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Abstract

It is well-known that lower modes of vibration are responsible for a high
percentage of the dynamic response. In this paper, the task of simulation
of the dynamic response of the composite wind turbine blade on the basis
numerical realisation of a developed low dimensional beam type model is
considered. From the governing system of differential-algebraic equations of
the simplified beam type model of the blade, and using the mode superposition
approximation, the system of linear ordinary differential equations with
respect to the coefficient functions of the modal representation was obtained.
The developed program codes allow to simulate low frequency bending
vibrations of wind turbine blades under different steady-state and transient
loadings. The comparison of the simulation results obtained by the proposed
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simplified blade model with the results of the direct Finite Element Method
(FEM) simulation shows their close agreement, which confirms the adequacy
of the developed model and its mode-based approximation to the level of
the requirements necessary in engineering practice. The presented approach
to the creating low-dimensional simplified models of slender structures can
therefore be useful in different fields of aerospace, civil, mechanical, and
transport engineering.

Keywords: Low-dimensional beam model, transient response, vibration
coupling, flapwise vibration, lead–lag vibration.

1 Introduction

Development of modern wind turbines and control of their dynamics in
different operational modes need intensive computer simulation of stationary
and transient vibrations of the turbine blades. Nowadays wind turbine blades
are designed as long (tens of meters) slender composite shell structures
with stiffeners, significantly inhomogeneous and non-prismatic (slenderising
towards the free end (tip)) and with a variable angle of twist along the length.
Modern FEM packages such as ANSYS, ABAQUS, or LS-DYNA allow to
simulate mechanical deformation processes in such wind turbine blades with
high accuracy (Chen and Chen, 2010), but in many cases, e.g. investigation of
general structural dynamics, aero-elastic vibrations, preliminary design, and
model based vibration control, such detailed costly models are redundant and
can be replaced by simplified one-dimensional beam type models which allow
to describe general blade deformations with appropriate accuracy and require
much less simulation time or computational resources.

Parameters of the required simplified beam model are derived from results
of physical or numerical (detailed FEM computations) experiments using
different equalising and identification techniques. This approach is widely
used for different aerospace structures (wings, fuselages, etc.) (Lee, 1995;
Trivailo et al., 2006). But in the case of the wind turbine blades the situation is
complicated due to considerable structural pre-twisting which does not render
flap and lead-lag motions decomposable in the mathematical model.

In a previous article (Navadeh et al., 2017) an approach to construction
of a beam type simplified model of a Horizontal Axis Wind Turbine (HAWT)
composite blade, based on the results of more detailed FEM simulations of
the blade, was proposed. In this method, the parameters of the model are
obtained using the identification procedure from the FEM modal analysis
data. This model allows effective description of low vibration bending modes
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of the blade taking into account the effects of coupling between flapwise and
lead-lag vibrations. The present paper is devoted to simulation of transient
vibrations of the wind turbine blade using the previously proposed simplified
model, on the basis of the mode superposition method and evaluation of its
effectiveness by comparison with the results of computations for the original
shell type FEM model.

2 Low-Dimensional Simplified Beam-Mass Model of
Turbine Blade

The real wind turbine blade is approximated by a piecewise homogeneous
cantilever beam consisting of N weightless sections of length Lk with lumped
masses mk, k = 1, N , located at the connection points between sections and
at the end point, as shown in Figure 1. To take into account the distribution
of twist angle in the blade geometry along its length, principal axes of beam
segments cross-sections xk, yk are rotated around longitudinal axis z by angles
αk (see Figure 2). The y-axis is oriented in the flap direction and the x-axis
is in lead-lag bending direction. The x and y axes of the global coordinate
system are oriented in the turbine rotor plane (lead-lag) and orthogonal to it
(flap) directions, respectively.

