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Abstract

This paper proposes a realistic variant of grey wolf optimizer with the
dynamic behavior of prey position and hence called as Realistic Grey Wolf
Optimizer (RGWO). The proposed method is employed to solve 23 bench-
mark problems and a well-known complex power system problem of dynamic
economic dispatch of power by generating units taking into consideration of
electric vehicles with valve point effect, ramp-rate, transmission losses for
a time interval of 24 hours. The prey position is modeled dynamic i.e., it is
considered to be moving and is not static as considered in an earlier version of
GWO with the help of probability distribution function. The probability dis-
tribution function which is considered here is Levy Flight, Cauchy, Gamma,
Gaussian, and Weibull. Thereafter, the statistical testing is done with the help
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of the Wilcoxon Rank test and Wilcoxon Signed Rank test to investigate the
significance of the different variants of RGWO. The experimental results and
statistical testing show that the modification proposed in RGWO significantly
improves the performance of GWO and hence the algorithm is utilized to find
dynamic economic dispatch along with electric vehicles considering different

constraints effectively.

Keywords: Metaheuristic, grey wolf optimizer, dynamic prey, probability

distribution function, dynamic economic dispatch, electric vehicles.
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total generation cost

dispatch time

number of generating units

power generated by ith unit in tth time interval
generation cost of ith unit in tth time interval
index for unit

index for time

cost coefficients of the ith units

minimum power generation limit of ith unit
maximum power generation limit of ith unit
valve-point coefficients of the ith units

power demand of the system at tth interval
transmission losses at that time interval

loss coefficients

load due to electric vehicles connected in the network as
per the EPRI profile

randomly chosen time interval

ramp-up rate of the ith generating unit
ramp-down rate of the ith generating unit

grey wolf’s position vector at time t

prey position vector at time t

coefficient vector used in GWO algorithm

lies between [0, 1] and are random vectors
vector varying linearly decreasing between 2 and 0
maximum count of iteration
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1 Introduction

The optimized dispatch of power in an electric power system is one of the
very complex and important problems for which researchers are continu-
ously working to provide the best solution. Even after continuous research
in the given field, the problem still stands because of the ever-increasing
demand for power due to growing infrastructure and inclusion of different
components such as renewable energy sources, electric vehicles, etc. Thermal
generating units have a major contribution in fulfilling the demand. In a
grid network, there are many thermal generating units available. Now the
question comes which generating unit should produce how much power so
that cost of generation can be minimized. The complexity of the problem
increases with the inclusion of the valve-point effect, ramp rate constraints,
and transmission losses. This problem is referred to as dynamic economic
dispatch (DED).

In the power system, the cost of generation is huge and hence an optimum
solution is required so that cost of generation can be minimized. Moreover,
the problem is complicated, non-convex, and non-differentiable because of
valve point effects and ramp rate constraints.

For the reason that the behavior of the DED problem is non-convex, non-
differentiable, and non-linear, they are difficult to solve with deterministic
techniques. Hence an alternate mechanism is required to find a solution for
such cases. Nowadays, meta-heuristic techniques are considered to be an
effective tool for finding a solution for such real-world problems. DED prob-
lems are also solved by metaheuristic techniques in the available literature.
One such algorithm has been discussed in [1], but the issue is there are a lot
of parameters to tune to find the optimum solution and hence a new algorithm
is required which can serve the purpose with the tuning of a smaller number
of parameters and hence the need of finding new algorithm is on.

The motivation for these metaheuristic algorithms is derived from the
behavior of species in nature, the behavior of physical phenomenon, and
swarm intelligence [2]. Survival of fittest-based algorithms starts with the
defined population and is trying to be fitted in the environment. If it fails to
do so it is replaced by a new population and so on. In Bio-inspired algo-
rithms, the parent population undergoes various mechanisms of adaptation
to produce children. Some of such bio-inspired algorithms are genetic algo-
rithms [3], biogeography-based optimization [4], differential evolution [5],
etc. Some of the physical algorithms and their variants that are inspired
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by physical processes are simulated annealing [6, 7], gravitational search
algorithm [8], artificial electric field algorithm [9], harmony search [10, 11],
etc.]. The other form of algorithms is based on the collective intelligence
of swarms wherein some of the well-known algorithms in this category are
PSO (Particle Swarm Optimization) [12], ABC (Artificial Bee Colony) [13],
etc. Various metaheuristic algorithm which has been proposed by various
researchers are bee colony [14], krill herd [15], fruit fly [16], random
forest [17], firefly [18], bat-inspired [19], human opinion [20], neural net-
work [21], pigeon-based [22], and many more. A detailed review of various
meta-heuristic techniques has been provided in [23].

Mirjalili et.al, proposed that GWO is a meta-heuristic technique based
on the hunting process of grey wolves [24], and the advantage proposed
by this method is that this algorithm can be easily implemented, has only
a few control parameters to tune, and is also simple. Because of such fea-
tures, GWO found wide implementation to solve many engineering problems
such as economic dispatch of power [25], optimization of power flow [26],
optimization of reactive power dispatch [27]. An improved GWO has been
proposed in [28] to solve a different engineering problem. In [28], distance
learning-based hunting (DLH) has been used to construct a neighborhood
of wolves but still, the prey is considered static as in other GWO variants
and hence RGWO is proposed to realistically model the prey position in
the hunting process by grey wolves. Similarly, other variants available in
literature which are proposed by the authors from time to time such as
GWO based on learning-based hunting search [29], extended GWO [30, 31],
GWO with mutation operator [32], surrogated assisted GWO [33], modified
GWO [2, 34, 35], binary GWO [36, 37], hybridized GWO [38-40] with a
different algorithm, etc.

Despite various significant characteristics of GWO, [41] claims that
GWO is adding no novel contribution, hence the realistic version which is
based on realistic behavior or mimicking of prey position in the hunting
process is proposed which will prove that GWO is not a just metaphor but
also is an efficient algorithm. It has been done with the help of the dynamic
behavior of prey. Not only it is realistic mimicking of grey wolves hunting
process but also provides better solutions as showcased with the help of
statistical testing in the paper.

In this paper, the proposed changes help in the improvement of the
convergence speed and also avoid trapping in local optima. The prey position
is considered dynamic in nature which is considered to be static as defined
in [24]. By dynamic nature of prey, authors want to state that prey is moving
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whereas in previously available literature prey is considered to be at one
position which is also as per the realistic hunt process of wolves. To model the
prey position, random distribution functions such as Levy, Cauchy, Gamma,
Gauss, and Weibull probability distribution function has been utilized. After
that, the performance of RGWO in which prey position is considered to
be dynamic is assessed with the performance of original GWO by using
Wilcoxon Rank test and Wilcoxon Signed-Rank test [42]. The RGWO algo-
rithm either outperforms or performs competitively as GWO. The analysis
has been done on the CEC2005 benchmark test system [43] for unimodal and
multimodal problems. Lastly, RGWO is also utilized to find the solution for
the power system problem of dynamic economic dispatch and compared with
the results produced by GWO.

