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Abstract ─ In this paper, a novel method using conformal
technique of finite-difference method (FDM) is proposed
to capacitance extraction of microstrip lines. Instead of
deriving the average dielectric constant ε, this method
uses electric field numerical weights to process the
inhomogeneous cells, and takes the discontinuous effects
of both inhomogeneous Ampere cell and Faraday cell
into account. Besides, a new boundary condition is
proposed, where the cells obeying exponential distribution
are added at boundary. The new method shows good
agreement with the measurement and traditional methods.
Index Terms ─ Capacitance extraction, conformal
technique, finite-difference method (FDM).

I. INTRODUCTION
Finte-difference method (FDM) has been widely
used to solve variable electromagnetic problems,
especially the extraction of distributed parameters [1-3].
When solving the capacitance parameter of microstrip
lines, the cells divided from the electromagnetic space
can be inhomogeneous, and the dielectric constants in
one cell are not unique. Thus, the difference equations
cannot be used directly. The general methods solving this
problem are equivalent dielectric constant techniques
[4-5]. They derive the average dielectric constants
according to the relationships of cell loop’s volume, area
and length, but have neglected the inhomogeneous
Faraday and Ampere cells. So a new conformal technique
is proposed in this paper, which uses the electric field
numerical weights to process inhomogeneous cells, and
takes discontinuous effects of Ampere and Faraday cells
into account.
Besides, when FDM is used to solve the open
structures, boundary conditions are required to terminate
the calculation space. Generally, there are two kinds
of boundary conditions. One is absorbing boundary
condition (ABC) according to the traveling wave
equation [6], [7]. The other is perfectly matched layer
(PML) based on the absorbing media [8]. ABC requires
much less computation and memory than PML, but it
may cause higher reflection and larger error. Hence,
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a new boundary condition is proposed, which cells
obeying exponential distribution are added at the
boundary. Finally, the proposed conformal technique
and new boundary condition are verified by calculation.

II. FORMULATION
A. The iteration equation of FDM
The Gauss law can be represented as:
(1)
q  s D  ds ,
where q is the total electric charge on the surface of the
conductor, and D is the electric displacement vector
which can be represented as D  εE . Electric field
intensity E can be represented by potential Φ as
E  Φ . The capacitance solving model is a dual
regional structure whose dielectric constants are  1 and
 2 . So the spatial difference equations of E  Φ in
these two regions can be described:
1
[(i  1)x, jy]  (ix, jy)
, (2)
E x [(i  )x, jy]  
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1
[ix, ( j  1)y]  (ix, jy)
, (3)
E y [ix, ( j  )y]  
2
y
where i and j are any positive integers, x and y are
the step size in x and y direction. So the divergence of
electric displacement vector can be derived as:
  D(ix, jy )
[(i  1)x, jy ]  [(i  1)x, jy ]  2 (ix, jy ) .
 1
x 2
[ix, ( j  1)y ]  2[ix, jy ]  [ix, ( j  1)y ]
2
y 2
(4)
If  1   2 and x  y , according to Laplace equation:
  D  0 , (4) can be simplified as follows:
1
(ix, jy)  {[ix, ( j  1)y]  [ix, ( j  1)y]
. (5)
4
 [(i  1)x, jy]  [(i  1)x, jy]}
Equation (1) can be finally updated as:
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Equation (6) is the finite difference iteration
equation to solve the capacitance, and the value of per
unit length capacitance can be obtained from C  q V .
B. The conformal technology based on FDM
Figure 1 shows the microstrip line model we
analysis in this paper. Figure 1 (a) is the discrete grid
model. Figure 1 (b) show the structure of microstrip line
in Fig. 1 (a). All the simulation calculations in this paper
are conducted on the basis of the model of Fig. 1 (b). As
shown in Fig. 1 (a), each grid represents a cell. We can
see that the dielectric constants of cells at the boundary
between two regions cannot be unique. When using the
new conformal technology to solve the inhomogeneous
cells here, the process is divided into two parts: Faraday
cell and Ampere cell.
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integral paths and the final update relationships are:
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where  N 2 and  T 2 are the normal component and
tangential component after orthogonal decomposition of
 x2 ,  N 2 and  T 2 are the component values of
 N 2 and  T 2 after expanding or reducing.  x 2 is
the total length after adjusting the path of field
component. So the modified total length of the integral
path can be obtained from (9):
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Fig. 1. (a) The discrete grid model of microstrip line, and
(b) structure of microstrip line with W/H=3,  r  4.4 .
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As shown in Fig. 2, Faraday cell is divided into two
regions with different dielectric constants  1 and  2 .
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According to electric field boundary conditions in
perfect dielectric, the weights of dielectric 1 and
dielectric 2 are defined as 1 and  1  2 respectively. As
shown in Fig. 3, Ex1 and Ex 2 are discontinuous. Then
electric field components can be weighted and the
relationship after removing weights are:
 E x 2  E 2 N e n  E 2T e t

