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Abstract – Metamaterial absorbers have recently
attracted a lot of interest for applications spanning from microwave to terahertz, near infrared and
optical frequencies, such as electromagnetic compatibility, thermal emitters, solar cells and microbolometers. In this paper, a procedure for the efficient design of metamaterial absorbers based on
parametric macromodels is presented. These models
are used to describe the frequency-domain behaviour
of complex systems as a function of frequency and
design parameters (e.g., layout features). Parametric macromodels are very efficient and can be used
to speed up the design flow in comparison with using electromagnetic simulators for design tasks. The
use of quasi-random sequences for the sampling of
the design space and of radial basis functions and
polynomial functions for the model construction is
proposed. Numerical results validate the efficiency
and accuracy of the proposed technique for multiple
optimizations.
Index Terms – Efficient Design, Metamaterial Absorbers, Optimization, Parametric Macromodeling.

I. INTRODUCTION
Recently, metamaterial absorbers (MMAs) have
aroused a huge interest and a large amount of research has been dedicated to the design of such devices [1] with specific characteristics ranging from
the wide-angular response [2–4], to the polarisation
insensitivity [4–8] and the bandwidth enhancement
[9, 10]. Moreover, their applications span from microwave [11] to terahertz (THz) [12], near infrared
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and optical frequencies [13, 14], such as electromagnetic compatibility, thermal emitters [15], solar cells
and micro-bolometers [16, 17].
The Salisbury screen was one of the first microwave absorbers [18], constituted of a resistive
sheet and a dielectric layer backed by a metallic
plate capable of achieving impedance matching with
free space through quarter-wave antireflection interference, but with the disadvantage of a λ/4 thick
dielectric spacer. Other examples, in the microwave
range, are the Jaumann absorber [19] which exploits
multiple resistive sheets to broaden the bandwidth
and the high-impedance surfaces [20], i.e., periodic
structures able to perform near-unity absorption at
the desired frequency through the introduction of an
amount of Ohmic or dielectric losses.
In the THz regime, instead, these absorbing devices are suitable for many applications in sensing,
spectroscopy, monitoring, imaging and THz detectors, allowing to overcome the so-called “THz gap”
[21, 22].
As pointed out in [23], it is not a challenging
task to design an absorber working at a single frequency, at normal incidence, and with an arbitrary
thickness. In the last decades, many efforts have
been spent to reduce the absorbers thickness, and
to improve the working bandwidth and the angular response. Moreover, another important property of an absorber is the polarisation insensitivity, i.e., the possibility to absorb the incident radiation independently of its polarisation. Several
techniques have been implemented to achieve such
requirements. Metamaterial absorbers, i.e., stratifi-
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cations of metamaterial surfaces and dielectric slabs,
usually allow to realize thin absorbers, at least for
narrow-band applications. In order to obtain the
polarisation insensitivity with a metamaterial absorber, it is enough to consider isotropic surfaces,
i.e., isotropic unit cells in the directions transverse
to the stratification one. In order to increase the
bandwidth, the most common strategy is to superpose several layers, covering the upper layer with a
dielectric superstrate [23–25].
Among the configurations of MMAs proposed
in the literature, the most performable is composed
of subwavelength frequency selective surfaces (FSSs)
[24] printed on a grounded dielectric slab, i.e., a compact three-layer system in which the FSS is formed
by electric ring resonators (ERRs) that allow controlling and independently tune the effective permittivity of the device.
While this setting has been found effective,
to authors’ knowledge its efficient optimization
or design space exploration have never been addressed. These tasks are usually performed by multiple frequency-domain electromagnetic (EM) simulations for different design parameter values (e.g.,
layout features), trying to meet the desired requirements. It is also obvious that both design space
exploration and optimization can be very time consuming since multiple EM simulations are needed,
even for a single unit cell that is assumed to constitute a periodic structure.
In this paper, we focus on design optimization.
In the literature, multiple optimization approaches
have been proposed, e.g., based on particle swarm
and genetic algorithms [26] and based on space mapping methods [27–31].
A different framework to efficiently and accurately perform design activities is based on parametric macromodels. These models [32–36] are able
to accurately and efficiently model the behaviour
of complex systems as a function of frequency (or
time) and additional parameters (such as layout features). Once built, these models can be used to efficiently perform multiple design tasks such as design space exploration, optimization and variability
analysis, which will otherwise result very computationally expensive if only based on EM simulations.
We show that parametric macromodels are not only
useful for a single design optimization, but they can
be re-used to optimize the design to meet multiple
sets of specifications. This is the main feature that
distinguishes the proposed method from existing optimization methods proposed for EM systems. Also,
the proposed technique leads to a model in a statespace form that provides an engineering interpretation: for example, poles and zeros of the system