This paper has been designed for the following outline: Section 1 is
about the introduction. Section 2 talks dynamic economic dispatch prob-
lem. Section 3 discusses the proposed algorithm along with the evaluation
of prey position with the help of different probability distribution func-
tions. Section 4 discusses numerical experiments and results obtained for 23
benchmark problems of CEC2005 and a real-time power system problem of
dynamic economic dispatch for 5 generator test cases. Lastly, the conclusion
is summed up in Section 5 and the paper ended with the list of references and
appendix.

2 Dynamic Economic Dispatch

Dynamic economic dispatch (DED) is a real-time power system problem
and is defined as the ideal dispatch solution with the minimum fuel cost in
defined time while satisfying operational constraints such as power demand
balance, prohibited operating zone, maximum and minimum limit of power
generation, and ramp rate constraints [44].

The problem statement with objective function and constraints [44] are as
under:

2.1 Objective Function
The objective of the DED problem is defined as

T Ng
Min TGC = ZZFgcﬁ(Pgﬁ) (D

t=1 i=1
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Fgcl is defined as

2 : min
Fgci(P) = ag;(Pg})” + bg;(Pg}) + cg; + |eg; - sin(fg; - (Pgi™™ — Pgs)|
2)

2.2 Constraints

The constraints associated with the dynamic economic dispatch problem
which are considered in this analysis are as under:

1. Power demand balance

The foremost constraint associated with the dispatch problem is to meet
generation equal to demand and losses. Hence the sum of generated power
by all the generating units at fth the time interval must be equal to demand
at that time interval plus losses incurred in the system along with the demand
enhanced by considering the inclusion of load demand by electric vehicles.
Here EPRI load profile [45] is considered for the analysis.

N
> Pgi=PD'+PL'+ Ly (3)
=1

PL! is calculated using approximated B-coefficient loss formula.

Ng Ny

PL' =" Pg!Bi;Pg )

i=1 j=1

If no losses are considered, (4) may be written as
N
> Pg;=PD' )
i=1

2. Generator maxima and minima limits

The generation by any thermal unit lies between its minima and maxima
capacity limits. Therefore,

Pg"" < Pgi < Pg*® (6)

3. Ramp-rate limits

The power generated by the thermal units cannot be changed abruptly and
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hence ramp rate limits are imposed on the generators between the adjacent
time intervals. Pg! should satisfy the ramp-rate limit as under,

Pgi™t — DRg; < Pgt < Pgi™ + URg" ift<rt (7)

Pgi™' — DRg; < Pgt < Pgi™* + URg" ift>rt (8)

Here rt(rt € [1,2,...,T], The value range of Pg! is defined as

[Pg™, Pgie] ift=rt
[max(ngm'", Pg;H'1 — DRy;), ift<rt
Pgt = { min(Pg™", Pgi™! + URg,)] 9)

[max (Pg?””, Pgi~t — DRg;), ift>rt
| min(Pg;*™, Pgi~" + URg,)]

3 Realistic Grey Wolf Optimizer (RGWO)
3.1 Classic GWO

Grey wolf Optimizer is a popular algorithm inspired by the hunting process
of Canin lupus wolves or grey wolves. The objective of the algorithm is to
reach the prey. Wolves are arranged in a hierarchy based on their position in
the pack. The hierarchy is decided by the dominance of the wolves. The wolf
which is most dominant is at the top and the wolf which is least dominant
is at the bottom in the hierarchy. The wolf at the top is said to be an alpha
wolf, the next-level position is given to beta wolves and then delta wolves.
At the bottom are placed the omega wolves. According to GWO [24], the
hierarchal representation of wolves and their features has been shown in
Figure 1.
The features of different wolves in the hierarchy are as under:

1. Alpha wolves: Alpha wolves are responsible for taking all major deci-
sions. They lead and manage the pack and they are the first to approach
the prey.

2. Beta wolves: The next category of the wolves is beta wolves. Beta
wolves obey alpha wolves. They convey and ensure that the decision
by alpha wolves is followed by the rest of the wolves.

3. Delta wolves: Wolves on the third hierarchal level is delta wolves. These
wolves are hunters, caretakers as well as sentinels. They contribute to the
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Beta Wolf:

- Subordinate wolves

- Advisor to Alpha wolves
- Good discipliner of the

nacl

Delta Wolf:
= Submit to alpha
and beta wolf.

Figure 1 Wolves in GWO hierarchy along with their features.

hunting process; caretaker wolves take care of those wolves who are hurt
while hunting wherein sentinels wolves protect the pack from enemies.

4. Omega wolves: The last level belongs to omega wolves. They are the
least in priority are permitted to eat the hunt at the end. Apart from this,
omega wolves are important as in their absence, the pack may face many
internal issues.

The hunting process by grey wolves includes chasing, encircling, search-
ing, and after that attacking the hunt or prey. The detailed modeling of GWO
is defined as under:

1. Leadership hierarchy: The fittest solution achieved in optimizing the
problem is assumed to be of the a-wolf. Then the second-best is of the 3-
wolf, the third-best is of §-wolf and the rest of the solutions are assumed
to be of w-wolves.

2. Encircling of the hunt: The expression for encircling the prey is

X(t+1)=X,t)—A-(C-X,(t)— X(t)) (10)
A=2i-7—@d an
C=2r (12)
2t
ot) =2~ TriTrer (13)

3. Hunting: After encircling the hunt, the a-wolf guides the pack to hunt
the prey. The 5 and § wolves help alpha wolves in hunting sometimes.
However, w wolves do not have any idea about the location of prey. For
modeling of hunting behavior, it is presumed that «, 3, and § wolves
have a better instinct about the current location of prey. Thus, apart from
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«, B, and 6, rest of the wolves modify their position as per (17).

X1 = Xa(t) — A1 - (Cr - Xa(t) — X (1)) (14)
Xy = Xp(t) — Ay - (Co - Xp(t) — X (1)) (15)
Xy = X;5(t) — A3 - (C5 - X5(t) — X (1)) (16)

X(t+1)= Xt Xo+ Xy );;2 + X3 (17)

4. Exploring and attacking the prey: This algorithm states that prey is static
at the time of the hunt. C' and | A| defines the exploration and exploitation
space of the wolves. The value of C' and A are <1 refer to exploitation
space else to exploration space.

3.2 Proposed RGWO

3.2.1 Modeling and mathematical formulation

In the classic GWO at the time of hunting, the prey is assumed to be t moving
whereas as per the realistic model of the hunting process by grey wolves, the
prey will always run away from the wolves to save its life, and hence it is
proposed that prey position is dynamic in nature. This phenomenon needs
to be mathematically modeled in GWO to get more realistic behavior of the
hunting process by Canin lupus wolves and behavior of prey. The inclusion of
dynamism added to prey will result in overcoming the problem of stagnation
in GWO and hence improved the efficacy of the algorithm.

Here in the RGWO, the main contribution is a dynamic model of prey
position with the inclusion of different probability distribution functions and
« and 8 wolves are following prey.

