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Abstract

In the current paper, the general procedure of the first and second-order
sensitivity analysis is presented using the extended complex variables method
(ECVM). In the traditional complex variables method, only the imaginary
step is used for sensitivity analysis. However, in the ECVM, both of the real
and imaginary parts are employed to improve the efficiency of the method.
To show this, the ECVM is applied to the steady state incompressible laminar
flow around a cylinder. The governing Navier-Stokes equations are solved
by the finite element method and then the ECVM is employed. The results
are validated through comparing with those of obtained by an analytical as
well as the finite difference methods and the convergence rate is investigated.
It is illustrated that the first-order sensitivity analysis is not influenced by the
change of the step length for both of the traditional and extended complex
variables methods. However, it is shown that unlike the traditional complex
variables method, the ECVM is less dependent on the step size for calculating
the second-order sensitivity. This can be considered as an enhancement in the
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efficiency of this method. Hence, the ECVM is suggested as an appropriate
technique for calculating simultaneously the first and second-order sensitiv-
ities with high accuracy as well as low computational cost. The proposed
method is applicable to a wide range of problems having simple or complex
parameters.

Keywords: First and second-order sensitivities analysis, extended complex
variable method (ECVM), Navier-Stokes equations, finite element method
(FEM).

1 Introduction

Sensitivity analysis may be regarded as a relatively new and powerful tool in
computational fluid dynamics (CFD). Sensitivity (first derivative of a function
with respect to a design parameter) demonstrates how a dependent variable
responds to the design parameter changes. Furthermore, it has numerous
applications including the extraction of optimization algorithms [1, 2], and
an estimation of the uncertainty estimates of the solution [3]. In the same
way, since sensitivity can be used to find the flow response with respect
to the design parameter changes, it may be applicable in the field of flow
control.

Various methods such as finite difference method (FDM), continuous
sensitivity method (CSM) [4, 5], discrete sensitivity method (DSM) [6, 7],
and complex variable method (CVM) [8, 9] can be incorporated in order to
determine sensitivity. The CVM has been recently used in different studies
and research due to its significant advantages. The complex variable method
was first developed by Lyness and Moler [10] and Lyness [11]. The deriva-
tives of real functions were determined by Squire and Trapp, using CVM [12].
In the field of aeronautics, Martins et al. [13] utilized a CVM solver in order to
determine the sensitivity for design optimization in 3D aerospace structures.
In addition, Martins et al. [14] used this method to calculate the sensitivity
in 2D computational fluid dynamics. Moreover, Anderson et al. [9] made
use of this method to determine the sensitivity derivatives of turbulent flows.
Rodriguez [15] took advantage of the complex variable method to obtain the
necessary gradients for a nonlinear optimization algorithm, coupled with the
Navier-Stokes equations of the flow, in order to design aircraft inlet ducts.
The complex variable method is independent of step size when is applied
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for calculating the first-order sensitivity. Therefore, highly accurate design
variables derivatives can be obtained using this method if it is implemented
properly [16].

For a great majority of engineering applications, an approximation of the
complex step is extracted and used only for the first-order derivatives. Also,
extracting an approximation of the second-order derivative is straightforward
using an imaginary complex step. However, like the finite difference method,
rounding error arises when step size is reduced due to subtraction error. On
the other hand, as the step size increases, the accuracy of the calculations
decreases due to the truncation error. Therefore, there is a limited region
in which by reducing the step size the accuracy increases. Thus, a tradeoff
should be considered between the rounding error and truncation one when
determining the second-order sensitivity.

Extended Taylor series with an imaginary complex step can be considered
as the traditional method for the extraction of first-order derivatives. Lai and
Crassidis [17] replaced this imaginary step with an imaginary as well as a
real complex step. The complex numbers can be described by the Euler’s
formula in terms of trigonometry functions. Therefore, the complex Taylor
series can also be extended in terms of angle. In order to derive the first and
second-order derivatives, a pair of Taylor series with the phase difference of
180-degree was utilized to obtain more accurate relations for the sensitivity
analysis [17]. Similar to the traditional complex variables method, rounding
error was not present in the new approximation of the first-order derivative;
however, truncation error was improved using this method. Furthermore, the
second-order derivative offers a better approximation regarding the rounding
error. To the best of the author’s knowledge, the extracted formulas have not
been yet utilized in engineering applications and the present work aims to fill
this gap promptly.