The deformation of each beam section in local coordinates is described by
standard Euler-Bernoulli equations:

(EIy)k
∂4uk

∂z4 = 0 and (EIx)k
∂4vk

∂z4 = 0, (1)

where (EIy)k and (EIx)k are the corresponding bending stiffnesses. Since the
beam sections are connected to masses and are parts of the dynamic system,

Figure 1 Schematic structure of the simplified beam-mass blade model.
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Figure 2 Orientation of the principal axes of beam segments cross-section xk, yk with respect
to axes of the global coordinate system x, y.

displacement components depend not only on z, the spatial coordinate, but
also on time t: uk = uk(z, t), vk = vk(z, t). Thus, we are dealing with a
discrete parameter model in which lumped masses are connected by beam
elements with distributed stiffnesses described by Equations (1).

In the beam elements displacements uk, vk are presented by general
solutions of homogeneous differential Equations (1) which are polynomials
of the third order. Using local coordinate ξk (measured from the beginning of
the segment in z direction), they can be written as:

uk = a0
(k) + a1

(k)ξk + a2
(k)ξ2

k + a3
(k)ξ3

k

vk = b0
(k) + b1

(k)ξk + b2
(k)ξ2

k + b3
(k)ξ3

k (2)

As the generalised coordinates for the components of displacements, the
coefficients a

(k)
j and b

(k)
j in (2) also are functions of time.

The components of basis unit vectors of the rotated k-th local coordinate
system in terms of reference global coordinate system (subscript “0”) are
presented as (see, for example, Reddy, 2006):

e(k)
x = (cos αk, sin αk)0, e(k)

y = (− sin αk, cos αk)0. (3)

Then, for the components of displacement vector for the k-th beam section
in the global coordinate system one has

uk = (uk, vk)k = uke(k)
x + vke(k)

y

= uk(cos αk, sin αk)0 + vk(− sin αk, cos αk)0
= (uk cos αk − vk sin αk, uk sin αk + vk cos αk)0, (4)

that corresponds completely to the relation given in (Reddy, 2006). Such
transformations are universal and affect the components of any other vectors,
such as moments and forces.
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At the points of connection between sections continuity conditions are
held i.e. the components, in the global coordinate system, of transversal
displacements and their derivatives with respect to z (rotations) as well as
components of bending moments are continuous. The components of shear
forces have jumps due to the applied external forces and inertial forces from
the lumped masses. At the free end (tip point), zero moment and shear force–
inertial force conditions hold. At the clamped point of the beam (z = 0),
the cantilever beam essential boundary conditions hold which give for the
coefficients of the beam solutions (2) a

(1)
0 = a

(1)
1 = b

(1)
0 = b

(1)
1 = 0. The

conditions for displacements, rotations and moments have the form of linear
algebraic equations, whereas the dynamic force conditions are ordinary differ-
ential equations. Together with expressions for the displacement components
at the end point in global coordinate system uEND , vEND these equations form
linear differential-algebraic (DAE) system with respect to components of the
vector of governing functions of the problem:

c(t) = {{ajk}N
k=0 · {bjk}N

k=0 · uEND · vEND}. (5)

In the previous article (Navadeh et al., 2017) only free vibrations were con-
sidered, and the components of external forces applied to the lumped masses
were omitted, thus the governing system of equations was homogeneous and
in matrix notations had the form:

Ac = Bc̈ (6)

where A and B are square and rectangular matrices of constant coefficients,
respectively. The detailed representation of the governing system of equations
in expanded form is given in (Navadeh, 2017) and will not be repeated here.

To obtain natural frequencies and eigenmodes i.e. shapes of natural
vibration modes for the simplified beam-mass blade model the solutions of
(6) are represented in exponential form c(t) = c̄eλt, which leads to solving
the generalised eigenvalue problem (Gruber, 2014):

Ac = λ2Bc, (7)

which gives the spectrum of eigenvalues, λ2
k, and corresponding eigenvectors

ck. The natural cyclic frequencies of vibrations are calculated by the formula

fk =
√

λ2
k/(2π), and components of the ck vectors are used to represent

shapes of the normal vibration modes by Equations (2).
Note that in (Navadeh et al., 2017) the differential equations of the

governing system, which are the component expressions in global coordinates
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of the second Newton’s law for the first N − 1 lumped masses of the
considered beam-mass model, were not solved with respect to the higher-
order (second) time derivatives of the ak+1

0 , bk+1
0 , k = 1, N − 1, which

are the components of displacements in local coordinate systems at the
connection points between beam sections (see Equation (2)), i.e. the dis-
placement components for the corresponding k-th masses. It’s not convenient
for the further analysis, and these equations should be transformed into a
simpler form.