In the original GWO, it was proposed that there are three phases during
hunting which are: tracking, chasing, approaching the prey, encircling, and
harassing the prey. On the contrary, GWO has not considered all the steps to
model the algorithm whereas the inspiration for modeling is taken from only
encircling and attacking the prey. To model encircling the prey, (17) is used
while attacking is modeled by decreasing the value of @ linearly from 2 to 0
in (14-16).

In this proposed algorithm, prey position is followed by alpha and beta
wolves which are at the top of the hierarchy and hence update their values as
per the position of prey, hence resulting in tracking, chasing, and approaching
the prey with every iteration as in (19-20). Other wolves are following o and
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[ wolves and hence result in pursuing the prey. Moreover, as the value of @ is
decreasing from 2 to 0, resulting in encircling the prey as given in (21). Once
the stopping criteria are met or prey position is found, the result is printed as
per prey position. This process is called attacking the prey.

Prey position plays an important role in the hunting process by grey
wolves. Prey is not considered to be static and hence it is moving in different
directions to safeguard its life. Therefore, the prey position has been modeled
mathematically with the help of the probability distribution function as in
(18). Hence, random distribution is considered here to mathematically model
the prey pattern with the help of different probability distribution functions
(pdf). These pdfs will help to model randomness in prey position. The prey
position will be modeled as

X, = X, (t) + random distribution (18)

The value of alpha and beta wolves are updated as under
X = X,(t)— A - C - (X,(t) — X (1)) (19)
Xb=Xg(t) — Ay - Cy - (X,(t) — X (1)) (20)

Delta wolves are updated as per (16).
The new wolves are determined as per greedy search strategy as under:

. . . Mauzit
0.5 X1 +0.3% X+ 0.2 X3; $
Xpew(t+1) =
. . . Magit
0.5% X1 4 0.3 % Xo + 0.2 % Xs: %_

21

3.2.2 Algorithmic Design

The proper balance between exploration and exploitation is achieved with
the value of maximum iteration. For #92ier () alpha and beta wolves are
found as per (19-20), otherwise using (14-15). Also, updating the value of
alpha and beta wolves with the help of prey position will add randomness, and
hence local stagnation problems can be avoided in the proposed methodology.
The pseudo-code for RGWO is shown in Figure 2 and the flowchart has been
showcased in Figure 3.
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set population size and no. of generation, step parameter a and
scale parameter b
initialize the grey wolf’s population
calculate d(t)
calculate X,E
calculate position vector for a, B and § wolves
find position of prey or hunt with random PDFs
while 1 < Maxiter
for each search agent
if 1< Maxiter/2
update the position of search agent using (19-20, 16)
else
update the position of search agent using (14-16)
end for
calculate objective function
update X,E,and prey position
calculate fitness of all search agent
update new position vector using (21)
check stop criteria
if yes, stop
otherwisel=1+1
end if
end while
return position of a wolf

Figure 2 Pseudocode for RGWO.

3.2.3 Probability distribution functions

The different probability distribution function which has been considered
for the modeling of prey are discussed in this section. As per the proposed
methodology, prey is moving and hence it is not realistic to assume the
position of prey static. The random behavior of prey needs to be incorporated
to give a realistic mimicking of the hunting process. Hence in this section,
various probability distribution function has been tried to find out the best
fit for modeling the prey position. Following are the different probability
distribution functions employed for modeling prey position.

3.2.3.1 Levy flight Distribution

The mathematical modeling for levy flight distribution is discussed in [43].
The term levy flight has been used to model random walks. A random walk
may be appropriate to model the animal motions more realistically. The
following equations define the levy distribution [34]:

L(s) ~|s|777, 0<pB<2 (22)
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| Caleulate Xp as per (18) |
No Yes
Calculate X, lﬁ‘::z‘:;‘:;&
Initialize no. of sarch agents, using (14-16) o
maximum number of iteration,
Maxiter, aand b
<
Initialize position vector for alpha,
beta, and delta wolves
¥ y
Calculate a(t)
Search
Update 4,C | agent=Search
bl agent+1
Initialize loop counter
Calculate 4,C
Set I=1+1
Search agent=1
Report X,,
Set alpha score
Is fitness function<alpha .
=fitness .
seore function ”
s fitness function>alpha score Set beta score =fitness function
1< beta score >
s fitness function<
1 fitness function<alpha Set delta score =fitness function |
score,<beta score,>delta’ score |
Ignore
- fitness
7| function

Figure 3 Flowchart for RGWO.

Here, s represents a variable, 3 represents an index for stability control.

Y ol 1
2 - O<pu<s<
L(S,"y,lj,) - 27Texp 2(5 _ :U’) (S_H)3/2 1% S o0

0 s<0

(23)

Here, 1 and vy represent the shift and scale parameters respectively.
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2(10-18

Random Walk
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X

Figure 4 Random walk by levy distribution for LEVY12.

The parameters used for evaluating Levy flight distribution for prey
position have been shown in Appendix I. Random walks generated by levy
flight distribution for v = 1, and = 2 have been shown in Figure 4.

3.2.3.2 Cauchy distribution

Cauchy distribution has been used in literature for modeling random walks.
It has two parameters x0 and 7. zg represents a positive real number and
~ represents the scaling parameter. The equation used to model the Cauchy
probability density function is as under [46]:

=

And for Cauchy cumulative distribution function is

f(l’,.ﬁU(),’)/) = (24)

1 1 —
F(x,z9,7) = 3 + ;arctan (:1: vfﬂo) (25)
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Figure 5 Probability density function for different Cauchy variants.

xq is location parameter and +y is scale parameter respectively.

The parameters used for evaluating Cauchy distribution for prey position

have been shown in Appendix 1.

3.2.3.3 Gamma distribution
The mathematical modeling for Gamma function is as under [47]:

X ~ T'(a, ) = Gamma(a, 3)

Here, « is the shape parameter and f3 is the scale parameter.
The probability density function is defined as

Bawa—le—ﬁx

f(.'L’: aaﬁ)_ F(Oé)

forz>0; a,6>0

Also, the gamma function is modeled for all the positive integers.

Na)=(a—1)!

(26)

27

(28)
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Figure 6 The probability density function for different Gamma variants.

The cumulative distribution function is:

T
Fsia,8) = [ fluiadu= L0 9)
Here y(a, Bx) is the lower incomplete Gamma function.
The parameters used for evaluating Gamma distribution for prey position

have been shown in Appendix 1.

3.2.3.4 Gaussian distribution

The gaussian distribution also called normal distribution is popularly used
for the cases whose distribution is not known. For generating a real-valued
random number, Gaussian distribution is frequently employed [48]. Its pdf is

defined as )

f@) ==
Here p is the mean of the distribution and o is the standard deviation.
The parameters used for evaluating Gaussian distribution for prey posi-
tion have been shown in Appendix 1. Figure 7 shows the variation of Gaus-

sian probability density function for different variants as per Appendix 1.

z—p\2

(=5*) (30)

N
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Figure 7 The probability density function for different Gauss variants.