This paper aims to present a new application of the extended complex
variable method for the first and the second-order sensitivity analysis of the
steady state incompressible laminar flow around a cylinder. Firstly, the flow
regime is modeled using a nonlinear finite element method. Then, the first and
the second-order sensitivities are calculated using the extended complex vari-
ables method. A comparison has been made between the proposed method
and the other common methods for various step sizes and its advantages are
discussed in details.
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2 Navier-Stokes Equations

The laminar incompressible flow regime is modeled by momentum and
continuity equations as follows [18]:

ρ
∂u

∂t
+ ρu · ∇u = −∇P + f +∇ · [2µγ(u)] (1)

∇ · u = 0 (2)

Where ρ is the density, u is the velocity, P is the pressure, µ is the
viscosity, t represents time, γ(u) = (∇u +∇uT )/2 is the shear rate tensor
and f is the body force. Equations (1) and (2) are associated with the initial
conditions:

u(x, t = 0) = U0(x) in Ω (3)

And the Dirichlet and Neumann boundary conditions:

u(x, t) = UD(x, t) on ΓD (4)

T = [−P I + 2µγ(u)] · n̂ = FN on ΓN (5)

In which, U0 is the initial velocity on domain Ω, UD is the velocity
imposed along the boundary ΓD, I is the identity tensor and FN is the
imposed boundary value of the surface traction force T. For the steady-state
flows, the first term in the left side of Equation (1) is vanished.

3 The Pressure-Velocity Finite Element Model

The finite element method is based on this idea that each system physically is
composed from various pieces and therefore its solution can be expressed
for these pieces. For a two dimensional problem, the weight integral of
Equations (1) and (2) over a typical element by considering the integration
by part for the pressure and velocity terms is obtained as follows [18]:∫

Ωe

Q

(
∂vx
∂x

+
∂vy
∂y

)
dxdy = 0 (6)

∫
Ωe


wxρ

(
vx
∂vx
∂x

+ vy
∂vx
∂y

)
+ 2µ

∂wx
∂x

∂vx
∂x

+

µ
∂wx
∂y

(
∂vx
∂y

+
∂vy
∂x

)
+
∂wx
∂x

P − wxfx
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dxdy −
∮

Γe

wxTxds = 0 (7)

∫
Ωe


wyρ0

(
vx
∂vy
∂x

+ vy
∂vy
∂y

)
+ 2µ

∂wy
∂y

∂vy
∂y

+

µ
∂wy
∂x

(
∂vx
∂y

+
∂vy
∂x

)
+
∂wy
∂y

P − wyfy


dxdy −

∮
Γe

wyTyds = 0 (8)

where, Tx and Ty are the boundary traction stress components with the
following expressions:

Tx =

(
2µ
∂vx
∂x
− P

)
nx + µ

(
∂vx
∂y

+
∂vy
∂x

)
ny (9)

Ty = µ

(
∂vx
∂y

+
∂vy
∂x

)
nx +

(
2µ
∂vy
∂y
− P

)
ny (10)

In above equations, nx and ny are the components of the unit normal
vector n̂ on the boundary Γe. Also, the dependent variables (vx, vy, P ) are
approximated using the following series

vx(x, y) =
M∑
m=1

ψm(x, y)vmx (11)

vy(x, y) =
M∑
m=1

ψm(x, y)vmy (12)

P (x, y) =
N∑
n=1

φn(x, y)Pn (13)

in which, ψ and φ are shape functions. Also, vmx , vmy and Pn are the nodal
values of vx, vy and P , respectively. The weight functions Q, wy and wx have
the following forms:

Q ≈ P,wy ≈ vy, wx = vx (14)

Substituting Equations (11–13) into Equations (6–8), the following equa-
tion is obtained:[C(v)] [0] [0]

[0] [C(v)] [0]
[0] [0] [0]

{vx}{vy}{P}
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+

2[Sxx] + [Syy] [Syx] −[Sx0]
[Sxy] [Sxx] + 2[Syy] −[Sy0]
−[Sx0]T −[Sy0]T [0]

{vx}{vy}{P}


=

{F
1}

{F 2}
[0]

 (15)

The coefficients matrices of Equation (15) are defined as follows:

Ceij(v) =

∫
Ωe

ρ0ψ
e
i

(
vx
∂ψej
∂x

+ vy
∂ψej
∂y

)
dxdy

Sςηij =

∫
Ωe

µ
∂ψei
∂ς

∂ψej
∂η

dxdy; ς, η = x, y

Sς0ij =

∫
Ωe

∂ψei
∂ς

φejdxdy; ς, η = x, y

F 1 =

∫
Ωe

ρ0ψ
e
i fxdxdy +

∮
Γe

ψei Txds

F 2 =

∫
Ωe

ρ0ψ
e
i fydxdy +

∮
Γe

ψei Tyds

(16)

Equation (15) is a nonlinear algebraic system for obtaining of the vector
{{vx}, {vy}, {P}}T and can be solved using an iterative procedure such
as Newton’s method. There are two different elements associated with the
two sets of field variables (vy, vx) and P , and hence there are two different
element meshes corresponding to the two variables over the same domain, Ω.
The interpolation used for the pressure variable should be different from that
used for velocity. Because, the weak forms in Equations (6–8) contain only
the first derivatives of the velocities and do not include any derivative of the
pressure. In addition, the essential boundary conditions in this formulation do
not include pressure characteristics. However, they are satisfied as a part of
the natural conditions. The common elements used for the two-dimensional
flows of incompressible viscous fluids are shown in Figure 1.