From the conditions of the force balance at connection points between
beam segments (k = 1, N − 1) (Equation (7), (8) in (Navadeh et al., 2017))
and taking into account components F

(k)
x (t), F (k)

y (t) of external forces applied
at these points, we have following dynamic equations (hereinafter dots denote
temporal differentiation):

mk(ä
(k+1)
0 cos αk+1 − b̈

(k+1)
0 sin αk+1)

= F (k)
x (t) + 6a

(k)
3 (EIy)k cos αk − 6a

(k+1)
3 (EIy)k+1 cos αk+1

− 6b
(k)
3 (EIx)k sin αk + 6b

(k+1)
3 (EIx)k+1 sin αk+1, (8)

mk(ä
(k+1)
0 sin αk+1 + b̈

(k+1)
0 cos αk+1)

= F (k)
y (t) + 6a

(k)
3 (EIy)k sin αk − 6a

(k+1)
3 (EIy)k+1 sin αk+1

+ 6b
(k)
3 (EIx)k cos αk − 6b

(k+1)
3 (EIx)k+1 cos αk+1. (9)

Multiplying Equation (8) by cos αk+1 and Equation (9) by sin αk+1 and
adding them, we obtain

mkä
(k+1)
0 = F (k)

x (t) cos αk+1 + F (k)
y (t) sin αk+1

+ 6a
(k)
3 (EIy)k cos(αk − αk+1)

− 6a
(k+1)
3 (EIy)k+1 − 6b

(k)
3 (EIx)k sin(αk − αk+1). (10)

Then, multiplying (9) by cos αk+1 and (8) by sin αk+1 and subtracting the
second from the first, we obtain

mk b̈
(k+1)
0 = F (k)

y (t) cos αk+1 − F (k)
x (t) sin αk+1

+ 6a
(k)
3 (EIy)k sin(αk − αk+1) + 6b

(k)
3 (EIx)k cos(αk − αk+1)

− 6b
(k+1)
3 (EIx)k+1. (11)
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The dynamic equations at the end point of the beam have the form (see
Equation (9) in (Navadeh et al., 2017))

mN üEND = F (N)
x (t) + 6a

(N)
3 (EIy)N cos αN − 6b

(N)
3 (EIx)N sin αN ,

(12)

mN v̈END = F (N)
y (t) + 6a

(N)
3 (EIy)N sin αN + 6b

(N)
3 (EIx)N cos αN .

(13)

Since in further consideration the mode superposition method is applied,
we will not present here the sufficiently large algebraic equations which
express in governing DAE system the continuity conditions (Navadeh
et al., 2017), because the components of eigenvectors, used for the solution
representation, satisfy these equations identically.

3 Mode Superposition Method for Simulation of Transient
Dynamics of the Wind Turbine Blade

The considered simplified beam-mass model, the parameters of which were
obtained using the identification procedure, can effectively represent low fre-
quency bending vibrations of the blade with structural pre-twisting (Navadeh
et al., 2017). Because of this, to investigate transient deformations of the blade
using this model, instead of the direct solution of the linear DAE system,
which describes the dynamic behaviour of the wind turbine blade, that needs
utilization of special numerical methods (and moreover can give additional
errors due to the model inaccuracy in the higher frequency range), it’s more
effective to use the mode superposition technique.