3.2.3.5 Weibull distribution
Weibull distribution is one of the continuous probability density func-
tions [49]. The pdf of a Weibull random variable is given as

(= >
flz: N\ k) = A(A) e w20,
0 x <0,

3D

Here’s the scale parameter of Weibull distribution. The parameters used
for evaluating Weibull distribution for prey position have been shown in
Appendix 1.

4 Experiment for Selection of Parameters

For fixing the parameters utilized in different distribution functions, the
proposed algorithm is investigated for 23 benchmark test systems as defined
in CEC2005 [43]. The platform used for the evaluation of these experiments
is MATLAB R2017b, Windows 10, 5th generation central processing unit
@1.60GHz, 8 GB RAM, x64-based processor, and 64-bit operating system.



Metaheuristic Technique based on Realistic Mimicking 1099

23 benchmark test functions of CEC2005 are solved with the help of different
variants of RGWO including Levy, Cauchy, Gamma, Gaussian, and Weibull
probability distribution functions and ranked as per their performance for
different benchmark functions.

4.1 Levy Flight Distribution

The best value for 23 benchmark problems obtained by RGWO with prey
position modeled as per different variants of Levy distribution for different
parameters in Appendix 1 is shown in Appendix 2.

For tuning of Levy distribution parameters, values of v and p are varied.
Appendix 2 shows the best values obtained by benchmark problems with
parameters varying from v = 1 and 2, 4 = 1 to 3. When =y is varying from
1 to 2 the overall rank is reduced from 3 to 1 and hence v = 1 is utilized.
On the other hand, when p is varying from 1 to 3, the rank of best value is
decreased when moving from 1 to 2 and increased when moving from 2 to
3. Hence it can be concluded that Levy distribution for v = 1 and p = 2 is
giving a better solution for most of the benchmark problems as compared to
its other variants.

The rank shown in Appendix 2 for different variants of Levy distribution
evaluated that if the prey position is modeled as per LEVY12, it is producing
better results for most of the benchmark problems amongst all the Levy
variants. Hence, in further analysis LEVY 12 variant is utilized for modeling
of prey position.

4.2 Cauchy Distribution

The best value for 23 benchmark problems obtained by RGWO with prey
position modeled as per different variants of Cauchy distribution for different
parameters in Appendix 1 is shown in Appendix 3. Figure 5 shows the
probability density function for different Cauchy variants with change in xg
and v values as per Appendix 1.

Initially for tuning of parameters for Cauchy probability density function,
the combination for xg = 1,2 and v = 1,2 are checked but it is found
that when x¢ and +y are increasing the rank is also increasing. Hence Cauchy
parameters are checked for a combination of xg and y values for 0.5 and 0. It
has been found that when zy and ~y values are further reduced from 1 to 0.5,
the rank given for best value has been decreased. Hence it can be concluded
that when values are reducing for zg and ~y values, the better solution is
obtained for benchmark problems. On the contrary, if the values are further
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Figure 8 The probability density function for different Weibull variants.

reduced to 0, the rank is increased which indicates that xg and ~ values =
0.5 used for Cauchy pdf gives a better solution for most of the benchmark
problems as compared to other variants of Cauchy distribution.

The rank has been allotted for different variants of Cauchy distribution
and it has been evaluated that if the prey position is modeled as per the
CAUCHY0.50.5 variant, it is producing better results for most of the bench-
mark problems amongst all the Cauchy variants a. Hence in further analysis
CAUCHYO0.50.5 variant is utilized for modeling of prey position.

4.3 Gamma Distribution

The best value for 23 benchmark problems obtained by RGWO with prey
position modeled as per different variants of Gamma distribution for different
parameters in Appendix 1 is shown in Appendix 4. Figure 6 shows the
variation of gamma probability density function for different variants as per
Appendix 1.

Initially, for tuning of parameters for Gamma probability density func-
tion, the combination for « = 1,2 and 8 = 1, 2 are checked but it is found
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that when « is increasing from 1 to 2 the rank is decreased but when [ is
increased from 1 to 2, rank is increased. So, to further found the value of
the optimum parameter of « is further increased but that is not decreasing
the rank. hence « is fixed to 2 and for finding the better value for 3, 3
is decreased to 0.5 but that is not giving a better solution for most of the
benchmark problems. Hence « = 2 and 8 = 1 is used as a parameter for
the gamma probability density function for solving most of the benchmark
problems.

The rank has been allotted for different variants of Gamma distribu-
tion and it has been evaluated that if the prey position is modeled as per
GAMMAZ?1, it is producing better results for most of the benchmark prob-
lems amongst all the Gamma variants. Hence in further analysis GAMMAZ21
variant is utilized for modeling of prey position.

4.4 Gaussian Distribution

The best value for 23 benchmark problems obtained by RGWO with prey
position modeled as per different variants of Gaussian distribution for
different parameters in Appendix 1 is shown in Appendix 5.

For tuning the parameters for Gaussian distribution, p and ¢ are varied
with a combination of 1 and 2 initially. It was found that when y is varying
from 1 to 2, the rank is decreased on the contrary when ¢ is increased from
1 to 2, the value of rank is increased and it has been noticed that when u
is decreasing rank is decreasing hence y is further iterated for 3 and 4 and
it has been observed that gamma probability distribution function is giving
better result with ¢ = 3 and 0 = 1 for most of the benchmark problems
wherein it has been also noticed that if o is further reduced from 1, the values
obtained by different benchmark problems are not superior in most of the
cases.

The rank has been allotted for different variants of Gaussian distribu-
tion and it has been evaluated that if the prey position is modeled as per
GAUSS31, it is producing better results for most of the benchmark problems
amongst all the Gaussian variants. Hence, in further analysis GAUSS31
variant is utilized for modeling of prey position.

4.5 Weibull Distribution

The best value for 23 benchmark problems obtained by RGWO with prey
position modeled as per different variants of Weibull distribution for different
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parameters in Appendix 1 is shown in Appendix 6. Figure 8 shows the
variation of Weibull probability density function for different variants as per
Appendix 1.

Initially, for tuning of parameters for the Weibull probability distribution
function, the combination for A = 1,2 and & = 1,2 are checked but it is
found that when A and k are increasing the rank is also increasing. Hence
Weibull parameters are also checked for a combination of A and &k = 3.
But it has been observed that superior results are obtained for most of the
benchmark problems with A and k = 2.

The rank has been allotted for different variants of Weibull distribu-
tion and it has been evaluated that if the prey position is modeled as per
WEIBULL22, it is producing better results for most of the benchmark
problems amongst all the Weibull variants, and hence in further analysis
WEIBULL22 variant is utilized for modeling of prey position.

5 Performance Analysis of RGWO Variants on Different
Benchmark

The variants finalized for comparison are LEVY12, CAUCHYO0.50.5,
GAMMA21, GAUSS31, WEIBULL?22 as discussed in the above section.
The performance of different variants is on unimodal and multimodal high
dimension and low dimension problems. Therefore, the different variants of
Levy, Cauchy, Gamma, Gaussian, and Weibull pdf are compared with GWO,
and results for average, standard deviation, and best value for different test
cases have been reported in the following subsection.