4 Sensitivity Analysis

Sensitivity analysis is an important issue in design process and should be
consistent with the computational approach. Sensitivity analysis allows the
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Figure 1 The triangular and quadrilateral elements used for finite element model.

use of a descending gradient method for finding the optimal design and
determines which variable is more crucial at each stage of the design process.
Consider a discrete mathematical model corresponding to a physical system
described in the form of R(x,w) = 0, where x ∈ {x1, x2, . . . , xp}T
represents a set of independent design variables, and w is the state variable
vector. In addition, we assume that the desired output is described as the
function f(x,w). In a design problem, f may be considered as an objective
function that should be minimized or a constraint that needs to be satisfied.
Therefore, the sensitivity analysis can then be defined as the calculation of
the Kth-order partial derivative of f with respect to the independent variable
vector x. The first-order derivative of f is shown in Equation (17).

∇f =

{
∂f

∂x1
,
∂f

∂x2
, . . . ,

∂f

∂xp

}
(17)

The second-order derivative of f or in other words Hessian matrix f is
shown in Equation (18).

H =



∂2f
∂x21

∂2f

∂x1∂x2
· · · ∂2f

∂x1∂xp

∂2f

∂x2∂x1

∂2f

∂x2
2

· · · ∂2f

∂x2∂xp
...

...
. . .

...

∂2f

∂xp∂x1

∂2f

∂xp∂x2
· · · ∂2f

∂x2
p


(18)

4.1 The Finite Difference Method

Finite difference method can be considered as a commonly used method in
order to accurately estimate the derivatives of a function. The finite difference
approximation for derivatives may be obtained by removing negligible terms
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from the extended Taylor series of function f(x). The first and second order
derivatives formulas for the single-objective function areas follows:

df

dx
≈ f(x+ h)− f(x− h)

2h
+O(h2) (19)

d2f

dx2
≈ f(x+ h)− 2f(x) + f(x− h)

h2
+O(h2) (20)

The second order derivatives formulas for the multi-objective function
for obtaining Hessian matrix are as follows (for function with two dependent
variables for sample):

∂2f

∂x2
(x, y) ≈ f(x+ h, y)− 2f(x, y) + f(x− h, y)

h2
+O(h2) (21)

∂2f

∂y2
(x, y) ≈ f(x, y + h)− 2f(x, y) + f(x, y − h)

h2
+O(h2) (22)

∂2f

∂x∂y
(x, y) ≈ f(x+ h, y + h)− 2f(x, y) + f(x− h, y − h)

2h2

− 1

2

(
∂2f

∂x2
+
∂2f

∂y2

)
+O(h2) (23)

One of the features of the finite difference approximation is that the
simulator calculations of f (x) can be regarded as the black box and it is
necessary to perform it only for a selected set of points. Theoretically, the
accuracy of the approximation is dependent on the truncation error. This
means that the approximation error can be arbitrarily reduced when the steps
size is chosen small enough. In practice, due to the limitation in the accuracy
of the calculations (rounding error), the accuracy of the approximation is
strongly dependent on the step size h.

The truncation error is resulted from omitting the Taylor series terms.
On the other hand, the rounding error can be considered as the difference
between the numerical value of the function and its actual value. In order
to ensure the accuracy of the derivatives approximation, the combined error
(truncation error and rounding error) should be minimized. This leads to the
well-known problem of step size. Initially, we need to choose a step size that
minimizes the truncation error. However, the step size should not be chosen
so small which leads to the error of losing the significant figures. It has been
shown that as the step size decreases, the approximation error is also reduced.
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However, as the step size reaches to a critical point, the approximation error
starts to increase again.

4.2 The Complex Variable Method

The complex variable method is a numerical differentiation method which
is conceptually similar to the finite difference method. However, this method
has significant advantages in comparison with the finite difference method. In
order to describe the complex variable method, the analytical function f(x)
with the scalar complex variable x is considered. The function f(x) can be
expanded around the real point x using the Taylor series as follows:

f(x+ ih) = f(x) + ih
df

dx
− h2

2!

d2f

dx2
− ih3

3!

d3f

dx3
+ · · · (24)

where i =
√
−1. Hence, this method is also called the approximation

with a complex step. The real and imaginary parts of Equation (24) can be
considered as follows:

<[f(x+ ih)] = f(x)− h2

2!

d2f

dx2
+O(h4) (25)

=[f(x+ ih)] = h
df

dx
− h3

3!