In the framework of the mode superposition method (Bathe, 2014), the
solution for the vector of governing functions c(t) (5) of the linear DAE
system is represented as a linear combination of eigenvectors cm, obtained
from the generalized eigenvalue problem (6), with time-dependent coefficient
functions dm(t). To investigate low frequency bending vibrations of the blade
we will use the superposition of only the first M modes in the range, where the
using beam type model has sufficient agreement with more detailed FEM one:

c(t) ≈
M∑

m=1

dm(t)cm. (14)

Substituting corresponding components of the representation (14) into
dynamic equations (10)–(13), we obtain the following system of 2N ordinary
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differential equations with respect to the functions dm(t):

mk

M∑
m=1

d̈m(t)a(k+1)
0m = F (k)

x (t) cos αk+1 + F (k)
y (t) sin αk+1

+
M∑

m=1

dm(t)A(k)
m ,

mN

M∑
m=1

d̈m(t)uENDm = F (N)
x (t) +

M∑
m=1

dm(t)A(N)
m ,

mk

M∑
m=1

d̈m(t)b(k+1)
0m = F (k)

y (t) cos αk+1 − F (k)
x (t) sin αk+1

+
M∑

m=1

dm(t)B(k)
m ,

mN

M∑
m=1

d̈m(t)vENDm = F (N)
y (t) +

M∑
m=1

dm(t)BN
m .

(15)

Here k = 1, N − 1, a
(k+1)
0m , b

(k+1)
0m , uENDm, vENDm are components of

the m-th eigenvector cm, and

A(k)
m = 6a

(k)
3m(EIy)k cos(αk − αk+1) − 6a

(k+1)
3m (EIy)k+1

− 6b
(k)
3m(EIx)k sin(αk − αk+1),

A(N)
m = 6a

(N)
3m (EIy)N cos αN − 6b

(N)
3m (EIx)N sin αN ,

B(k)
m = 6a

(k)
3m(EIy)k sin(αk − αk+1) + 6b

(k)
3m(EIx)k cos(αk

− αk+1) − 6b
(k+1)
3m (EIx)k+1,

B(N)
m = 6a

(N)
3m (EIy)N sin αN + 6b

(N)
3m (EIx)N cos αN .

(16)

Then, using the Galerkin projection technique, we multiply equations in
(15) by corresponding components of j-th (j = 1, M ) eigenvectors used for
the solution approximation (14) and sum them. As the result we obtain M
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ordinary differential equations with respect to M coefficient functions dm(t):

N−1∑
k=1

mk

M∑
m=1

d̈m(t)a(k+1)
0m a

(k+1)
0j + mN

M∑
m=1

d̈m(t)uENDmuENDj

+
N−1∑
k=1

mk

M∑
m=1

d̈m(t)b(k+1)
0m b

(k+1)
0j + mN

M∑
m=1

d̈m(t)vENDmvENDj

=
M∑

m=1

d̈m(t)

[
N−1∑
k=1

mka
(k+1)
0m a

(k+1)
0j + mNuENDmuENDj

+
N−1∑
k=1

mkb
(k+1)
0m b

(k+1)
0j + mNvENDmvENDj

]

=
M∑

m=1

dm(t)

[
N−1∑
k=1

A(k)
m a

(k+1)
0j + A(N)

m uENDj

+
N−1∑
k=1

B(k)
m b

(k+1)
0j + B(N)

m vENDj

]

+
N−1∑
k=1

(F (k)
x (t) cos αk+1 + F (k)

y (t) sin αk+1)a
(k+1)
0j + FN

x (t)uENDj

+
N−1∑
k=1

(F (k)
y (t) cos αk+1 − F (k)

x (t) sin αk+1)b
(k+1)
0j + FN

y (t)vENDj .

(17)

Due to the orthogonality of displacements in eigenvectors with mass
weights we have:

M∑
m=1

d̈m(t)

[
N−1∑
k=1

mka
(k+1)
0m a

(k+1)
0j + mNuENDmuENDj

+
N−1∑
k=1

mkb
(k+1)
0m b

(k+1)
0j + mNvENDmvENDj

]
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= d̈j(t)

[
N−1∑
k=1

mk(a
(k+1)
0j )2 + mNu2

ENDj

+
N−1∑
k=1

mk(b
(k+1)
0j )2 + mNv2

ENDj

]
, (18)

that simplifies solving the ODE system (17), since its mass matrix is diagonal.
Finally, we can represent the obtained ODE system (17) in the matrix-

vector form, convenient for further numerical analyses (Bathe, 2014):

d̈ = P−1Qd + P−1f . (19)

Here d is a column vector of dj(t); and the diagonal components of the mass
matrix P are given as follows;