transfer function can be computed and analyzed as
a function of design parameters.
The paper is organised as follows. Section II
briefly reviews the metamaterial absorbers with a
special focus on the ultra-thin narrow-band MMA
discussed in [37]. Then, the parametric macromodeling technique adopted to capture the dependence
of the metamaterial absorber frequency-domain behaviour on the design parameters is presented in Section III. A design space composed of six design parameters has to be handled. We propose the use
of quasi-random sequences for the sampling of the
design space and of radial basis functions and polynomial functions for the model construction. Such
a high-dimensional design space and model generation procedure have not been investigated in previous parametric macromodeling techniques. The
effectiveness of the proposed approach is confirmed
by the numerical results presented in Section IV. Finally, the conclusions are drawn in Section V.

II. METAMATERIAL ABSORBERS
The analysed ultra-thin narrow-band MMA
with a four-fold rotational symmetry with respect
to the incidence z-direction (see Fig. 1), follows a
three-layer arrangement as discussed in [37, 38]. Its
unit cell with a lattice constant a = 80 µm consists
of a top metallic ERR and a lower ground plane
separated by a 5.8 µm thick dielectric layer of benzocyclobutane (BCB) with relative permittivity εr
= 2.5 and dielectric loss tangent tanδ = 0.005. Both
the top and bottom layers are made up of lossy gold
with a conductivity of 1 × 107 S/m and a thickness
of 270 nm. In [37], an equivalent circuit is proposed
in order to have a circuital (and more intuitive) interpretation of the EM phenomena related to the
absorber. The numerical values of the circuit elements are identified only after the EM response of
the absorber is obtained by an EM solver. Therefore, it is not a circuit model based on analytical
equations, which can replace the EM solver to calculate the EM response of the absorber. It is to be
noted that the equivalent circuit does not provide
the same level of accuracy as the EM simulations.
In order to consider an infinitely periodic MMA,
the unit cell has been simulated through the RF
module of the EM solver of Comsol Multiphysics [39]
based on the finite element method (FEM) applying
Floquet periodic boundary conditions along the x
and y axes and assuming an EM wave impinging at
normal incidence along the z direction. We note that
the use of a FEM solver is not mandatory for the proposed technique. Any EM solvers can be used. We
employ perfectly matched layers (PMLs) on the top
and bottom of the unit cell to absorb the excited
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mode from the source port and any higher order
modes generated by the periodic MMA along with
port boundary conditions on the interior boundaries
of the PMLs to retrieve the reflection and transmission coefficients in terms of scattering parameters.
In fact, the absorbed power can be expressed as
A(ω) = 1 − R(ω) − T (ω) = 1 − |S11 (ω)|2 − |S21 (ω)|2 ,
meaning that in a perfect MMA, the reflection and
transmission need to be simultaneously minimised.
Since, in this case, the backside is grounded by
metallic plane thicker than the skin depth, the absorption equation reduced to A(ω) = 1 − R(ω), and
as the effective impedance is matched to the free
space impedance, it is possible to obtain a perfect
absorption at the resonant frequency on a wide angular spectrum. This behaviour can be reached by
properly adjusting and selecting the geometric dimensions of the top ERR, the thickness and physical
properties of the dielectric substrate, being these parameters responsible both for the electric and magnetic responses.

Fig. 1. Unit cell of the ultra-thin narrow-band MMA
and virtual infinite 2D array.
In summary, the physical mechanism underlying
this narrow-band MMA with a near unity absorption, is based on anti-parallel currents between the
two metal layers that allow the coupling to the magnetic field, while the coupling to the incident electric
field is due to the ERR that basically determines
the absorption frequency. Indeed, when the electric
field of the incident THz wave is parallel to one of
the rods of the ERR, an electric dipole is excited
on this rod, while no dipole exists on the orthogonal
rod, but there is instead an electric-dipole resonance
oscillating in anti-phase on the ground plane. Therefore, if the polarisation is not parallel to a particular
rod, the electric dipoles of both rods will contribute
to the absorption mechanism, giving results close to
the case of parallel polarisation due to the symme-
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try of the unit cell. In the following Section, we will
determine the optimum set of geometric dimensions
of the unit cell and the ERR able to guarantee the
maximum absorption at a desired frequency.