d3f

dx3
+O(h5) (26)

Dividing Equation (26) by h, the first-order derivative of the function f is
obtained as follows:

df

dx
=
= [f (x+ ih)]

h
+O

(
h2
)

(27)

Equation (27) provides an estimation of the first-order derivative of the
function f (x) with O(h2). Contrary to the finite difference method, error
related to the loss of significant figures is not present in the upper approx-
imation of the first-order derivative, since subtraction is not involved. This
can be regarded as the most important advantage of the complex variable
approximation method with respect to the finite difference one since the
problem of choosing the appropriate step size has been effectively solved.
In theory, it is quite possible to choose arbitrarily a small step size, h, without
losing the accuracy of the calculations.
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It is worth noting that Equation (25) is used for obtaining the approxima-
tion of the second-order derivative as follows:

d2f

dx2
=

2(f(x)−<[f(x+ ih)])

h2
+O(h2) (28)

Contrary to the first-order derivative approximation, Equation (28) is
associated with the subtraction operator and therefore its accuracy is depen-
dent on the step size h.

The first and second order derivatives formulas for the multi-objective
function as follows:

∂2f

∂x2
(x, y) =

2 (f(x, y)−<[f(x+ ih, y)])

h2
+O(h2) (29)

∂2f

∂y2
(x, y) =

2 (f(x, y)−<[f(x, y + ih)])

h2
+O(h2) (30)

∂2f

∂x∂y
(x, y) =

f(x, y)−<[f(x+ ih, y + ih)]

h2

− 1

2

(
∂2f

∂x2
+
∂2f

∂y2

)
+O

(
h2
)

(31)

5 The Extended Complex Variable Method

Lai and Crassidis [17] developed a more accurate formula for determining
the first and the second-order sensitivities. However, this formulation has not
be used in engineering applications yet. The complex unit vector for different
angles (15-degree interval) is shown in Figure 2. Using common relations of
complex algebra, we can rewrite these vectors in the form of i(p/q) = eiθ,
with a phase angle of θ = (p/q)90 = (p/2q)π. The Taylor series expansion
with two complex steps having a phase angle difference of π, can be written
as follows:

f(x+ eiθh) = f(x) +
∞∑
n=1

eniθ
hn

n!
f (n)(x) (32)

f(x+ ei(θ+π)h) = f(x) +

∞∑
n=1

eni(θ+π)h
n

n!
f (n)(x) (33)

It should be noted that ei(θ±π) = −eiθ. In addition, instead of presenting
the complex step i in power or exponential form, it can be also described
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Figure 2 Various complex numbers.

by the Euler’s formula eiθ = cos θ + i sin θ in the trigonometry form.
Adding and subtracting of Equations (32) and (33), the following relations
are derived:

f(x+ eiθh) + f(x+ ei(θ+π)h)

= 2f(x) + 2
∞∑
n=1

[cos 2nθ + i sin 2nθ]
h2n

(2n)!
f (2n)(x) (34)

f(x+ eiθh)− f(x+ ei(θ+π)h)

= 2
∞∑
n=1

[cos(2n− 1)θ + i sin(2n− 1)θ]
h2n−1

(2n− 1)!
f (2n−1)(x) (35)

In order to achieve a higher efficiency, we only consider the imaginary
part in this case, therefore:

=(f(x+ eiθh) + f(x+ ei(θ+π)h))

= 2
∞∑
n=1

sin 2nθ
h2n

(2n)!
f (2n)(x) (36)
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=(f(x+ eiθh)− f(x+ ei(θ+π)h))

= 2
∞∑
n=1

sin (2n− 1)θ
h2n−1

(2n− 1)!
f (2n−1)(x) (37)

The first and second-order derivatives are obtained for each angle with
a complex step using Equations (36) and (37). However, an appropriate
angle θ should be chosen to take the advantage of the complex variables
method. Considering Equations (36) and (37), one can find the situations
where some of the sin functions are zero. These situations are desirable
and can be employed to increase the convergence rate of the Taylor series
approximation. By choosing appropriate angles, one can reach to the effective
and accurate relations. The angles of θ = 45◦ and θ = 60◦ are two special
angles that vanishes many coefficients of Equations (36) and (37) when they
are substituted in the mentioned equations.

5.1 The Case θ = 45◦

Substituting θ = 45◦ in Equation (36), we obtain the following relation:

f ′′(x) =
=[f(x+ i1/2h) + f(x+ i5/2h)]

h2
Etrunc(h) =

h4

360
f (6)(x)

(38)
Note that when n = 2, the imaginary components are zero sin 2nθ = 0.

Therefore, the first non-zero value occurs when n = 3, which corresponds
to O(h4). Subtraction error is still present in this approximation. However,
its truncation error is h4f (6)(x)/360, while the corresponding error for
Equation (28) is h2f (4)(x)/12.

