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Abstract

The rotating Rayleigh beam problem is solved with meshfree method where
the radial basis functions are explored. Numbers of basis functions have been
used for meshfree methods which also include radial basis function. In this
paper, the Gaussian radial basis function and multiquadrics radial basis func-
tions are combined to get the new basis function which provides accuracy for
higher natural frequencies. The radial basis functions satisfy the Kronecker
delta property and it is easy to apply the essential boundary conditions.
The Galerkin method is used for weak formulation. The matrices have been
derived. The results are obtained for Gaussian radial basis function and new
basis function. The results show more accurate values for fourth and fifth nat-
ural frequency with new basis function where only six nodes are used within
the subdomain of trial and test function. The results are also obtained with
conventional finite element method where forty, two node elements are con-
sidered. Also, the results are obtained for rotating Euler-Bernoulli beam to
observe the difference in results with rotating Rayleigh beam.
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1 Introduction

The meshfree methods are based on nodal approximation when compared
to element approximation of conventional finite element method. The radial
basis functions and moving least squares approximations are mostly used for
deriving the shape functions [1, 2]. The radial basis functions can further be
divided: (1) Thin plate splines radial basis function, (2) Multiquadrics radial
basis function, (3) Gaussian radial basis function and (4) logarithmic radial
basis function [1]. To develop the new basis function with higher accuracy
we can refine the different approximations for radial basis functions. This
area of meshfree approximation can be explored to get new solutions based
on the structure of problem. The weak formulation for the problem can be
developed based on the subdomain of test and trial function.

The weak form can be obtained with collocation method and Galerkin
method. These methods differ from the Meshless Petrov-Galerkin method
where algebraic equations can be written for each node. In Galerkin method
the trial and test function have the same subdomain. The number of nodes
within the subdomain can be considered based on the matrices which have to
be inverted. The meshless Galerkin method has been used to solve Dirichlet
boundary value problems where radial basis functions are considered [3].
Also, the radial basis functions are explored where Galerkin method is
considered for the weak form [4]. The collocation method is used to solve
Burgers’ equation where the method is found to be accurate for high Reynolds
number [5]. A meshless approach has been used for the bimodulus materials,
the method found to be highly accurate and convergent [6]. The Rayleigh
beam theory, which provides a single differential equation, has been solved
with spinning and axial motions for vibration problem [7].

The rotating beam problems, which include an additional centrifugal
force when compared to non-rotating beams, have been solved with con-
ventional finite element method [8—11]. These methods include Galerkin
and collocation approaches where different derived basis functions are used
[12-14]. Mesh free method has been used to Euler-Bernoulli beam prob-
lem using radial basis function [2]. The rotating beam problems: Rayleigh
beam, Timoshenko beam and Euler-Bernoulli beam have been solved in
literature using meshless Petrov-Galerkin method and B-spline finite ele-
ment method [15-17]. The tapered rotating Euler-Bernoulli beam problem
has been solved with Adomian decomposition method [18]. Spectral finite
element method is used to solve the rotating beam problem as well [19].
The semi analytical solutions are obtained for rotating beam where series
solutions are explored with Frobenius method [20]. The problem of rotating
functionally graded beams is solved for steady bending deformation [21].
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The complete formulation for a rotating beam problem subjected to an
aerodynamic force has been discussed where finite element in time and
stability of the system are explained as well [22]. Many possible formulations
are discussed in literature and the results have been obtained with numbers of
basis functions [23]. The mass and stiffness matrices have been derived where
symmetric stiffness matrix formulation has been obtained with Galerkin
method for the first time [24]. For Euler-Bernoulli, Timoshenko and Rayleigh
beams the matrices have been derived and solved with conventional methods.
A rotating Timoshenko beam theory, which results in two coupled equations,
has a shear locking problem which can be solved with radial basis function
approximation [16]. The results of all these rotating beams are compared
in the literature as well. In rotating beam literature, the rotating Rayleigh
beam problem has not been explored with meshless Galerkin method and
with refined radial basis functions.