 E 2 N   2 E 2 N  1
,
(8)

E 2T  E 2T

 E x 2  E 2 N e n  E 2T et
where E  , E  and E  are the weighted components.
en and et are unit vectors.
To ensure the integration value unchanged, the
x2

2N

2T

Normal direction
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between x direction and interface.
The spatial derivative of Faraday’s law can be
written as:

Fig. 2. The inhomogeneous Faraday cell model.
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Fig. 3. The conformal process for Faraday loop path.
The conformal process of Ampere cell is same to the
Faraday cell, and the Ampere cell model is shown in Fig.
4. The spatial derivative of Ampere’s law can be written
as:
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y is the total length of Ampere loop integral path.
According to electric displacement vectors boundary
conditions in perfect dielectric, the weights of two kinds
of media can be defined as 1 and  2  1 . The positional
relationships are shown in Fig. 5. So the relationship
between the components after removing the weights can
be written as:
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D2T  D2T  1  2
where D2 N and D2T are the weighted components.
Then taking the weights into the integral path:
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where N2 and T2 are the initial length of normal
and tangential component, which are obtained from
orthogonal decomposition y2, y2. N2 and T2 are
the length after adjusting the path of field component. So
the modified total length of the integral path is:
y   y1  y 2  y1  y 2 cos2   sin 2   12 . (14)
2

2
So we use y  instead of y to calculate (11).
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III. NUMERICAL RESULTS
To verify the validity of new boundary condition,
we use the mesh x=y=10-3m to calculate the region
where the coordinate is x[-39x, 39y] and y[-39x,
39y]. The potential at infinity is set at 0. We add the
conductors with +10V at (-20x, -20y) and -10V at
(20x, 20y) respectively.
Now the electric field distributions using different
boundary conditions are shown in Fig. 6 and Fig. 7. One
is the traditional boundary condition which is similar to
a rectangle shield and the potential is   0 . The other
is the new boundary condition in this paper. The electric
field strength shown in Fig. 6 attenuates slowly in the
diagonal direction. Whereas the electric field strength
shown in Fig. 7 is closer to the potential distribution
model with the same amount unlike charges. So the new
boundary condition proposed in this paper is more
applicable to solve the capacitance.
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Fig. 6. The electric field distribution under traditional
boundary condition.
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Fig. 4. The inhomogeneous Ampere cell model.
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Fig. 5. The conformal process for Ampere loop path.
After above process,  2 and  1 has been converted
as  e . So the relationship between electric field strength
and electric displacement can be expressed by D   e E .
C. A new boundary condition
A new boundary condition is proposed in the paper,
which cells obeying exponential distribution are added at
the boundary. Taking x direction for example, the
electric field distribution obeys e-kx, where k is a positive
number. The outermost cells are considered infinitely
long. When x tends to infinity, e-kx is close to zero. So the
outermost cells are described and the potentials are zero
at infinity points.

Fig. 7. The electric field distribution under new boundary
condition.
Now the new method using conformal technique
and new boundary condition has been applied to
calculate the capacitance of microstrip line in Fig. 1.
There are 79×79 grids in simulation area, and we use
the mesh x=y=10-3m to calculate the region where the
coordinate is x[-39x, 39y] and y[-39x, 39y]. The
potential at infinity is set at 0. The potential of microstrip
line at [-39xx39x, -39yy-38y] is +10V, and
the potential of microstrip line at [-6xx6x,
-35yy-34y] is -10V. The dielectric constant is
εr=4.4, which is distributed in the area of [-39xx39x,
-38yy-35y].
Figure 8 and Fig. 9 show the potential distributions
of Fig. 1 under the new boundary. Whereas the Fig. 9 has
used the conformal technique and Fig. 8 has not. The
scattered field at the cross media shown in Fig. 9 is more
obvious than in Fig. 8. Moreover, the per unit length
capacitance obtained from Fig. 8 is 101.47pF/m, and the
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value obtained from Fig. 9 is 97.759pF/m. Furthermore,
the per unit length capacitance has been measured by the
static field capacitance measurement method. It uses
galvanometer measured the charge of microstrip line in
case of a given voltage. Then the per unit length
capacitance can be obtained and the value is 97.761pF/m.
So the value of capacitance is closer to the measurement
when using new conformal technology.
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8

IV. CONCLUSION
A new method based on FDM has been proposed for
capacitance extraction of microstrip line using conformal
technique. The results show that the capacitance solved
by the proposed method is close to the measurement and
more accurate than traditional one. Besides, the new
method can be applied to various positional relationships
between dielectric interface and electric field directions.
It also has a significance to the analysis and design of
high speed PCB.
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