In order to calculate the first and second-order derivatives using Equa-
tions (27) and (38), it is required to determine f(x + ih), f(x + i1/2h) and
f(x + i5/2h). To obtain the first-order derivative using f(x + i1/2h) and
f(x + i5/2h), the value θ = 45◦ is substituted in Equation (37) and the
following relation is yielded:

f ′(x) =
=[f(x+ i1/2h)− f(x+ i5/2h)]

h
√

2
Etrunc(h) = −h

2

6
f (3)(x)

(39)
It should be noted that the error of above equation is equal to that of Equa-

tion (27) and therefore similar results are obtained. However, Equation (39)
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utilizes the same functions as in Equation (38). Since f(x+ i1/2h)− f(x+
i5/2h) = f(x+ i1/2h)− f(x− i1/2h), the subtraction error is not presented
in Equation (39) and the imaginary parts are added with each other. The
interesting point in Equations (38) and (39) is that the first and second
derivatives are obtained by two times simulation and the accuracy of the
second-order sensitivity is in order of fourth.

The first and second order derivatives formulas for the multi-objective
function as follows:

∂2f

∂x2
(x, y) =

=[f(x+ i1/2h, y) + f(x+ i5/2h, y)]

h2
+O(h4) (40)

∂2f

∂y2
(x, y) =

=[f(x, y + i1/2h) + f(x, y + i5/2h)]

h2
+O(h4) (41)

∂2f

∂x∂y
(x, y) =

=[f(x+ i1/2h, y + i1/2h) + f(x+ i5/2h, y + i5/2h)]

2h2

− 1

2

(
∂2f

∂x2
+
∂2f

∂y2

)
+O(h4) (42)

5.2 The Case θ = 60◦

Substituting θ = 60◦ in Equations (36) and (37), we obtain the following
relations:

f ′(x) =
=[f(x+ i2/3h)− f(x+ i8/3h)]

h
√

3
Etrunc(h) =

h4

120
f (5)(x)

(43)

f ′′(x) =
=[f(x+ i2/3h) + f(x+ i8/3h)]

h
√

3
Etrunc(h) =

h2

24
f (4)(x)

(44)

As it can be seen, the relation related to the first-order derivative is
more accurate than the second-order one. Unlike the second-order derivatives
which contain subtraction and truncation errors, the first-order derivatives
are not associated with subtraction errors. Therefore, the relations obtained
for the case θ = 45◦, i.e. Equations (38) and (39), are more suitable for
calculating the derivatives.
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6 Numerical Examples

For applying the complex variable method, a simulation code is required such
that it does not utilize the complex variables. To take the advantage of the
method, an automated approach may be used to generate the modified code
which can provide both the values of the function and its derivatives. The
process of generating the complex version of the original code is as follows:

1. Substituting all real variables with complex ones.
2. Defining all functions and operators that have not been defined for the

complex numbers.
3. Using the complex domain for each independent variable and derivative

calculation.

The implementation of the FEM code and sensitivities algorithm is done
in MATLAB software therefore the first step can be easily conducted since
this software accepts complex numbers as standard input data. The MATLAB
solver is used to solve the system of equations obtained by finite element
discretization. Careful attention should be paid to the second step since the
approximation of the complex step is based on the assumption that f (x) is an
analytical function. It is absolutely vital to check carefully the validation of
this theory when substituting the functions and operators into the complex
form. The third step can also be conducted using the obtained relations.

In this section, the extended complex variables method is first validated
using an artificial solution. The derivation process is performed on an artifi-
cial solution and its result, which is an exact expression, is used for sensitivity
calculations. Afterwards, the method is applied for a uniform flow around
a cylinder and the results are compared with those of the finite difference
method.

6.1 Verification

A velocity field for constructing an artificial solution with steady state,
incompressible and laminar assumption is assumed as follows:

u =

{
vx
vy

}
=

{
sin(ay)
sin(bx)

}
P = x (45)

Using above relation, the continuity conditions is satisfied and the flow
divergence is zero. These relations are substituted in the Navier-Stokes
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equations to define the body force f ensuring that the momentum equation
(Equation (1)) are satisfied. The body forces are obtained as follows:

f = ρu · ∇u−∇ · [2µγ(u)] +∇P

=

{
ρa sin(bx) cos(ay) + µa2 sin(ay) + 1
ρb sin(ay) cos(bx) + µb2 sin(by)

}
(46)