In this paper, we solve the rotating Rayleigh beam problem using mesh-
less Galerkin method where radial basis functions are considered as basis
functions. Two types of radial basis functions, Gaussian and multiquadrics,
are multiplied together to form a new radial basis function which provides
better results for fourth and fifth natural frequencies when compared to
Gaussian alone. The multiquadrics radial basis functions are refined and
Gaussian radial basis functions are kept same before the multiplication. The
results have been verified from the literature [25]. The results are accurate
when only six nodes are considered in the subdomain of trial and test
function. Above six nodes the ill conditioning of matrices occurs. The results
are obtained for non-uniform, non-rotating beam as well. Also, the results are
obtained for the rotating Euler-Bernoulli beams and compared with Rayleigh
beam. All the matrices have been derived, the natural boundary conditions
are satisfied by integrating the weak form and essential boundary conditions
are applied in matrix form.

2 Weak Formulation of the Governing Differential Equation

The governing differential equation of a rotating Rayleigh beam is given by
0? 0*w(z, ) O*w(z,t) 0 ow(x,t)
2 A EI() 2 Alp) 0 IO
022 [ (@) =2 } A e g, [G(‘” 0z ]

v 2 {p[(ac)aax [QQw(a:,t) - 82%(;’”} } ~0 ()
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The fourth term is an additional term when compared to Euler-Bernoulli
beam theory. This includes additional rotary inertia. Here, the flexural
stiffness is EI(x), density is p, cross sectional area is A(z), transverse
displacement is w(z) and G(z) is the centrifugal force which is given by

R
G(x) :/ pA(x)QPxdx ()

where, (2 is angular velocity and R is radius of the rotating beam.
After substituting w(z, t) = e“'w(z), we get the free vibration problem

of a rotating beam which is given by

d? [EI(ac) d*w(z)

dz? dx?

| -t - 6@

d d 9 o B
+ {pI($)dx (2 +w )w(x)]} =0 3)
The weak form of Equation (3) is given by

[l 28] s fo

# [ ot {orter [0+ 2y o)} = @

Integrating Equation (4) by parts, we get

R

2w(x w(T
v(x){ci [EI(:U)d it )} 6@ ™y pra & (e —|—w2)u7(x)]}

0

dv(z d?w(x R d?v(x) d%w(x
R dv(x) dw(x R dv(x) dw(x
+/0 G(x) d( )d ($>d:z—§22/0 pI(m) d( )d ( )dx

R R
—w? /0 pA(w)o()i(z)de — /0 ) G



Meshfree Galerkin Method for a Rotating Non-Uniform Rayleigh Beam 505

Here the test function satisfies the essential boundary conditions. The
natural boundary conditions, which are shear force and bending moment at
the tip, are satisfied as well, which are given by Equations (6) and (7)

(& 2] -t

d
+ o) LI + Pl =0 ©
r (z=R)
d*w(x) B

Equation (5) now can be rewritten as

R d21) ( )
FEI
/0 (z) dm2 dx2 d + / G(x I dx

—92/0 pr(a) D)y, /0 pA(z)o(a)n(z)dz
R dv(z) dw(x)
—w2/0 pl(x) yP— dx —0 (8)

The conventional finite element assumption is given by Equations (9)
and (10)

w(z) = [N(z)][q] 9)
v(z) = [0q]" [N ()] (10)
From Equations (8), (9) and (10), we write

[ o 2L 0 [* iy 0 AN,
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where, [N (x)] represents the shape function vector and [¢] represents a vector
containing nodal degrees of freedom.
Here, the stiffness matrix is given by

T[N R d[N|T d[N
/ El(x dx2 diZ]daH—/O G(z) [d:n] c[ix]dx
92/0 pI(a:)al[C]l\QTalc[l];q (12)

and the mass matrix is given by

R R dIN]T dN]
M) = / pA(z)[N]F [N]da + / o) N a3)

The relative stiffness and mass matrix of an Euler-Bernoulli beam is given
by Equations (14) and (15)

" d[N]
EB_/ El@ dac2 / Gz d:n dmdm
(14)

R
(M) = /0 pA(2)[N)T[N]de (15)

Finally, the eigenvalue problem can be solved to get the natural frequen-
cies and mode shapes which is given by

W M][¢] = [K][¢] (16)

Where, i = 1,2,3... N, where, w; is the first natural frequency and [¢]
is an eigenvector.

3 Rotating Rayleigh Beam Equation in Non-dimensional
Form

The equations can be written in non-dimensional form where the term are
given by [25]

I(r) = Iog(w), A(x)= Aof(z) (17,18)
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Here,

A 1—etY" 19,20
r)=(1—c—= z)=(1—c—= ,
g@)=(1-c5)" . f@=(1-cF) (19,20)
and c is a constant. Here, Ag and I are the constant cross sectional area and
second moment of area terms, respectively.