As per the conclusion drawn for prey modeling using different variants
in the previous section, it has been found that LEVY 12, CAUCHY0.50.5,
GAMMAZ21, GAUSS31, and WEIBULL22 are providing the best values in
their categories.

The performance of the said variants by different PDFs are now compared
with GWO to conclude which amongst them may be treated as best for prey
modeling. Hence RGWO with different pdf’s are run 30 times and aver-
age, standard deviation, and best (minimum) values for different benchmark
problems are reported in Tables 1-3.

5.1 Exploitation analysis

In CEC 2005 benchmark test function, the first seven functions are unimodal
functions (F1-F7) which are having just one global best. The evaluation of
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these functions is checked for GWO and different versions of RGWO. The
average, standard deviation, and minimum best obtained by these algorithms
are given in Table 7.

Table 1 depicts that the RGWO variant with Levy, Gamma, and Weibull
pdfs are giving better minimum best values for F1 to F7 except for F6 whereas
the Cauchy variant and Gauss variant give the better minimum best value
for F6. Also, problems having narrow valley from local optimum to global
optimum are solved in a better way by Gaussian and Cauchy distribution
function as in F6 Thus it can be easily concluded that making prey position
dynamic improves the exploitation capability as well.

The realistic version of GWO works well for the unimodal, shifted, non-
separable and scalable problems, Levy, Gamma, and Weibull distribution are
giving superior results as demonstrated for all functions except F6 wherein
for F6 superior results for best minimum values are obtained by Cauchy and
Gauss variants when the problem properties are rotated.

Moreover, from Table 1, it can be concluded that a realistic version of
GWO with dynamic prey is giving better values as compared to GWO

This has been further tested by the Wilcoxon rank and Wilcoxon signed-
rank test [42] in the coming section.

5.2 Exploration Analysis

In CEC 2005 benchmark functions [43], seventeen functions i.e., F8—F23 are
classified as multimodal test cases which are having multiple local optima.
These functions help judge the exploratory capabilities of the algorithm.
The results obtained by GWO and different variants of RGWO have been
reported in Table 2 for multimodal high dimension problems and in Table 3
for multimodal low dimension problems.

Based on results obtained by GWO and RGWO, it is clear that RGWO
and its variants are giving either better or competitive values in comparison
with GWO for F8-F23 except for F8, F12—-13, F22-23 whereas for F§, F12—
13, F22-23 Cauchy and Gauss distribution functions are giving superior
results as shown in Tables 1-3. The capability for the different algorithms
will be tested using statistical testing in the next section.

From Tables 1-3, it is concluded that Levy, Gamma, and Weibull dis-
tribution are best suited for prey position modeling and hence comparative
convergence curve and statistical testing will be done between GWO and
RGWO with Levy, Gamma and Weibull pdfs.
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5.3 Convergence analysis

Convergence curves and 3D maps obtained from GWO and RGWO with
different distribution for functions F1-F7 are shown in Figure 9, for F§8-F13
are shown in Figure 10 and for F14-F23 are shown in Figure 11.

From the above analysis, it is found that RGWO with the modified
prey position with the different probability distribution function qualifies
that RGWO either outperforms or gives competitive results in comparison
to GWO. From the convergence curves shown in Figures 9-11, it can be
easily seen that adding a random jump to the prey position leads to faster con-
vergence, and also the global search tendency of the algorithm is improved.
Adding random jumps to wolves’ position by modifying the prey position
helps the population in preventing the diversity loss and hence improves
global search and prevents it from being stuck in local optima.

5.4 Statistical Testing by Wilcoxon Test

Hypothesis testing is employed to draw inferences about one or more popu-
lations from given samples or results. For this, two hypotheses are defined
that are HO (null hypothesis) and H1 (alternative hypothesis) [42]. The
null hypothesis is a statement of no effect or no difference, whereas the
alternative hypothesis represents the presence of an effect or a difference
(in our case, significant differences between algorithms). When applying a
statistical procedure to reject a hypothesis, a level of significance « is used to
determine at which level the hypothesis may be rejected. In this study, « is
chosen as 0.05, the total number of independent runs is 30, the average and
their standard deviations have been calculated as shown in Tables 8-9. As
per [42], Wilcoxon’s signed-rank test is used to perform the comparison of
GWO with different variants of RGWO.

Wilcoxon signed ranked test [42] is used to validate the results statisti-
cally. HO and H1 represent the null and alternate hypotheses for each test
case. The null hypothesis states that there is no difference between GWO
and RGWO whereas the alternate hypothesis states that there is a difference
between the two algorithms and RGWO performs better. R(+) states the rank
at which the alternate hypothesis won and R(—) states the rank for which the
null hypothesis won.

Another test utilized to check the overall performance of the algorithm is
the Wilcoxon Rank test [42] wherein if the number of wins is at least (% +
\/n), then the algorithm is significantly better with p < 0.05
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Figure 9 Parameter space graphs and Best score vs Number of iteration curve of the GWO
and another variant of RGWO for F1-F7 test cases.

As per the above discussion in this section, GWO is compared with dif-
ferent variants of RGWO such as LEVY 12, GAMMAZ21, WEIBULL?22 using
Wilcoxon Signed Rank Test and Wilcoxon Rank test. It has been observed
that the null hypothesis is rejected by all the variants of RGWO for F1, F4,
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Figure 10 Parameter space graphs and Best score vs Number of iteration curve of the GWO
and RGWO and another variant of RGWO for F§-F13 test cases.

F9, F10, F12, F16, F17 using the Wilcoxon Signed-Rank test. In addition to
that, the null hypothesis is rejected by RGWO with LEVY12 for F2 and F3
whereas rejected for F2, F7, and F22 by RGWO with WEIBULL22 using
Wilcoxon Signed Rank Test. The summary where RGWO and its variants
won over GWO based on Wilcoxon signed-rank test [42] has been shown in
Table 4. It has been clearly shown that when modeling the dynamic behavior
of prey with the help of Levy, Gamma, and Weibull distribution function, the
performance of the algorithm is improved.

Also, RGWO rejects the null hypothesis for F11 and F15 with all the
mentioned variants as per Wilcoxon Rank Test [42]. In addition to that,
RGWO with LEVY 12 variant rejects null hypothesis for F7 and F19 wherein
RGWO with GAMMA 21 Variant rejects null hypothesis for F3 and F7.
Wilcoxon signed test [42] has been utilized in Table V to show that RGWO
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and RGWO and another variant of RGWO for F17-F23 test cases.

performs better than GWO for F3, F5, F7, F11, F15, and F19 by considering

the prey dynamic.