The computational domain is square with ten units in length, which
is shown in Figure 3. The boundary conditions for the FEM solution are
obtained by replacing the coordinates of the boundaries in the Equation (45).
One unit for “µ, ρ, b” and two units for “a” are considered. Equations (27),
(28), (38) and (39) are used to calculate the sensitivities based on the complex
variables method. The sensitivities are computed with respect to the parame-
ter “a” at the point (x, y) = (2, 2). Figure 4 compares the streamlines obtained
by the exact and numerical methods. As it can be seen, there is a good
agreement between two obtained solutions. Figure 5 shows that the relative
error calculated for the velocity and pressure of the flow decreases when the
elements number increases. Figure 6 illustrates the relative errors obtained

x

y

-5 0 5

-6

-4

-2

0

2

4

6

Figure 3 Computational domain and mesh for the validation problem (3200 element).
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)b()a(

Figure 4 Streamline for the validation problem, (a) exact solution, (b) numerical solution.
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Figure 5 Convergence of velocities and pressure with respect to the number of elements for
the validation problem.

for the first and second order sensitivities of the flow horizontal velocity u
with respect to the elements number. The extended complex variable method
(ECVM) is applied for calculating the sensitivities. It is observed that there
is a one-to-one correspondence between the horizontal velocity error and its
sensitivities. It means that the sensitivity error is low when the velocity error
is low. Figure 7 compares the first and the second order sensitivities obtained
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Figure 6 Convergence of the flow horizontal velocity, the first and second-order sensitivity
with respect to the number of elements in the validation problem (u: horizontal velocity, us:
first-order sensitivity and uss: second-order sensitivity).
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Figure 7 Comparison of solution and convergence of first and second-order sensitivity with
respect to the number of elements using the traditional and extended complex variable methods
(CVM: traditional complex variable method, ECVM: extended complex variable method).
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Figure 8 Comparison of convergence of first and second-order sensitivity with respect to
the step size using the traditional and extended complex variable methods (CVM: traditional
complex variable method and ECVM: extended complex variable method).

by the ECVM and traditional complex variable method. As it can be seen, the
ECVM has the ability of calculating the first and the second order sensitivities
with high precision. In Figure 8 the effect of step size on the sensitivity
relative error is examined by considering 6728 elements for the problem. As
it is expected, both of traditional and extended complex variable methods
have almost the same treatment for the first-order sensitivity. However, for
the second order sensitivity, they show different behavior with respect to the
step size especially for the smaller ones. As it can be seen, the relative error
obtained by the extended complex variable method almost remains constant
and is independent of step size. Therefore, the ECVM is more preferred for
obtaining the second order sensitivity.

6.2 The Flow Around a Cylinder with a Low Reynolds Number

To examine the extended complex variable method in an engineering prob-
lem, two-dimensional flow of an incompressible fluid around a cylinder is
considered. For this problem, the sensitivity of the drag coefficient (Cd) of
the flow with respect to the input velocity is calculated. The cylinder locates
in the finite domain Ω: {−15.5 ≤ x ≤ 30.5,−20.5 ≤ y ≤ 20.5} and
its diameter is one unit. The cylinder axis is situated at (x, y) = (0, 0).
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Figure 9 Computational domain and flow boundary conditions around the cylinder.
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Figure 10 (a) The finit element model for flow pasing around a cylinder, (b) Close-up view
of the elements generated around the cylinder.

The location of the cylinder and its surrounding flow are depicted in Figure 9.
The domain is considered large enough to enforce the free flow boundary
condition at its top and bottom to have no substantial effect on the results.
The value of the velocity in x direction for the inlet (u0) and also upper
and lower boundaries is assumed to be one. The free-stream velocity, known
as u∞, is considered unit. In the domain, the velocity in y direction is
set to zero. The boundary conditions of the outflow are free conditions.
The Reynolds numbers is chosen 40 which can be solved as steady state
solution. Reynolds number is determined based on the free-stream velocity
and cylinder diameter. Figure 10(a) shows the finite element model including



624 M. Hassanzadeh

7026 elements. Six-node-triangle and three-node elements are considered
for the velocity and pressure, respectively. A close-up view of the elements
generated around the cylinder is illustrated in Figure 10(b). The number of
degree of freedom is 32177.

Figure 11 illustrates the pressure coefficient (CP ) along the cylinder
surface for the Reynolds 40. As it can be seen, the results of present finite
element model are very close to the experimental values obtained by Grove
et al. [19]. In Table 1, the drag coefficients obtained by the present numerical
model are compared with those of reported experimentally by Tritton [20].
There is a good agreement between the numerical and experimental results.
Figure 12 demonstrates the pressure contours and streamlines obtained by the
present numerical model at the behind of the cylinder for Reynolds 40.

To determine the drag sensitivity of the fluid flow with respect to the inlet
velocity u0, Equations (27), (28), (38) and (39) are employed. To achieve
this aim, it is required to apply a small perturbation on the value of the inlet
velocity. In the complex variables method, the small variation on the inlet
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Figure 11 Comparison the pressure coefficients along the cylinder surface CP obtained by
the present numerical model and those reported by Grove et al. [19] for Re = 40.