The Equation (3) can be written in non-dimensional form as

d2 2w (C) o g d dw(()
T |10 ] - 0w - 2 4 o)
2d dw(¢)] N d dw(()]
+ 5 [0 + S L 08 0 ay
where,
¢ = A AgR? 22— 2 pAgR* A2 — 2 pAgR*
R’ Iy N Ely ’ N Ely ’

1
and  h(C) = /< CHEOC.

Here, s and A are the non-dimensional rotating speed and natural
frequency respectively and r is the slenderness ratio.
The essential and natural boundary conditions are given by

0(¢)l(c=0) =0, dlflég)‘«:o) =0, (22,23)
{2 Jot0 2] - i) 22

e G I e

9(¢) d?é(f) o 0 (25)
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Weak formulation of Equation (21) gives the stiffness and mass matri-

1 2 T 32 1 T
K] = /0 g TN TNy /0 2n(e) AN 4.

ez d¢? d¢  d¢
V2 dIN|Td[N
- [ Sao 5 6)

_ [ T P @I dIN]
= [ QTN+ | a0

¢ 27

4 Radial Basis Function Interpolation for Meshfree Method

Single local support domain le) is same for the test and trial functions.

In Figure 1, a uniform rotating beam has been shown with mesh free

approximation. The overall number of nodes with in sub-domain has a limit.
The Gaussian radial basis functions are given by [1]

(lo—x; )2
2

Ri(z)=e % (28)
The multiquadrics basis functions are given by [1]
Rj(@) = [(Jo = 2;0)* + (aede)] (29)

If o = 1,d. = 1 and ¢ = 1, we get the radial basis function which is
given by
Rj(x) = [1 + (Jo — z])’] (30)

Further we refine the Equation (30) as
Rj(x) = [1+ |z — x| + (Jo — z])* + (|z — ;])°] (31

11
> o
- - - -
® o o o o } 5
= -

— -
e i
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Figure 1 Nodal distribution on the rotating uniform beam.
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The Equation (31) is similar to conventional cubic approximation in finite
element method. To get the new basis function (refined basis function) we
multiply the right hand sides of Equations (28) and (31), which is given by
Equation (32)

_Uz—eiD?

Rj(x) = [1+ o —aj| + (Jo — 23> + |z — a])%]e 9 (32)

Equation (32) is the new basis function which provides better results for
fourth and fifth natural frequencies. The results are more accurate for higher
natural frequencies.

The transverse displacement can be written as

’U_J(iL') =Ry (:B)al + 5’1(:1:)61 + RQ(I’)CLQ + SQ(iL‘)bQ

+ -+ Ry(x)ay + Sn(x)by (33)
where, IV is the number of nodes, and a1, b1, as, b, ..., an, by are arbitrary
constants. The derivative of the new basis function is given by

dR;(x)
S;(z) = 76533 (34)

Here, values of ¢ and s; are user defined. The slope can be given by

de(x)a n dSi(z) n dRs(x) ag dSs(z)

0(r) = ——= b b
(z) dr dr " dx dr  °
dR dS
fo oy Bule) o dON@), (35)
dx dx
The transverse displacement is given by
w(r) = [Q(w)](l,QN) [C]@N,l) (36)

Here,

[Q(x)](l,zN) = [R1(2)S1(z)Ra(w)S2(z) ... Ry (7)Sn ()] (37)

and
[cli,2n) = [a1 b1 a2 ba...an bN] (38)

The slope is given by

oe) = { dx ](1,2N) [C}@N’l) &
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Here,
dQ(z) _ [dRi(x) dS1(x) dRz(x) dSa(x)  dRn(x) dSn(x)
dz (1.2N) N dz dz dx de = dx dz
(40)

After substituting the values of nodal points in Equations (36) and (39)
we get

T
[@n]enenyldiony = lden (41)
Here,
[d](1,2N) = [w1 91 w9 02 ... WN 9]\7] (42)
and
[Ri(x1) Si(z1) Ra(x1) Sa(z1) -+ Ry(z1)  Sw(z1)T
dRq (Z]Zl) dsSy (:El) dRz(a:l) dSQ(ZL’l) . dRN(xl) dSn (Il)
dx dx dx dx dx dx
Ri(z2)  Si(z2) Ra(z2) Sa(z2) -+ Rpy(z2) Sn(z2)
de (12) dSl (.LQ) dRQ((IQ) dSQ(lg) . dRN("LQ) dSN (.’Lg)
dx dx dx dx dx dx
[@um]l=1] " ) . S ) .
Ri(zny) Si(zn)  Ra(zy)  Sa(zn) - Rn(zn) Sn(zy)
- dx dx dx dx dx dx -
43)
Here, w1, 01, ws, 0o, ..., wy, Oy are the nodal degrees of freedom.