Hence, we can conclude that adding random behavior to prey position
with the help of either Levy or Gamma or Weibull pdf enhances the explo-
ration capabilities and will be having competitive exploitation capabilities as

well.
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Table 4 Statistical results by Wilcoxon signed rank test comparing RGWO with GWO

Comparison Function Rank(4) Rank(—) N  p-value
RGWO+Levy vs GWO F1 465 0 30 0
RGWO+Gamma vs GWO Fl1 465 0 30 0
RGWO+Weibull vs GWO F1 465 0 30 0
RGWO+Levy vs GWO F2 465 0 30 0
RGWO+Weibull vs GWO F2 465 0 30 0
RGWO+Levy vs GWO F3 335 130 30 0.0175
RGWO+Levy vs GWO F4 433 32 30 0
RGWO+Gamma vs GWO F4 457 8 30 0
RGWO-+Weibull vs GWO F4 445 20 30 0
RGWO+Weibull vs GWO F7 346 119 30  0.0098
RGWO+Levy vs GWO F9 382 53 29 0.0002
RGWO+Gamma vs GWO F9 385 21 28 0
RGWO+Weibull vs GWO F9 334 72 28  0.0014
RGWO+Levy vs GWO F10 465 0 30 0
RGWO+Gamma vs GWO F10 465 0 30 0
RGWO+Weibull vs GWO F10 465 0 30 0
RGWO+Levy vs GWO F12 465 0 30 0
RGWO+Gamma vs GWO F12 465 0 30 0
RGWO+Weibull vs GWO F12 465 0 30 0
RGWO+Levy vs GWO F16 465 0 30 0
RGWO+Gamma vs GWO F16 465 0 30 0
RGWO+Weibull vs GWO Fl16 465 0 30 0
RGWO+Levy vs GWO F17 465 0 30 0
RGWO+Gamma vs GWO F17 465 0 30 0
RGWO+Weibull vs GWO F17 465 0 30 0
RGWO+Levy vs GWO F18 465 0 30 0
RGWO+Gamma vs GWO F18 465 0 30 0
RGWO+Weibull vs GWO F18 465 0 30 0
RGWO+Weibull vs GWO F22 403 62 30 0.0002

6 Deployment of RGWO for Dynamic Economic Dispatch
Problem

Based on the conclusion drawn from the analysis of result by benchmark
system, RGWO with prey position modeled with the Levy, Gamma, and
Weibull distribution function is used to solve a DED of power for 5 generator
test case [50].

In this analysis, 30 is the population size 500 is the maximum number
of iterations. It is to be noted that all the variants of RGWO and GWO are
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Table 5  Statistical results by Wilcoxon test comparing RGWO with different distribution
Rank Rank Rank(+)- Detected

Comparison Function (+) (=) n Rank(—) n/24sqrt(n) Difference
RGWO+Gamma F3 313 152 30 161 20.47722558 o = 0.05
vs GWO

RGWO-Levy vs F7 242 223 30 19 20.47722558 o = 0.05
GWO

RGWO+Gamma F7 253 212 30 41 20.47722558 « = 0.05
vs GWO

RGWO+Levy vs F11 32 13 9 19 7.5 a =0.05
GWO

RGWO-+Gamma F11 39 6 9 33 7.5 a=0.05
vs GWO

RGWO+Weibull F11 42 13 10 29 8.16227766 o = 0.05
vs GWO

RGWO-+Levy vs F15 257 178 29 79 19.88516481 o = 0.05
GWO

RGWO+Gamma F15 200.5 177.5 27 23 18.69615242 « = 0.05
vs GWO
RGWO+Weibull F15 249 216 30 33 20.47722558 « = 0.05
vs GWO

RGWO-Levy vs F19 269 196 30 73 20.47722558 o = 0.05
GWO

run for a similar repair method to perform a fair comparison amongst the
different algorithms. The outcome obtained using RGWO with prey modeled
with different PDFs for DED is shown in Table 12 for 5 generators for 24
hours.

Table 6 also clearly shows that the results provided by RGWO are per-
forming better than GWO. Figure 12 shows the comparison of convergence
curve for the said problem with GWO and RGWO where prey position has
been modeled with the help of Levy, Gamma, and Weibull distribution.

Figure 12 clearly shows that GWO is stagnant and provides poor results
as compared to the variants of RGWO. The variants of RGWO show good
exploration at the beginning and good exploitation at the end as suggested by
the proposed algorithm.

It has been observed that RGWO with GAMMAZ21 is giving the best of
results amongst all the variants and is showing 4.73% decrease in cost as
compared to classic GWO. It is also noted that GWO is stagnating for a long
duration and not able to explore hence not able to reach a better solution
in the maximum iteration count wherein RGWO variants are showing fast
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Figure 12 Comparative Convergence curve for DED 5 Gen Test case with GWO and
different variants of RGWO.

Table 6 Comparative performance by GWO and the different variant of RGWO for DED 5
gen test case

Algorithm Fuel Cost ($/day) Decrease in Cost w.r.t GWO
GWO 49879 —
RGWO+LEVY 48925 1.91%
RGWO-+WEIBULL 48124 3.52%
RGWO+GAMMA 47519 4.73%

convergence. It is also showcased by the convergence curve that RGWO can
be successfully employed for obtaining a better solution for power system
problems.

7 Conclusion

The realistic grey wolf optimizer (RGWO) proposed in this paper has been
modeled considering the dynamic prey position in place of its static behavior
as was considered in the original GWO. Different probability distribution
functions have been utilized to showcase the mathematical modeling of prey
position. Simulation testing has been done with different probability distribu-
tion functions to finalize the step size and scale parameters of different pdfs.
It has been observed that the use of probability distribution function to model
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the prey behavior has improved the performance of the algorithm which
has been showcased on 23 benchmark problems. The performance of these
methods has been evaluated with the help of the Wilcoxon rank and Wilcoxon
signed-rank test. The statistical testing proved that the proposed algorithm
is effective for benchmark problems and hence can be applied for complex
problems as well. Moreover, the performance of the RGWO is analyzed on
the real-time power system problem of dynamic economic dispatch problem
for the 5-gen test case and it has been observed that dynamic prey modeling
results in improved performance.

Hence it is concluded that RGWO is an efficient metaheuristic to tackle
multimodal problems successfully. The future scope of work includes the
implementation of the concept proposed in the multi-objective version of
RGWO. Towards the end, the authors feel that the work proposed will rouse
other researchers to utilize the proposed work for solving various real-time
optimization problems.

Appendix

Appendix 1 Parameters of optimizers
Description of Algorithm Parameter Description of Algorithm Parameter
LEVY11 y=1Lpu=1 GAMMA20.5 a=2, =05
LEVY12 y=1,p=2 GAMMA31 a=3, =1
LEVY21 y=2,p=1 GAUSS11 p=10=1
LEVY22 y=2, p=2 GAUSS12 p=1 0c=2
LEVY13 y=1,p=3 GAUSS21 n=20=1
CAUCHY11 xo=1,v=1 GAUSS22 w=20=2
CAUCHY12 xo=1,v=2  GAUSS20.5 p=2,0=05
CAUCHY21 xo=2,v7v=1  GAUSS30.5 nw=3,0=05>5
CAUCHY22 x0=2,v=2 GAUSS31 nw=3 0=1
CAUCHY0.51 20 =0.5,vy=1 GAUSS32 w=3,0=2
CAUCHY0.50.5 xo = 0.5, v =0.5 GAUSS33 p=3,0=3
CAUCHY0.50 o =0.5, y=0 GAUSS41 p=4,0=1
CAUCHY01 xo=0,v=1 WEIBULLI11 k=1, A=1
CAUCHY00 20=0,v= WEIBULL12 k=1, A=2
GAMMA11 a=1, =1 WEIBULL21 k=2, A=1
GAMMA12 a=1, = WEIBULL22 k=2 A=2
GAMMA21 a=2,0=1 WEIBULL32 k=3, A=2
GAMMA22 a=2 0 WEIBULL33 k=3, A=3
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Appendix 2 Best Solution and rank of LEVY Variant for Benchmark function