III. PARAMETRIC
MACROMODELING
In this Section, we describe the modeling
method that will be used to generate parametric
macromodels for efficient design. It aims to build a
parametric macromodel R(s, g) that accurately describes the behaviour of a system as a function of
the Laplace variable s and a set of design parameters g = (g(m) )M
m=1 , such as layout features. A
parametric macromodel in the form:
−1

R(s, g) = C(g) (sI − A(g))

B(g) + D(g),

nx ×nx

(1)

nx ×nu

,
is computed where A(g) ∈ R
, B(g) ∈ R
C(g) ∈ Rny ×nx , D(g) ∈ Rny ×nu .
Let us consider a set of Q frequency-domain
(s = jω) EM simulations at different values gq , q =
1, ..., Q of the design parameters. In this paper, each EM simulation corresponding at the gq
sample provides the scattering parameters of the
structure under study for a certain set of frequency samples S(jωf , gq ), f = 1, ..., F . Based
on these frequency-domain data sets, a set of local linear time-invariant (LTI) state-space models
A(gq ), B(gq ), C(gq ), D(gq ) can be identified using
any system identification techniques for LTI systems [40–42]. The local LTI models R(s, gq ) =
−1
C(gq ) sI − A(gq )
B(gq ) + D(gq ) model the
scattering parameters data S(jωf , gq ), f = 1, ..., F .
The state-space matrices of the local LTI models can
be interpolated as a function of g:
A(g) =

Q
X

lq (g)A(gq ), B(g) =

q=1

C(g) =

Q
X
q=1

Q
X

lq (g)B(gq ),

q=1

lq (g)C(gq ), D(g) =

Q
X

lq (g)D(gq ),(2)

q=1

to obtain a parametric macromodel. The interpolation models can use interpolation functions
lq (g) whose value is based on the distribution
of the design parameters values gq in the design space (e.g., multilinear interpolation [43]) and
A(gq ), B(gq ), C(gq ), D(gq ) are the state-space matrices estimated for the local LTI models identified
at fixed design parameters values gq [44]. Other
interpolation models select a set of interpolation
functions lq (g) and compute the matrix coefficients
Aq , Bq , Cq , Dq of the functions lq (g) by means of
the solution of a linear system of equations (e.g.,
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polynomial interpolation) [45, 46]:
A(g) =

C(g) =

Q
X

lq (g)Aq , B(g) =

Q
X

q=1

q=1

Q
X

Q
X

lq (g)Cq , D(g) =

q=1

local LTI models into a state-space form suitable to
interpolation.
lq (g)Bq ,

lq (g)Dq .

(3)

q=1

We
highlight
that
the
matrix
coefficients
Aq , Bq , Cq , Dq
are
different
from
A(gq ), B(gq ), C(gq ), D(gq ).
In this work, we use an interpolation scheme
based on radial basis functions and polynomial basis
functions [47–49] where the interpolation for each
entry of the state-space matrices can be written as:
Q
B
X
X
wq φ(g − gq ) +
wb pb (g).
(4)
q=1

b=1

Different radial basis functions φ(g −gq ) exist in the
literature. In our work, we have chosen the multiquadrics basis functions:
q
φ(g − gq ) = rq2 + c2 ,
(5)
where rq represents the euclidian distance between
g and gq and c is a positive parameter. The
B polynomial functions have been chosen to be
[1, g(1) , g(2) , ..., g(M ) ] in our work.
The local LTI models are generated by independent system identification steps [40–42]. In this paper, we use the Vector Fitting (VF) technique [40]
to first obtain pole-residue models for each design
space samples gq :
S(jωf , gq ) ' D(gq ) +

P
X

Resp (gq )
.
jω − polesp (gq )
p=1

(6)