Pj =
N−1∑
k=1

mk(a
(k+1)
0j )2 + mNu2

ENDj +
N−1∑
k=1

mk(b
(k+1)
0j )2 + mNv2

ENDj ,

(20)

i.e. P = diag(Pj), and P−1 = diag(P−1
j ), the components of the stiffness

matrix Q have the form

Qjm =
N−1∑
k=1

A(k)
m a

(k+1)
0j + A(N)

m uENDj +
N−1∑
k=1

B(k)
m b

(k+1)
0j + B(N)

m vENDj ,

(21)

and the components of the load vector f are expressed as

fj =
N−1∑
k=1

(F (k)
x (t) cos αk+1 + F (k)

y (t) sin αk+1)a
(k+1)
0j + FN

x (t)uENDj

+
N−1∑
k=1

(F (k)
y (t) cos αk+1 − F (k)

x (t) sin αk+1)b
(k+1)
0j + FN

y (t)vENDj .

(22)

4 Results of Numerical Simulation

For simulation of the transient dynamics of the wind turbine blade using the
developed multi-segment beam-mass model in the frame described above
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i.e. mode superposition approximation, and for the graphical representation
of the results of computations, the Matlab codes were developed. Also
for setting loads in the FEM model of the blade, developed in ABAQUS
(2014), and extracting simulation results the corresponding Python scripts
were written.

To evaluate the effectiveness of the simplified model of the blade in
comparison with the detailed FEM model we consider the vibrations of the
blade under a step (in time) load in y direction, distributed along the top
reference line of the FEM model, as shown in Figure 3. The magnitude of
the load density varies linearly from the value –1000 N at the root of the
blade to −200 N at its end. This distribution was selected as the simplest
approximation to the wind load simulation that is based upon the data for the
blade chords given in (Chen and Chen, 2010).

In the present study, the simulations on the simplified beam model were
carried out for N number of segments, here N = 6, using the model
parameters obtained through the identification procedure in the previous
article (Navadeh et al., 2017). Coordinates of the end nodes zk (m), values of
bending stiffnesses EIx and EIy, twisting angles αk (degrees) for the k-th
sections, and lumped masses mk (kg), located at nodes, are given in Table 1:

In mode superposition representation (14) the first four modes were used.

Figure 3 Load distribution along the blade.

Table 1 Beam model segment data
k 1 2 3 4 5 6
zk 9.648 14.251 21.7315 29.212 36.6935 44.175
(EIx)k 7.2953·109 4.0715·108 1.1509·108 2.3845·107 8.6304·106 6.7160·106

(EIy)k 1.3532·1010 5.8728·109 1.9179·109 6.2110·108 2.7655·108 1.6842·108

αk −12.856 −10.263 −6.335 −3.665 −2.06 −1.52
mk 6985.084 2003.617 1.1509·108 2.3845·107 8.6304·106 6.7160·106
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The transient dynamic analysis for the shell type model in ABAQUS
was fulfilled by the method of direct time integration. (Explicit temporal
integration)

The results of simulation for displacements (m) in the y (flap) direction at
the nodes, where lumped masses are located, are shown on the time segment
from 0 to 3 seconds in Figure 4 (graphs a–f correspond to consecutive k-th
nodes, see Figure 1). Solid lines represent the displacements, obtained by the
simplified model, whereas dashed lines represent the results of the direct FEM
simulation.

The comparison of the graphs in Figure 4 demonstrates a close agreement
of the results, obtained by the simulation of the beam dynamic response under
a step in time impulse loading, using simplified beam-type blade model,
with more precise FEM ones. This indicates that the utilized four-mode
approximation is adequate and allows to describe low frequency vibrations of
the blade with sufficient accuracy for practical purposes.

Besides, in Figure 5 the time dependencies of the coefficient functions
dm(t) of the mode superposition representation (14), which define the
contributions of different modes into the solution, are presented as follows.