Fun Parameter LEVYl11 LEVYI12 LEVY21 LEVY22 LEVY13

F1 Best value 2.3551*%10-06 7.2244%10-34 1.0692*10-05 1.7112*10-18 6.5861E+04
Rank 3 1 4 2 5

F2 Best value 3.6753*%10-03 5.4322%10-20 1.0444*10-02 1.0030*10-10 2.4206E+11
Rank 3 1 4 2 5

F3 Best value 1.0844*10+00 2.9190*10-07 4.8644*10+00 1.6319%10+00 1.7850E+05
Rank 2 1 4 3 5

F4 Best value 3.6377*%10-02 2.0111*10-08 2.0053*10-01 1.5811*%10-03 9.0908E+01
Rank 3 1 4 2 5

F5 Best value 2.8086*10+01 2.7947*10+01 2.8623*10+01 2.6041*10+01 3.1247E+08
Rank 3 2 4 1 5

F6 Best value 1.7933*10+00 8.4232*10-01 2.0392*10+00 6.6007*10-05 6.5617E+04
Rank 3 2 4 1 5

F7 Best value 2.2079*10-02 2.0124*10-03 2.2378*10-02 1.1846%10-02 1.1279E+02
Rank 3 1 4 2 5

F8 Best value  —6.6781%10+03 —7.1590*%10+03 —7.5686*10+03 —6.8627*10+03 —1.5429E+03
Rank 4 2 1 3 5

F9 Best value 4.9698%10+01 5.6843*10-14 5.9431*%10+01 4.2908*10+01 4.2811E+02
Rank 3 1 4 2 5

F10  Best value 1.0306*10-03 4.3521*10-14 9.1909*10-04 5.2026*10-08 2.0366E+01
Rank 4 1 3 2 5

F11 Best value 1.6865%10-07 0.0000*10+00 2.7109*10-02 2.5607*10-02 5.4615E+02
Rank 2 1 4 3 5

F12  Best value 1.1971%10-01 3.3140*10-02 1.7133*10+00 1.3206%10-01 6.1614E+08
Rank 2 1 4 3 5

F13  Best value 1.1340*10+00 8.6441*10-01 8.5920*10-01 1.0483*10-01 1.0529E+09
Rank 4 3 2 1 5

F14  Best value 9.9800*10-01 9.9800*10-01 9.9800*10-01 9.9800*%10-01 1.5881E+02
Rank 1 1 1 1 5

F15  Best value 4.1355%10-04 3.1375%10-04 5.4917%10-04 3.8958%10-04 1.5752E-01
Rank 3 1 4 2 5

F16  Bestvalue  —1.0316%10+00 —1.0316%10+00 —1.0316*10+00 —1.0316*10+00 1.4543E-01
Rank 1 1 1 1 5

F17  Best value 3.9789*10-01 3.9789*10-01 3.9789*10-01 3.9790*10-01 5.1557E+00
Rank 1 1 1 4 5

F18  Best value 3.0000*10+00 3.0000*10+00 3.0002*10+00 3.0000%10+00 3.2914E+01
Rank 1 1 4 1 5

F19 Bestvalue  —3.8607*10+00 —3.8618*%10+00 —3.8616*10+00 —3.8621*10+00 —3.3605E+00
Rank 4 2 3 1 5

F20  Bestvalue  —3.1534*10+00 —3.3220%10+00 —3.1335*10+00 —3.2024*10+00 —1.6398E+00
Rank 3 1 4 2 5

F21  Bestvalue —1.0151*%10+01 —1.0151*10+01 —1.0151*10+01 —1.0153*10+01 —1.2189E+00
Rank 2 4 3 1 5

F22  Bestvalue  —1.0402%10+01 —1.0400%*10+01 —1.0401*10+01 —1.0401*10+01  —5.8508E-01
Rank 1 4 3 2 5

F23  Bestvalue  —1.0535%10+01 —1.0535%10+01 —1.0535*10+01 —1.0535*10+01 —8.7607E-01
Rank 4 1 3 1 5

OVERALL RANK 3 1 4 2 5
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Appendix 4 Best Solution and rank of GAMMA Variant for Benchmark function
Fun  Parameter ~ GAMMAII GAMMAI2  GAMMA2I GAMMA22  GAMMA20.5 GAMMA31
F1  Bestvalue  1.0155%10-32  33661%10-22  1.3245%10-31  2.6981%10-20  4.1316%10-32  7.2668E-30

Rank 1 5 3 6 2 4

F2 Best value 1.6716*10-17 1.6022*10-11 3.2179*%10-16  2.4038+*10-10 1.1460*10-19 6.9271E-15
Rank 2 5 3 6 1 4

F3 Best value 2.8869*10-07 1.9586*10-07 8.0168*10-06 8.4195*10-06 1.5574*10-07 2.2218E-07
Rank 4 2 5 6 1 3

F4 Best value 9.6835%10-09 1.2349%10-07 8.5843%10-08 9.1094*10-09 1.2313*10-07 1.0864E-07
Rank 2 6 3 1 5 4

F5 Best value 2.7129*%10+01  2.6157*10+01  2.6208*10+01  2.6194*10+01  2.6175*10+01  2.7151E+01
Rank 5 1 4 3 2 6

F6 Best value 7.5225%10-01 1.4951%10+00  1.2320*%10+00  2.5027*10-01 5.0408*10-01 5.0387E-01
Rank 4 6 5 1 3 2

F7 Best value 1.0297*10-03 1.5104*10-03 5.1097*10-04  2.1654*10-03 3.7021*10-03 3.2244E-03
Rank 2 3 1 4 6 5

F8 Best value  —4.0944%10+03 —6.4106%10+03 —5.5526%10+03 —6.2969*10+03 —6.1550%10+03 —6.7824E+03
Rank 6 2 5 3 4 1

F9 Best value 1.1369*10-13 5.6843*10-14 5.6843%10-14 1.7053*10-13 5.6843*10-14 5.6843E-14
Rank 5 1 1 6 1 1

F10  Best value 2.9310*10-14 1.3004*10-11 3.9968*10-14 1.5600%10-10  2.2204*10-14 6.8390E-14
Rank 2 5 3 6 1 4

F11  Best value 0.0000%10+00  0.0000%10+00  0.0000%10+00  1.1102*10-16  0.0000*10+00  0.0000E+00
Rank 1 1 1 6 1 1

F12  Best value 4.6015%10-02 3.4060*10-02 2.5503*10-02  5.3991*10-02 7.7916*10-02 3.6623E-02
Rank 4 2 1 5 6 3