Then, different state-space realization techniques
can be used to generate the state-space matrices
of the local LTI models A(gq ), B(gq ), C(gq ), D(gq )
starting from the pole-residue models (6). The statespace representation of LTI models is unique up to a
similarity transformation. The state-space matrices
of the local LTI models need to be represented in a
common state-space form to avoid potentially large
variations as a function of the design parameters
due to underlying similarity transformations, which
might degrade the accuracy of the interpolation significantly. In the literature, several approaches have
been proposed to transform the local LTI models
into a state-space representation suitable for interpolation [35, 45, 46]. In this paper, we have used the
barycentric realization discussed in [35].
If using one specific state-space realization
would not provide the desired accuracy, then the
technique [50] could be used to compute similarity
transformation matrices that transform the set of

A. Design space sampling and model crossvalidation
Multiple schemes can be used to choose the location of the Q samples in the g space. For example, Latin hypercube design [51] and quasi-random
sequences [52]. Sobol and Halton sequences [52]
are famous among quasi-random sequences. In this
work, we have chosen the Sobol quasi-random sequence scheme [52]. Simple sampling schemes such
as a regular tensor-product sampling will immediately provide a high number of samples as soon as
the number of dimensions of the design space increases. Let us imagine to have M design parameters and to sample each design parameters interval
with L samples. By taking the combination of all
these samples (tensor-product), the total number of
samples is equal to LM . This is clearly not an efficient sampling scheme.
To estimate the accuracy of a parametric
macromodel, of all Q simulations (then of all Q
samples in the design space), a part of it is used
to build the parametric macromodel (estimation)
and another part is used to validate the model
(validation). A scheme inspired by k − f old cross
validation is used to subdivide estimation and
validation samples in the design space [53]. The set
of Q simulations is randomly partitioned into k sets
of approximately equal size. Then, for i = 1, ..., k, a
parametric macromodel is built considering all but
the i − th data partition and the excluded dataset
is used to evaluate the corresponding validation
model error. An average validation model error
based on the validation model errors of all the k
iterations is used to estimate the average error over
the design space for the parametric macromodel
built by using all the data samples [53]. A 10 − f old
(k = 10) cross validation has been used in this work.
An illustration of the 10 − f old cross validation is
provided in Fig. 2.
Estimation set
Validation set
Run 1

Run 2

Run 3

Run 10

...

Fig. 2. 10-fold cross validation process.
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• if an EM solver-based approach is used, each
iteration of a design optimization task leads to
an EM simulation. Since each EM simulation
can be computationally expensive, such an approach is very inefficient.
• Instead, in the case of the proposed technique,
there is an initial computational cost needed
to generate the parametric macromodel (the Q
EM simulations previously mentioned). This
initial computational effort becomes negligible
when the model is used in multiple optimization
cases. The parametric macromodel is an analytical model and therefore its evaluation is extremely fast. The same model is reused in multiple optimization tasks with different optimization objectives. This allows obtaining a very
significant computational speed-up with respect
to optimizations directly based on EM simulations. The proposed technique is based on system identification tools, interpolation schemes
and cross-validation algorithms.
These computational considerations will be fully
supported by numerical results in Section IV.
Figure 3 summarises the main steps of the
proposed modeling techniques.

lengths L1 , L2 , L3 which vary over the ranges [7790] µm, [3-7] µm, [5-15] µm, [22-35] µm, [40-55]
µm and [60-75] µm, respectively, as shown in Fig.
1. The 6D design space (a, g, w, L1 , L2 , L3 ) includes
150 samples (Sobol sampling scheme) and each sample has required an EM simulation, examined over
the frequency range [0.9-1.4] THz with a frequency
resolution of 10 GHz (i.e., 51 frequency points for
each simulation). In order to obtain the frequencydomain data samples of the reflection spectra for all
150 design space samples, it is necessary an overall
CPU time equal to 237 h 30 m with an average CPU
time for one EM simulation of about 1 h 35 m. Considering the 150 simulations, the VF technique [40]
has been used to obtain pole-residue models (6) with
P = 6 as number of poles. Figure 4 shows the location of the poles in the Laplace domain corresponding to the 150 pole-residue models.
10

5
Imag(s) [rad/s]

Once the parametric macromodel is built, it can
be used for design tasks, such as design optimization. The same model can be reused for different
optimization tasks.
Concerning some computational considerations:
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0

−5

−10
−6

−5

−4

−3
−2
Real(s) [rad/s]

−1

0

Fig. 4. Location of the poles in the Laplace domain
corresponding to the 150 pole-residue models.