From Figure 5 it is seen that at the considered loading the magnitude
of d1(t) is almost twenty times greater than that of d2(t), and much more
than d3(t) and d4(t). The result of this, taking into account the shapes in
y direction of the first and second normal modes (which are represented in
(Navadeh, 2017) in Figure 5a, b), is domination of the first mode’s contribution
to displacements at the fifth and sixth nodes (see Figures 4e and f, respectively).
But at the fourth node, where the shape function of the first mode became
near four times less at the beam end, when the magnitudes of the second
and third mode shape functions have absolute values some more than a half
of their maxima (note that these modes have similar shapes in y direction,
but different frequencies), as can be seen in Figure 4d, the contribution of
the last modes is much more significant. Lastly, considering the graph of
displacements at the third node (Figure 4c) we see that the presence in the
used four-mode approximation of the fourth mode allow to represent motion
in time more detailed than it could be done if only three modes were taken
into account.

It should be noted that at the second node the displacements, obtained by
the simplified beam model, are about one and a half times greater in magnitude
than the corresponding values computed using more detailed FEM model, but
the shapes of their time dependencies remain similar. This is explained by
a decrease in the accuracy of the classical beam model (1) which is used
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Figure 4 Displacements (in meters) in flap direction at the nodes of the simplified beam
model; time is shown in seconds.

in the blade approximation. However this inaccuracy in many cases can be
neglected, because the magnitude of vibrations observing here is ∼1% of the
maximum magnitude at the blade’s end. The same can be said about the low
relational accuracy of the solution by the beam approximated model at the
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Figure 5 Coefficient functions of the mode superposition representation: (a) d1(t) (blue line),
d2(t) (red); (b) d2(t) (blue), d3(t) (red), d4(t) (yellow).

first node, where its magnitude relative to the magnitude of vibrations at the
blade’s end is ∼0.2% vise <0.04% after the FEM simulation.

5 Conclusions

Numerical study of transient dynamic response to pulse loading forms an
important integral part of dynamical investigation required for analysis and
design of wind turbine composite blade structures. In the present work the
question of simulation of the wind turbine blade dynamics, on the basis
numerical realisation of the approximated low dimensional beam type model
(which was developed in (Navadeh et al., 2017)), is considered.

At first, the equations of motion, that are included in the governing DAE
system of the simplified mass-beam model of the blade, were transformed to
ODE’s, solved with respect to the higher-order time derivatives of the node
displacement components of the vector of governing functions. This allows to
simplify the application of the mode superposition technique for approximate
simulation of transient wind turbine blade vibrations. This method was then
applied using a truncated set of generalised coordinates.

In the framework of the mode superposition method, the solution for the
vector of governing functions of the linear DAE system was represented as a
linear combination of eigenvectors, obtained from the generalized eigenvalue
problem, with time-dependent coefficient functions. It should be noted that
in practice for the investigation of low frequency bending vibrations of the
beam type structures frequently the approximations containing only the several
first vibrational modes is used, and here the number of modes is limited
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in the range, where using beam type model lead to sufficient accuracy and
reasonable agreement with the real blade behaviour (described more detailed
by the FEM model). As the result of substitution of the mode superposition
representation into governing DAE system and utilization of the Galerkin
projection technique, the linear ODE system with respect to coefficient
functions was obtained. Due to orthogonality of displacements in eigenvectors
with mass weights this system has a diagonal mass matrix and can be solved
by standard numerical methods.

For the evaluation of the accuracy of the developed simplified beam type
model of the wind turbine blade with mode superposition approximation in
comparison with the precise FEM model the vibrations of the blade under a
temporally step loading, the spatial profile of which varies linearly along the
blade, was considered.

The results of simulation of the transient dynamics of the blade in the
frame described above as the approximate model approach show a close
agreement with the results, obtained by the direct FEM simulation, which
indicates the consistency of this approach and its adequacy for describing
low frequency vibrations of wind turbine blades with sufficient accuracy for
practical purposes.

Modelling and simulation approaches developed in (Navadeh et al., 2017)
and in this paper can be applied not only for investigation of the wind turbine
blade dynamics, but also in broader fields of aerospace, civil, mechanical,
defense, and transport engineering (vibrations, stability and model based
control of wings, fuselages, space launchers, tall buildings, bridges, pipelines
and other one-dimensional structures).
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