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ABSTRACT

	 To minimize power losses, it is important to determine the location 
and size of local generators to be placed in unbalanced power distribu-
tion systems. Because of some inherent features of unbalanced distribu-
tion systems, such as radial structure, large number of nodes, and a 
wide range of X/R ratios, the conventional techniques developed for 
the transmission systems generally fail to determine optimum size and 
location for distributed generation (DG). This article presents a simple 
method for investigating the problem of contemporaneously choosing 
the best location and capacity of DG in three-phase unbalanced radial 
distribution systems (URDS) for power loss minimization and to im-
prove the voltage profile of the system. The best DG location is deter-
mined by using voltage index analysis, and capacity of DG is computed 
by a variational technique algorithm according to the available standard 
capacity of DG. This article presents the results of simulations for 25-bus 
and IEEE 37-bus unbalanced radial distribution system.

Keywords: Distributed generator, unbalanced radial distribution system, 
voltage index analysis, variational algorithm.
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INTRODUCTION

	 One of the most important motivations for studies on the inte-
gration of distributed resources to the grid is the exploitation of the 
renewable resources, such as hydro, wind, solar, geothermal, biomass 
and ocean energy, which are naturally scattered around the country and 
also are smaller in size. Accordingly, these resources can only be tapped 
through integration to the distribution system by means of distributed 
generation. Although there is no consensus on the exact definition of 
distributed generation (DG), there are some significant attempts in the 
literature [1, 2] to define the concept. Meanwhile DG, which generally 
consists of various types of renewable resources, can best be defined as 
electric power generation within distribution networks, or on the cus-
tomer side of the system [1, 2], in general. This definition is preferred 
in this article.
	 DG affects the flow of power and voltage conditions on the system 
equipment. These impacts may manifest themselves either positively or 
negatively depending on the distribution system operating conditions 
and the DG characteristics. Positive impacts are generally called “system 
support benefits,” and include voltage support, power loss reduction, 
transmission and distribution capacity release, improved utility system 
reliability, and power quality. To achieve the above benefits, the DG must 
be reliable, dispatchable, of the proper size, and at the proper locations 
[3, 4].
	 Energy cost of renewable-based distributed generation when com-
pared to the conventional generating plants is generally high because 
the social and environmental benefits could not be included in the cost 
analysis. Accordingly, most of the studies to determine the optimum 
location and size of DG could not consider generation cost, directly. 
Although one of the most important benefits of DG is reduction of line 
losses, it is important to determine the size and the location of local 
generation to be placed in distribution systems. For the minimization 
of system losses, there have been a number of studies to define the 
optimum location of DG. The various approaches on the optimum DG 
placement for minimum power losses can be listed as the classical 
approach: second-order algorithm method [5], the meta-heuristic ap-
proaches [6–8] (genetic algorithm and Hereford Ranch algorithm [6], 
fuzzy-GA method [7], tabu search [8]), and the analytical approaches 
[9–13].
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	 In the analytical studies [9–11], optimal placement of DG is de-
termined exclusively for the various distributed load profiles such as 
uniformly, increasingly, centrally in radial systems to minimize the total 
losses. Additionally, in Gözel et al. [12], optimal size and place of DG is 
obtained and analyzed by considering the effects of static load models. 
These analytical studies are generally based on phasor current injection 
method, which has unrealistic assumptions such as uniformly, increas-
ingly, centrally distributed load profiles. These assumptions may cause 
erroneous solutions for the real systems.
	 In Acharya et al. [13], the optimal size and location of DG is cal-
culated based on an exact loss formula and is compared with successive 
load flows and loss sensitivity methods. The method is computationally 
less demanding for radial and networked systems; however, it requires 
the calculation of the bus impedance matrix, Z bus, the inverse of the 
bus admittance matrix, Y bus. It should be noted that because of the 
size, complexity and specific characteristics of distribution networks, the 
method could not be directly applied to distribution systems. It fails to 
meet the requirements in robustness aspects in the distribution system 
environments [14]. Although the heuristic methods are intuitive, easy 
to understand and simple to implement compared to analytical and 
numerical programming methods, the results produced by heuristic 
algorithms are not guaranteed to be optimal [15].
	 While most works have been done on DG placement in radial 
balanced distribution systems, very little research has been done on DG 
placement and sizing in unbalanced radial distribution systems. Cheng 
and Shirmohammadi [16] proposed PV nodes for three-phase unbal-
anced system. Noel Schulz and Sarika Khushalani [17] developed three-
phase unbalanced power flow algorithm with the choice of modeling 
DG (single and multiple) as PQ or PV node. Chen et al. [18] proposed 
different mathematical modeling of DG and transformers.
	 In this article, voltage sensitive nodes are first identified by pen-
etrating DG with 20% of the total feeder load at each node, and the 
node with least the voltage index after placing DG will be picked as 
the best location for the DG placement. The sizing method is formulated 
as a constrained optimization problem adapted from a reactive power 
compensation sizing algorithm. A variational algorithm is used to find 
the optimal DG capacity with the standard capacity of the DGs. The 
objective function formulated is to minimize the system losses satisfying 
the voltage and power limits.
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DISTRIBUTION SYSTEM COMPONENT MODELING

	 In a three-phase unbalanced load flow of a distribution system, 
each individual system component is mathematically represented by 
models that approximate their physical behavior. Network components 
include the distribution lines, shunt capacitors, cogeneration and trans-
formers. In the power flow calculation, components are modeled by 
their equivalent circuits in terms of inductance, capacitance, resistance 
and injected current.