Sampling the g space

Use a k-fold cross validation scheme
Model based on interpolation of
state-space matrices of LTI models

Use the model in design tasks

Fig. 3. Main steps of the proposed modeling techniques.

IV. NUMERICAL RESULTS
A narrow-band MMA structure is used to validate the proposed modeling technique. The design
parameters of the narrow-band MMA are: the lattice constant a, the gap g, the width w and the

Then, the barycentric realization [35] has been
used to generate the state-space matrices of the local LTI models A(gq ), B(gq ), C(gq ), D(gq ) starting
from the pole-residue models. Finally, an interpolation scheme based on multiquadrics radial basis
functions and polynomial basis functions [47] has
been used to construct the parametric macromodel.
A 10 − f old cross validation has been used to estimate the average absolute error of the final parametric macromodel in the design space. This estimated error is equal to 0.0208. The CPU time
needed to perform the 10 − f old cross-validation
and to build the final parametric macromodel using
all data samples is equal to 58 s and 8.6 s, respectively. Then, the parametric macromodel has been
used for three multiobjective optimizations whose
objective is to achieve a maximum absorption at
three different frequencies, namely f reqoptim = 1.1
THz (Case I), f reqoptim = 1.2 THz (Case II) and
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Table 1: Optimal design parameters values (µm)
a

g

w

L1

L2

I

78.68 4.61 12.67 27.59 52.89 73.13

II

82.66 5.67 12.60 27.09 49.66 69.87

Comsoloptim

0.8

L3
Absorbance

Case

Modeloptim

0.6

0.4

0.2

III 84.99 5.06 12.75 26.78 45.57 66.76

0
0.9

1

Table 2: CPU time comparison

1.3

1.4

1.3

1.4

Comsoloptim

0.8

9811 × 1 h 35 m

Absorbance

150 × 1 h 35 m + 58 s + 8.6 s
Optimization 1

Proposed

1.4

Modeloptim

EM FEM solver

EM FEM solver

1.3

1

Model Generation
Proposed

1.1
1.2
Freq [THz]

0.6

0.4

84 s
0.2

Optimization 2
EM FEM solver
Proposed

10081 × 1 h 35 m

0
0.9

82 s
Speed-up

EM FEM solver
Proposed

Modeloptim

9451 × 1 h 35 m

195x

f reqoptim = 1.3 THz (Case III). Therefore, we have
three optimization tasks. The function gamultiobj
in Matlab R (R2014) has been used to run the three
multiobjective optimizations with the default Matlab settings. The parametric macromodel has provided the value of S11 over a dense frequency grid
of 501 points and for each design parameters value
required by the optimizer. The obtained optimal
values of the design parameters are shown in Table
1 for the three optimization cases.
To achieve these optimal values, the routine gamultiobj has required 9811, 10081 and 9451 function
evaluations and a CPU time equal to 84 s, 88 s and
82 s using the parametric macromodel, respectively.
Three additional EM simulations have been performed to confirm the accuracy of the optimization results provided by the parametric macromodel.
Figure 5 shows the absorbance response obtained by
the parametric macromodel and the EM solver at
the three optimal points. A very good agreement is
achieved.
Table 2 summarizes the computational cost re-

Comsoloptim

0.8
Absorbance

Proposed

1.1
1.2
Freq [THz]

1

Optimization 3
EM FEM solver

1

88 s

0.6

0.4

0.2

0
0.9

1

1.1
1.2
Freq [THz]

Fig. 5. Optimization results: cases I-II-III (from top
to bottom).
lated to 1) using Comsol and 2) using the proposed
parametric macromodeling technique for the three
optimization tasks. The speed-up obtained by using
the proposed technique for the three optimizations
is mentioned. It becomes evident that the initial
computational effort for the parametric macromodel
construction is justified by the very significant computational saving obtained for multiple design optimizations.

V. CONCLUSIONS
We have proposed an approach for the efficient
design of metamaterial absorbers based on a parametric macromodeling technique. The interpolation
of the state-space matrices of a set of LTI models
is used to generate a parametric macromodel. This
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is then used for different optimizations of an ultrathin narrow-band metamaterial absorber. The numerical results confirm the efficiency and accuracy
of the proposed technique, which allows computing
optimal design values in a reduced amount of time.
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