F13  Best value 6.4747*%10-01 7.5727*10-01 7.2037*%10-01 5.6956*10-01 8.1944#10-01 1.0318E+00
Rank 2 4 3 1 5 6

F14  Best value 1.0763*10+01 1.0763*%10+01  2.9821*10+400  9.9800*10-01  2.9821*10+00  1.0763E+01
Rank 4 4 2 1 2 4

F15 Best value 3.4359*10-04  3.9327*10-04 3.0828*10-04  5.4332%10-04 2.0363*10-02 3.6032E-04
Rank 2 4 1 5 6 3

F16 Bestvalue —1.0316%10+00 —1.0316%10+00 —1.0316%10+00 —1.0316%10+00 —1.0316*10+00 —1.0316E+00
Rank 1 1 1 1 1 1

F17  Best value 3.9789*10-01 3.9789*10-01 3.9789*10-01 3.9789*10-01 3.9789*10-01 3.9791E-01
Rank 1 1 1 1 1 6

F18  Best value 3.0000%10+00  3.0000%#10+00  3.0000%10+00  3.0003*10+00  3.0000*10+00  3.0001E+00
Rank 1 1 1 6 1 5

F19 Bestvalue —3.8627%10+00 —3.8628*10+00 —3.8625*10+00 —3.8628*10+00 —3.8627*10+00 —3.8628E+00
Rank 4 1 6 1 4 1

F20 Bestvalue —3.2028%10+00 —3.3220%10+00 —3.3220*10+00 —3.3220*10+00 —3.3220*10+00 —3.3219E+00
Rank 6 1 1 1 1 5

F21 Bestvalue —1.0151%10+01 —1.0151*%10+01 —1.0150%10+01 —1.0151%¥10+01 —1.0153*10+01 —1.0151E+01
Rank 5 4 6 3 1 2

F22 Bestvalue —1.0402*%10+01 —1.0398*10+01 —1.0402*10+01 —1.0401*10+01 —5.1279*10+00 —1.0402E+01
Rank 1 5 2 4 6 2

F23 Bestvalue —1.0534*%10+01 —1.0535%10+01 —1.0535%10+01 —1.0535%¥10+01 —1.0531*10+01 —2.4216E+00
Rank 4 2 1 3 5 6

OVERALL RANK 4 2 1 6 3 5
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Appendix 6 Best Solution and rank of WEIBULL Variant for Benchmark function

Fun  Parameter WEIBULLI11 WEIBULLI2 WEIBULL21 WEIBULL22 WEIBULL32  WEIBULL33

F1 Best value 2.0534*10-32 8.6415%10-33 1.8364%10-22  4.3416*10-33 3.0873*10-31 1.9613E-33
Rank 4 3 6 2 5 1

F2 Best value 1.0862*10-17 5.2495*10-20 3.1647*10-11 8.9598*10-20  9.2857*10-21 3.8223E-20
Rank 5 3 6 4 1 2

F3 Best value 7.8729*10-06 6.4493*%10-09  4.2711*10-08 8.9500%10-07 1.4511*10-08 5.6850E-08
Rank 6 1 3 5 2 4

F4 Best value 2.1987%10-07 1.2877%10-07 2.2384*10-08 1.3235%10-07 2.0806%10-07 3.0585E-08
Rank 6 3 1 4 5 2

F5 Best value 2.6878%10+01  2.8572*10+01  2.7200*%10+01  2.7124*10+01  2.6228*10+01  2.7149E+01
Rank 2 6 5 3 1 4

F6 Best value 7.6063*10-01 1.2569*%10+00  1.5060*10+00  1.0201*10+00  4.8520*10-01 1.4944E+00
Rank 2 4 6 3 1 5

F7 Best value 1.7540*10-03 1.0586*10-03 1.0151*10-03 1.8967*10-03 3.2778*10-04 7.4069E-04
Rank 5 4 3 6 1 2

F8 Best value  —5.0815%10+03 —4.7974*10+03 —5.1839%10+03 —5.3352%10+03 —5.4272*%10+03 —7.2077E+03
Rank 5 6 4 3 2 1

F9 Best value 0.0000%10+00  5.6843*10-14 1.1369%10-13  0.0000¥10+00  0.0000%*10+00  2.2737E-13
Rank 1 4 5 1 1 6

F10  Best value 2.9310*%10-14  3.2863*10-14 1.0876*10-11 2.9310*10-14 5.0626*10-14 3.2863E-14
Rank 1 3 6 1 5 3

F11  Best value 0.0000%10+00  0.0000%10+00  0.0000%10+00  0.0000%10+00  0.0000*10+00  0.0000E+00
Rank 1 1 1 1 1 1

F12  Best value 3.3690*10-02 6.0915%10-02 3.2939*10-02 3.2753*10-02  4.0003*10-02 8.9842E-02
Rank 3 5 2 1 4 6

F13  Best value 6.3505*%10-01 1.2222*%10+00  6.5155*10-01 5.3581*10-01 6.6726*10-01 1.0095E+00
Rank 2 6 3 1 4 5

F14  Best value 2.9821*%10+00  2.9821*10+00  9.9800%10-01 2.9821*%10+00  9.9800%10-01 9.9800E-01
Rank 4 4 1 4 1 1

F15 Best value 2.0363*10-02 5.2575*%10-04 3.2262*10-04 3.0750*10-04 3.0754*%10-04  4.7681E-04
Rank 6 5 3 1 2 4

F16 Bestvalue —1.0316%10+00 —1.0316%10+00 —1.0316%10+00 —1.0316%10+00 —1.0316*10+00 —1.0316E+00
Rank 1 1 1 1 1 1

F17  Best value 3.9790*10-01 3.9789*10-01 3.9789*10-01 3.9789*10-01 3.9789*10-01 3.9789E-01
Rank 6 1 1 1 1 1

F18  Best value 3.0000%10+00  3.0001*10+00  3.0001*10+00  3.0003*10+00  3.0000*10+00  3.0001E+00
Rank 1 3 3 6 1 3

F19 Bestvalue —3.8626%10+00 —3.8627*10+00 —3.8628*10+00 —3.8618%10+00 —3.8611*10+00 —3.8627E+00
Rank 4 2 1 5 6 2

F20 Bestvalue —3.2019%10+00 —2.8474*10+00 —3.3220%*10+00 —3.3220*10+00 —3.3220*10+00 —3.2030E+00
Rank 5 6 1 1 1 4

F21 Bestvalue —1.0153*10+01 —2.6826*10+00 —2.6302*10+00 —1.0148%10+01 —5.0998*10+00 —1.0152E+01
Rank 1 5 6 3 4 2

F22 Bestvalue —1.0402*%10+01 —1.0402*10+01 —1.0402*10+01 —1.0402%10+01 —1.0402*10+01 —1.0401E+01
Rank 2 1 3 4 5 6

F23 Bestvalue —1.0536%10+01 —5.1284*10+00 —1.0535%10+01 —1.0536%*10+01 —5.1285*10+00 —1.0533E+01
Rank 1 6 3 1 5 4

OVERALL RANK 4 6 5 1 2 3
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