We can write Equation (41) as
[on1y = @] gy o [dl2n ) (44)
From Equations (36) and (41), we get
w(z) = [H(z)|12n[d]2n,1) (45)

where, [H (z)] is the shape function vector.

[H(@)] 123 = [Q@)] 120 @] oy o)

=0 @) ¢V) ¢8@) ¢P (@) ¢\ (@) ¢ (x)]
(46)

Here, gbgw) () and gbz(.e) (x) are the shape functions related with node s.
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The transverse displacement is given by

N

o(z) = S (68" (@)w; + ¢\” (x)8;) (47)

j=1
In Galerkin method, the test function is given by

N

(@) = Y (6 (2)dw; + ¢ ()06;) (48)

Jj=1

The meshfree stiffness and mass matrices are given by

. P[H)” 1] )" d]
Klag = [ 90 g gz 1+ [ MO =g ¢
s d[H|" d[H]
_/Q(si) 7729(() i TCdC (49)
. Lo dIH)T d[H)
Mg = [ JOU TG+ [ a0 g

(50)

To explain the meshfree Galerkin method, we have number of sub-
domains shown in Figure 2. The algebraic equations can be written for
each element and assembled where the essential boundary conditions are
applied.

Figure 3 shows the plots for shape function and shape function derivative.

(i1
s
ﬂ'_-h;’:f--h;’:ﬂ'_-—hq’:#_ﬁ"ﬁh\
f / /
e @0/ @ .0/ @ 0/ @ @I
A

Figure 2 Nodal distribution and local support domains for the meshfree finite element
method.
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Figure 3 (a) and (b): Variations of the shape function and the shape function’s derivative,
respectively.

Table 1 Non-dimensional natural frequencies of a non-rotating Rayleigh beam

r=10,s=0,n=1,c=1/2 r=100,s=0,n=1,c=1/2
Gaussian  Refined Gaussian  Refined
Radial Radial Radial Radial FEM
FEM Basis Basis FEM Basis Basis  (n = 40)

[25] n =40 Function Function [25] n =40 Function Function (E-B)
A1 37727 37727 3.7727 3.7727 3.8233  3.8233 3.8233 3.8233 3.8238
A2 17.097 17.0975 17.0975 17.0975 18.304 18.3038 18.3038 18.3038  18.3173
A3 40412 404126 404125 40.4125 47.178 47.1781  47.1780 47.1780  47.2649
As N/A 694402 694395  69.4401 N/A  90.1371 90.1351  90.1356  90.4509
As N/A  101.4261 101.4587 101.4447 N/A  147.1728 147.3387 147.3258 148.0035

5 Results and Discussion

The results are obtained for the rotating and non-rotating Rayleigh beam.
The results discuss both Gaussian radial basis function and refined radial
basis functions. Also, the results are obtained for the rotating Euler-Bernoulli
beams for comparison. Here, we consider only six nodes within the subdo-
main. The results are obtained for varying non-dimensional parameters  and
s which are explained in Section 3. Here, Tables 1 and 3 show the result
of a non-rotating beam and in Tables 2 and 4 show the result of rotating
beams. For each Table corresponding mode shapes are shown in Figures.
The results of conventional finite element have been obtained where forty
elements are considered within the domain. In Figures 8(a) and 8(b), the
results are compared for both the beams.
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Figure 4 (a) and (b): Mode shapes of a non-rotating beam for r = 10,s = 0,7 = 1,¢ =
1/2and r = 100,s = 0,7 =1,c=1/2.

