source
function that is a local plane wave across the whole disk,
effectively reducing the far field condition to a function
of BOR radius rather than BOR length. Additionally,
both of the approximations apply to thicker cylinders
than the analytical solution using the thin cylinder
approximations. For practical applications, the far field
criterion, (38) and (45), can be monitored, and the BOR
separation and/or discretization can be adjusted to shrink
the parameters as needed.

The derivation was verified and validated using a
Hertzian dipole example and compared to the FEKO 3D
MoM [35] solution, the full expansion method [29, 30],
and the analytical solution for a thin cylinder. The
results showed good agreement between the different
MoM implementations for scattered field magnitude.
In turn, the resulting computational benefit due to the
reduced integration complexity of the LPWA resulted in
a minimal loss of accuracy to the solution.

Overall, the error induced by the LPWA is accept-
able for the specific multi-scatter approach in devel-
opment for a 5 m Caucasian Fir tree since the trunk
sizes, branch sizes, and branch separations examined
in this paper are typical of the vectorized Caucasian
Fir tree [16, 17, 36]. Additionally, the method is well
posed to manage propagation between discrete scatterers
when a complex medium is present, e.g., vegetative
environments. The next steps are to apply the LPWA to
MBOR scattering.
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APPENDIX A
The following development is an abbreviated

derivation for the analytical solution of a dipole incident
on a thin cylinder.

Following a similar development to section IV,
let the axis shifted Hertzian dipole have the follow-
ing source function in a local coordinate system, see
Fig. A.1,

J(rd) = J0δ (r−rd)ẑd . (A.1)

Fig. A.1. Geometry of a Hertzian dipole incident on a
cylinder.
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Assuming kr ≫ 1, the electric field due to the source
function in (29) has the general form of

Ei
d (r,rd) = E0 sinθd

e− jk0r

r
ˆ︁θ, (A.2)

E0 =
jη0k0J0

4π
. (A.3)

Since the cylinder is thin, i.e., a is small, the internal
electric field may be described by

Eint ≈E∥+
2

1+ εr
E⊥, (A.4)

where Eint is the internal field [37–39] and

E∥ = E0 sin2
θd

e− jk0Rd

Rd
ˆ︁z, (A.5)

E⊥ =−E0 sinθd
e− jk0Rd

Rd
cosθd ˆ︁x, (A.6)

where θd is the angle that r makes with the z-axis of the
local coordinate system of the dipole.

Using LeVine et al. [37], the scattered electric field
may be described by

Es(rs) = k2
0

∫︂
V
(εr −1)G(r,r′) ·Eint(r

′)dr′, (A.7)

where G(r,r′) is the dyadic Green’s function.
Consider a scattered field location along the z-

axis (zs) at a distance xs with ys = 0. To simplify the
integral for the analytical solution, make the following
assumptions: ka ≪ 1, zs

rs
≪ 1, xs

rs
≈ 1, and R′

d is constant
over the cross section of a cylinder. Substituting (A.4)
into (A.7), and performing the algebraic and geometric

simplifications yields

Es(rs) =Ex(θs)ˆ︁x+Ez(θs)ˆ︁z, (A.8)

where

Ex(θs) = Ed0[P+
x I+(θs)+P−

x I−]
e− jk0rs

rs
, (A.9)

Ez(θs) = Ed0[P+
z I++P−

z I−]
e− jk0rs

rs
, (A.10)

and

P+
x (θs) =−1

2
sin(2θs), (A.11)

P−
x (θs) = sin2(θs), (A.12)

P+
z (θs) = cos2(θs), (A.13)

P−
z (θs) =−1

2
sin(2θs), (A.14)

I+(θs) = d
∫︂ L

2

− L
2

d2

R′3
d

e− jk0[R′
d−sin(θs)z′]dz′, (A.15)

I−(θs) =
∫︂ L

2

− L
2

d · z′

R′3
d

e− jk0[R′
d−sin(θs)z′]dz′, (A.16)

Rd = |r|=
√︁

d2 − z2, (A.17)

Ed0 =
j(εr −1)η0k3

0J0A
(4π)2 , (A.18)

where d is the distance between the dipole and cylinder
surface, A is the cylinder cross-sectional area, and L is
the cylinder length.
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