Table 1 Comparison of drag coefficients obtained by the present numerical model and those
reported in [20]

Reynolds Number Present Work Experimental Results [20] Relative Error
40 1.5535 1.56 −0.42%
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Figure 12 Pressure contours and streamlines resulted from a fluid passing around a cylinder
for Re = 40.

velocity is performed as follows:

u0 = u0 + inh (47)

In which, h denotes the step and i =
√
−1. Also, the parameter n is

equal 1 and 0.5 for the traditional and extended complex variables methods,
respectively. The first-order sensitivity of the drag coefficient with respect
to the inlet velocity, i.e. (∂Cd

∂u0
), is calculated and presented in Table 2 for

various step sizes. In this table, the results of the finite different method
achieved using Equation (20) are also reported. The sensitivities calculated
by both of the traditional and extended complex variables methods are in
good agreement with those of obtained by the finite difference method. As
it can be seen, the results of complex variables methods are not sensitive to
the step sizes. In other words, the complex variables method leads to accurate
and acceptable results for a wide range of step sizes. For larger step sizes, all
three mentioned methods provide satisfactory results and are less dependent
on the truncation error.

Figures 13 and 14 show the dependency of the drag coefficient and its
first-order sensitivity with respect to the number of elements, respectively.
They illustrate the dependency of calculated values to the number of elements
without any special trend.
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Table 2 Comparison of the first-order sensitivity of the drag coefficient with respect to the
flow inlet velocity (∂Cd/∂u0) for Reynolds number 40

Step size ECVM CVM FDM
1.00E-02 2.46016379307537 2.46017884525240 2.46016379244995
1.00E-04 2.46017131841091 2.46017131991619 2.46017131841136
1.00E-06 2.46017131916348 2.46017131916363 2.46017131877440
1.00E-08 2.46017131916355 2.46017131916355 2.46017133331832
1.00E-10 2.46017131916355 2.46017131916356 2.46017317628854
1.00E-12 2.46017131916355 2.46017131916356 2.46003217796442
1.00E-14 2.46017131916355 2.46017131916355 2.45359288442159
1.00E-15 2.46017131916355 2.46017131916355 2.22044604925031
1.00E-16 2.46017131916355 2.46017131916356 1.11022302462515
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Figure 13 The dependency of the drag coefficient to the number of elements.

The second-order sensitivity of the drag coefficient with respect to the
inlet velocity, i.e. (∂

2Cd

∂u20
), is calculated and presented in Table 3 for various

step sizes. Similar to Table 2, the results of the finite difference method are
also reported. According to Table 3, it can be observed that the second-order
sensitivities obtained by the traditional complex variables method as well as
the finite difference method are dependent to the step size. The results are
valid only in the range of 10−6–10−2. However, regarding Table 3, it can
be seen that the second-order sensitivities obtained by the extended complex
variables method remain almost unchanged and are valid for small as well
as large step sizes. In other words, the extended complex variable method is
accurate for wide range of step size and this can be considered as the main
advantage of the method.
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Figure 14 The dependency of the first-order sensitivity of the drag coefficient to the number
of elements (Cds : ∂Cd/∂u0).

Table 3 Comparison of the second-order sensitivity of the drag coefficient with respect to
the inlet velocity (∂2Cd/∂u

2
0) for Reynolds number 40

Step Size ECVM CVM FDM
1.00E-02 1.57062477114552 1.57062020165188 1.57062933445306
1.00E-04 1.57062476960595 1.57062465255819 1.57062489680726
1.00E-06 1.57062476745618 1.56985535681997 1.57185375826429
1.00E-08 1.57062467290612 0.00000000000000 13.32267629550180
1.00E-10 1.57064020735803 −8.88E+04 6.66E+04
1.00E-12 1.57055264253537 −8.88E+08 8.88E+08
1.00E-14 1.67238511906854 −8.88E+12 2.22E+12
1.00E-15 1.77493703674727 −4.44E+14 2.66E+15
1.00E-16 0.00000000000000 −8.88E+16 −2.22E+16

The comparison of Tables 2 and 3 shows that the accuracy of the second-
order sensitivity is more affected by the step size. Moreover, the traditional
complex variables method used for calculating the second-order sensitivity
is somewhat dependent on the step size and the results are affected by
the rounding and truncation errors. Hence, the extended complex variables
method is suggested as a powerful technique for calculating the first as well as
the second order sensitivities and the results are valid for a wide range of step
size. Figure 15 illustrates the dependency of the second-order sensitivity of
the drag coefficient with respect to the number of elements. By increasing the
element number, aconvergence trend is seen for the second-order sensitivity
while its effect on the results is negligible.
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Figure 15 The dependency of the second-order sensitivity of the drag coefficient with
respect to the number of elements (Cdss : ∂2Cd/∂u

2
0).