Distribution Line
	 In general, the voltage at pth bus Vp, and at qth bus, Vq, are related 
by

	 Vq
abc = Vp

abc – Ipq
abc Ypq

abc
	 (1)

Where

	 Ypq
abc

 is the series impendence matrix represented by

	
	

Ypq
abc=

Ypq
aa

Ypq
ba

Ypq
ca

Ypq
ab

Ypq
bb

Ypq
cb

Ypq
ac

Ypq
bc

Ypq
cc

R

T

S
S
S
S
S
SS

V

X

W
W
W
W
W
WW	 (2)

	 Shunt capacitance is also taken into consideration, and the current 
injections at bus number k can be expressed in terms of variables in the 
above.

Shunt Capacitors
	 Shunt capacitors, which act as sources of reactive power, are often 
placed at strategic locations throughout distribution networks. Shunt 
capacitors are represented by their equivalent injected currents. Let 
Qq

a0, Qq
b0 and Qq

c0 be the rated value of shunt capacitors at phase a, b 
and c at bus q. The injected currents are
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Transformers
	 Copper loss and core loss (which is a function of the voltage 
on the secondary side of the transformer), winding connections, 
the phase shifting between primary and secondary windings and 
the off-nominal tapping are incorporated into transformer models. 
Transformer core loss functions are represented in per unit on the 
system. Several different types of transformer connections should 
be considered.

Load Model
	 Load models are represented by the equivalent injected cur-
rents, ILq

a, ILq
b and ILq

c . The voltage dependency of loads is consid-
ered, which is a combination of constant power, constant current, 
and constant impedance models. In addition, both grounded and 
ungrounded loads are considered.

Loss Calculation
	 For distribution line, the power loss in the pq branch of the 
actual feeder can be written as:
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Unbalanced Three-phase Load Flow
	 The load flow studies for general unbalanced radial distribu-
tion networks takes into account the following features:
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•	 Sparse matrix techniques and data storage techniques are incorpo-
rated.

•	 Accurate modeling of network components (including shunt ca-
pacitance, series admittance, shunt capacitors, transformers, and 
voltage dependent load models) has been considered.

•	 No divergent cases have been encountered
•	 Only a few iterations are required for each power flow study.

	 The unbalanced load flow solutions consist of voltage magnitude 
and angle at each bus, and each phase can be calculated exactly because 
detailed network component modeling is considered. Because the de-
termination of capacitor placement and size relies upon the unbalanced 
load flow solution, this portion of study is essential for the overall study.

MATHEMATICAL FORMULATION FOR DG MODEL

	 The DG can be treated as a PV or PQ model in the unbalanced 
distribution system. The PV model represents a DG that delivers power 
at a specific terminal voltage, while a PQ model DG delivers power ir-
respective of the node voltage. The latter DG model representation is 
adopted in this article. Such a source is modeled as a negative load de-
livering real and reactive power to the unbalanced distribution system.
	 The objective function of the present work is

	
Minimize f =

nb
R

pq = 1
Plosspq

abc

	 (5)
subject to the following constraints.

Voltage Constraint
	 Voltage magnitude at each node must lie within their permis-
sible ranges to maintain power quality.

	 Vq
min ≤ Vq ≤ Vq

max
	 (6)

Current Constraint
	 Current magnitude of each branch (feeder, laterals, and 
switches) must lie within their permissible ranges.
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	 Ipq ≤ Ipq
m ax

	 (7)

Power Source Limit Constraint
	 The total loads of a certain partial network cannot exceed the 
capacity limit of the corresponding power source.

		  (8)
	 P pq ≤ P pq

m ax

	 Q pq ≤ Q pq
m ax

	 (9)

Distributed Generator Losses Constraint
	 The distributed generator active losses of the network cannot ex-
ceed the total active power line losses of the network.

	
PlossG ≤

pq
/ Plosspq

/
	 (10)

Generator Losses Constraint
	 Limit on total power generated by DG subject to a penetra-
tion level of 20% (i.e., it must not exceed 20% of feeder load).

	
PGqq = 1

n
/ ≤ PLqq = 1

n
/

	 (11)

	
QGqq = 1

n
/ ≤ 0.2 QLqq = 1

n
/

	 (12)

Location of DG Placement
	 The location of DG is chosen as the one that gives the best voltage 
profile. This could be done by injecting 20% of the DG at each node, 
calculating the voltage index by using equation (13). The best location 
is selected as the node with least voltage index.
Voltage index (Vindex) is defined as

	
V index = n

1–V q^ h2/

	 (13)
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Where	
	 Vq	 is voltage at qth node and
	 N	 is the number of nodes.