Table 2 Non-dimensional natural frequencies of a rotating Rayleigh beam

r=10,s=5n=1,c¢=1/2 r=100,s =5n=1,c¢=1/2
Gaussian  Refined Gaussian ~ Refined
Radial Radial Radial Radial FEM
FEM Basis Basis FEM Basis Basis  (n = 40)

[25] n =40 Function Function [25] n =40 Function Function (E-B)
A1 6.6118  6.6118 6.6118 6.6118 6.7421 6.7421 6.7421 6.7421 6.7434
A2 20.356 20.3563 20.3563  20.3563 21.888 21.8883 21.8882 21.8882  21.9053
A3 43.444 434436 43.4436 43.4436 50.839 50.8391 50.8390 50.8390  50.9339
Aa N/A 722411 722403 722407  N/A  93.8788 93.8762 93.8764  94.2067
As  N/A 103.9772 104.0090 103.9972 N/A  150.9629 151.1378 151.1284 151.8160

-1 -1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 5 (a) and (b): Mode shapes of a non-rotating beam for r = 10,s = 5,7 = 1,¢c =
1/2andr =100,s =5, =1,c=1/2.
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Table 3 Non-dimensional natural frequencies of a non-rotating Rayleigh beam

r=10,s=0,n=2,c=1/2

r=100,s =0,n=2,c=1/2

Gaussian  Refined Gaussian ~ Refined

Radial Radial Radial Radial FEM
FEM Basis Basis FEM Basis Basis  (n = 40)

[25] n =40 Function Function [25] n =40 Function Function (E-B)

A1 45517 45517 4.5517 4.5517 4.6244 4.6244 4.6244 4.6244 4.6251
A2 18211 18.2107 18.2107 18.2107 19.533 19.5328  19.5328  19.5328  19.5476
A3 41457 414573 414572 414572 48.489 48.4886 48.4885 48.4885  48.5790
A4 N/A 703744 703737 703746 N/A 91.4925 914906 91.4912  91.8132
As  N/A 1022365 102.2407 102.2271 N/A  148.5498 148.6896 148.6769 149.3917

0

0.2 0.4

0.6

0.8 1

-1

0 0.2

0.4

0.6

0.8 1

Figure 6 (a) and (b): Mode shapes of a non-rotating beam for r = 10,s = 0,7 = 2,¢c =
1/2andr =100,s = 0,7 =2,c=1/2.

Table 4 Non-dimensional natural frequencies of a rotating Rayleigh beam

r=10,s=5n=2,c=1/2

r=100,s =52 =2,c=1/2

Gaussian  Refined Gaussian  Refined

Radial Radial Radial Radial FEM
FEM Basis Basis FEM Basis Basis  (n = 40)

[25] n =40 Function Function [25] n =40 Function Function (E-B)

A1 7.1268  7.1268 7.1268 7.1268  7.2885  7.2885 7.2885 7.2885 7.2901
A2 21.003 21.0033 21.0033 21.0033 22.618 22.6179 22.6179 22.6179 22.6360
Az 44014 44.0143 44.0143 44.0143 51.595 51.5945 51.5945 51.5945 51.6919
Aa N/A 7277026 7277018 7277023 N/A 94.6302 94.6276  94.6278  94.9630
As N/A  104.3394 104.3527 104.3406 N/A  151.7073 151.8609 151.8509 152.5683
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Figure 7 (a) and (b): Mode shapes of a non-rotating beam for r = 10, s = 5,7 = 2,¢c =
1/2andr =100,s =5, =2,c=1/2.

170 170
160 160
E ) ) E Rotating Euler-Bernoulli beam
E 150 Non-rotating Euler-Bernoulli beam % 150
swuo = 140
Z 130 E 1m0
E 120 Non-rotating Rayleigh beam E 120 Rotating Rayleigh beam
o/ 1 oy}
0o 5 - 00— -
D 20 30 40 50 60 70 80 90 100 D 20 30 40 50 60 70 80 90 100

r r

Figure 8 (a) and (b): Variation in the fifth natural frequency with change in the slenderness
ratio for a non-rotating and a rotating beam, respectively.

6 Conclusions

In this paper, the rotating and non-rotating Rayleigh beam problems have
been using the meshfree Galerkin method where new radial basis functions
(refined radial basis functions) are developed and results are found more accu-
rate than the Gaussian radial basis functions for the third and fourth natural
frequencies when only six nodes are considered within the subdomain of
trial and test function. Both multiquadrics radial basis functions and Gaussian
radial basis functions are multiplied to get the new basis function. Also, the
results of rotating Euler-Bernoulli obtained to have a comparison of change in
natural frequency. For conventional finite element method forty elements are
considered within the domain. Stiffness and mass matrices have been derived
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for in non-dimensional form as well. The results are found accurate when
compared to literature and conventional finite element method.
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