6.3 The Flow Around Two Rotating Cylinders: Multi-objective
Problem

In this example, the sensitivities of a multivariate problem are investigated
using various methods. Consider the two-dimensional incompressible fluid
flow around the two rotating cylinders with bounded in Ω = [0, 46]× [0, 41].
Boundary condition comprises a specific value 1.0 for x velocity component
in the inflow. In upper and lower boundaries, the velocity of the y-direction
component is zero and boundary conditions of outlet flow are free. The
simulation is performed for Re = 40.

Figure 16 illustrates discretizing the geometry around the cylinders via
considered parameters for calculating sensitivity analysis. The total number
of elements is 5280.

It should be noted that the radius and angular velocity of both left and
right cylinders are 0.5 and 5, respectively. The distance between the two
cylinders is 2.

The values of drag coefficients sensitivity with respect to the radiuses of
cylinders, the distance between the two cylinders and inlet velocities using
various approaches are mentioned in Tables 4 and 5. As can be seen from the
given tables, the results have a proper similarity.

It is observed that the highest absolute value of the first-order sensitivity
among the parameters is the left cylindrical radius. Afterward, the radius of
the right cylinder, the inlet velocity, and the distance between the two cylin-
ders respectively have the most impact. However, for second-order sensitivity,
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Figure 16 Computational domain and mesh for flow past over two circular cylinder.
(a) Computational mesh. (b) Close-up view of the geometric discretization around the circular
cylinders.

Table 4 Comparison of the first-order sensitivity of the drag coefficient relative to the various
parameter for flow past over two cylindrical cylinders

ECVM CVM FDM
∂CD/∂U0 4.0226 4.0226 4.0226
∂CD/∂Rl −7.3697 −7.3697 −7.3697
∂CD/∂Rr −5.7449 −5.7449 −5.7449
∂CD/∂s 0.67737 0.67737 0.67737

Table 5 Comparison of the second-order sensitivity of the drag coefficient relative to the
various parameter for flow past over two cylindrical cylinders

ECVM CVM FDM

∂2CD/∂U2
0 −4.2389 −4.2388 −4.2389

∂2CD/∂R2
l −120.96450 −120.9650 −120.9656

∂2CD/∂R2
r −123.0995 −123.0995 −123.0993

∂2CD/∂s2 −10.6255 −10.6255 −10.6253
∂2CD/∂U0∂Rl 10.0658 10.0657 10.0658
∂2CD/∂U0∂Rr 27.8215 27.8215 27.8215
∂2CD/∂U0∂s −4.8855 −4.8855 −4.8854
∂2CD/∂Rl∂Rr 9.4336 9.4336 9.4336
∂2CD/∂Rl∂s 9.7955 9.7955 9.7956
∂2CD/∂Rr∂s 11.2570 11.2570 11.2569
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the highest absolute value belongs to the radius of the right cylinder, and then
the radius of the left cylinder, the distance between the two cylinders and
the inlet radius respectively have the most impact. There are also interactions
between different parameters.

As can be seen, the Hessian matrix of the function can be calculated for
design and optimization purposes with the various methods mentioned with
different precision.

7 Conclusion

In this paper, the extended complex variables method was employed to
calculate the first and the second order sensitivities of design parameters in
an incompressible laminar flow around a cylinder. The finite element method
was utilized for modeling the problem. The obtained results were compared
with those of achieved by the traditional complex variables method as well as
the finite difference method. The results are summarized as follows:

• The flow regime can be accurately modeled using the finite element
method.

• The sensitivity analysis is dependent on the step size as well as the
number of elements.

• For calculating the first-order sensitivity, the traditional and the extended
complex variables methods are independent of step size and lead to
highly accurate results. The finite difference method from the step 10−14

to 10−2 and the others from the step smaller than 10−2 are unlimitedly
reached to the correct answer.

• In comparison with the first-order sensitivity, the second-order sensitiv-
ity is more influenced by the step size.

• For calculating the second-order sensitivity, the extended complex vari-
ables method results in accurate results for a wide range of step size. By
decreasing the step size from 10−2 to 10−12, the results remain accurate.
However, for the traditional complex variables and the finite difference
methods, the accuracy remains only up to the step size 10−6 and the
error increases by decreasing the step size.

• The use of complex variables method is recommended when the aim is
merely to determine the first-order sensitivity since this method is highly
accurate and the step size is not an issue here. However, if additionally
the calculation of second-order sensitivity is required, it is preferable
to utilize extended complex variables method, since using only two
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times modeling with the complex variable, the first and second-order
sensitivities can be obtained accurately.

• The extended complex variables method is proposed as an appropri-
ate technique for sensitivity analysis which can be effectively utilized
in engineering problems. The first and the second order sensitivities
obtained by this method are highly accurate and are independent of step
size.
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