	 The voltage index is calculated for unbalanced analysis with 20% 
DG penetration. Although the per-phase analysis gives better voltage 
indices compared to unbalanced analysis, they may not be representing 
actual conditions.
	 To study the effect of DG placement on isolated power systems, 
the same sample system is assumed to be isolated. The node location at 
which a generator is placed is varied from 2 to 25 (except source node) 
for the sample 25-node test feeder, whose single line diagram is shown 
in Figure 1. The voltage index for different locations is shown in Figure 
2 for best location of DG.

DG Size
	 In this section determination of the amount of standard DG 
that can be added at the identified nodes without loss increase and op-
erational constraints violation is presented. Information is given on the 
available distributed generation and assumes no expected load growth 

Figure 1. Single line diagram of 25-bus URDS
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in the region of interest. A variational algorithm is used to deal with 
this optimization problem.

ALGORITHM FOR DG PLACEMENT AND SIZING

Step 1:	 Run the base case unbalanced radial distribution (UBRD) load 
flow.

Step 2:	 Find the voltage index at each node using equation (13) by 
penetrating the 20% DG value at respective node, and rank the 
sensitivities of all nodes in ascending order to form priority list.

Step 3:	 Select the bus with lowest priority and place DG at that bus.

Step 4:	 Change the size of DG in ‘‘small’’ steps and calculate power loss 
for each by running UBRD load flow.

Step 5:	 Store the DG capacity that gives minimum loss.

Step 6:	 Compare the loss with the previous solution. If loss is less than 
previous solution, store this new solution and discard previous 
solution.

Step 7:	 Repeat Step 4 to Step 6 for all buses in the priority list.

Step 8:	 End

Figure 2. Voltage Index for 25-bus URDS
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SIMULATION RESULTS AND ANALYSIS

Case Study: 25-bus URDS
	 The proposed algorithm is tested on a 4.16-kV, 25-bus unbalanced 
radial distribution system (URDS), as shown in Figure 1. The line and 
load data are given in Appendix A.
	 The minimum voltages are highlighted. From Table 1, it has been 
observed that the minimum voltages in phases A, B and C are improved 
from 0.9284, 0.9284, 0.9366 p.u. (without DG) to 0.9504, 0.9511, 0.9557 
p.u. (with DG), respectively. Hence, improvement has been observed in 
the minimum voltage of the system in all phases after DG placement. 
It has also been observed that the optimal placement of the DG at 13 
bus with the variational algorithm sizing of the 215 kW at 0.85 lagging 
power factor. Table 2 shows the summary of test results before and after 

Table 1. Voltage Profile for IEEE 25-bus URDS
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DG placement. The total active power losses for the 25-bus URDS, before 
and after DG placement, is given in Table1.

Case Study: 37-bus IEEE URDS
	 The problem of placement and sizing of the capacitors banks has 
been solved for the unbalanced IEEE 37-bus test system shown in Figure 
3 [19] where, the original voltage regulator has been removed. The volt-
age index is shown in Figure 4. The IEEE 37-bus test system is an actual 
distribution system located in California. Three-wire delta operating at 
a nominal voltage level of the test network is 4.8 kV. All line segments 
are underground. All loads are spot loads and consist of constant PQ 
and loading is very unbalanced.
	 From the voltage sensitive analysis, it is observed that node 722 
is the best location for the DG. Voltage index graph for IEEE 37-bus is 
shown in Figure 4. From the graph, it has been observed that node 722 
shows the minimum voltage index, which is the best location for DG 
placement.
	 The minimum voltages are highlighted. From Table 3 it has been 
observed that the minimum voltages in phases A, B, and C are improved 

Figure 3. Single line diagram of 37-bus IEEE URDS
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from 0.9418, 0.9559, 0.9425 p.u. (without DG) to 0.9814, 0.9863, 0.9534 p.u. 
(with DG) respectively. Hence, there is an improvement in the minimum 
voltage when compared with the before DG placement and after DG 
placement. Table 4 shows the summary of test results before and after 
DG placement.

CONCLUSIONS

	 This article presents a methodology for solving the best location 
and sizing of DG problem in unbalanced radial distribution systems 
through voltage index analysis and variational algorithms with the 
standard sizes of DG. The effectiveness of the algorithm has been 
demonstrated and tested. The sizing of DG has been obtained with an 
objective function of reducing power losses. The proposed methodology 
was successfully applied to an IEEE 25-node and an IEEE 37-node URDS 
test feeders. The obtained solution has been successful in reducing total 
active power losses in 25-node URDS and in 37-node URDS. Thus, the 
proposed method has been observed as efficient for solving DG place-
ment and sizing in unbalanced radial distribution systems.

Figure 4. Voltage Index for 37-bus IEEE URDS
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Table 3. Voltage profile for IEEE 37-bus URDS
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Appendix
Base kV: 4.16, Base MVA: 30

Table A-1a. Load data and line connectivity of 25-bus unbalanced radial dis-
tribution system
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Table A-1b. Load data and line connectivity of 25-bus unbalanced radial dis-
tribution system




