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Robust control of PGD-based numerical simulations
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In this paper, we develop an error estimator that enables to control effectively the quality
of numerical solutions obtained using proper generalised decomposition. The method is
based on the Constitutive Relation Error and the construction of associated admissible
fields. It takes all error sources (discretisations, truncation of the modal representation, etc.)
into account and can be used, introducing adjoint-based techniques, for goal-oriented error
estimation. Furthermore, specific indicators can be derived to split error contributions and
thus drive adaptive procedures in an optimal manner.

Dans ce travail, nous développons une méthode d’estimation d’erreur qui permet de
contréler efficacement la qualité des solutions numériques obtenues par la PGD. L’estima-
teur associé est basé sur la notion d’Erreur en Relation de Comportement et s’appuie donc
sur une solution admissible. Il prend en compte toutes les sources d’erreur (discrétisations
en espace et en temps, troncature de la représentation modale, ...) et peut étre utilisé,
conjointement aux techniques de I’adjoint, pour le controle d’erreur sur des quantités
d’intérét. De plus, des indicateurs spécifiques permettent de séparer les contributions des
différentes sources afin de pouvoir conduire de facon optimale des procédures adaptatives.
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1. Introduction

Among all model reduction methods which are available nowadays, the proper generalised
decomposition (PGD) is very promising and is the object of numerous research works (Chin-
esta, Ammar, & Cueto, 2010; Chinesta, Ladeveéze, Ammar, Cueto, & Nouy, 2009; Ladeveze,
Passieux, & Néron, 2009; Nouy, 2010). This method is based on a representation of the
solution using separated variables functions (or modes); this kind of representation, initially
derived from Proper Orthogonal Decomposition (POD), enables a linear increase of the num-
ber of unknowns with respect to the number of parameters in the problem. However, contrary
to POD, the originality of PGD is that it does not lean upon a projection basis that would be
a priori given (the construction of such a basis requiring a knowledge, at least partial, of the
solution of the problem); in the PGD, an iterative strategy is set up and modes are computed
on the fly along iterations by solving simple one variable problems.
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Despite numerous advantages of PGD, a major limitation resides in the fact that there is
currently no robust verification tool in order to measure the quality of the obtained approxi-
mate PGD solution. Basic results on a priori error estimation for representations by means of
separated variables functions can be found in Ladeveze (1998), whereas a first attempt for a
posteriori error estimation in the PGD framework was proposed in Ammar, Chinesta, Diez, &
Huerta (2010). Nevertheless, those works do not provide guaranteed and accurate error esti-
mates, which is a serious drawback for relevant design using PGD.

In this work, we introduce a robust error estimation method for numerical simulations
based on PGD (Ladevéze & Chamoin, 2011). The estimator is based on the concept of con-
stitutive relation error (CRE) and associated admissible fields (Ladevéze & Leguillon, 1983;
Ladevéze & Rougeot, 1997; Ladevéze & Pelle, 2004). Considering transient thermics prob-
lems, we show that the construction of admissible fields can be performed by means of a
double PGD approach: (i) a classical kinematic approach in order to construct a temperature
field which is kinematically admissible (KA) and (ii) a (non-classical) dual approach in
order to build a flux field which is statically admissible (SA). Nevertheless, both approaches
lead to problems that can be easily solved with standard tools available in commercial
codes; this makes the proposed error estimation method practical and relevant for industrial
applications.

The estimate takes all error sources into account — that are, in our case, space and time
discretisations — as well as the truncation of the series in the modal representation. Further-
more, specific indicators are introduced in order to split error contributions among all sources
and drive adaptive algorithms effectively. Eventually, adjoint-based techniques are introduced
in order to use the estimate based on CRE for goal-oriented error estimation, i.e. control of
the error on outputs of interest which may be relevant for design purposes.

The paper is organised as follows: after this introduction, the reference transient thermics
problem as well as its PGD approximation are presented in Section 2; Section 3 is devoted to
the construction of admissible fields in the PGD framework; global and goal-oriented error
estimators based on CRE, as well as the construction of error indicators, are then introduced
in Section 4 and numerical results on 2D applications are shown in Section 5, before drawing
concluding remarks in Section 6.

2. Reference problem and PGD approximation

2.1. Reference problem

We consider a transient thermics problem on a given structure represented by an open
bounded domain Q, with boundary 9Q, and over the time interval Z = [0, T]. Structure Q is
subjected to a given temperature (supposed zero here) on boundary 9,Q C 9Q (0,Q # 0),
and to a time-dependent given thermal loading: (i) a thermal flux gq4(x,¢) on 9,Q C 0Q, with
0,2N0,Q=0 and 9,QU 9,Q = 0Q and (ii) a source term f3(x,) in Q. The material is
assumed to be isotropic, with diffusion coefficients y, density p and thermal capacity c. Initial
conditions are considered equal to zero. The associated problem consists of finding the tem-
perature—flux pair (u(x, ), q(x,?)), with (x,#) € Q x Z, verifying:

e thermal constraints:

u=0 ondQx7Z (1)
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* equilibrium equations:

pc%:_VqH% inQx7; q-m=gg ongQxT @)

e constitutive relation:

q=—uVu inQx7T (3)

* initial conditions:
u(x,0") =0 vxecQ (4)
n denotes the outgoing normal to Q. In the following, the change of variable ¢ — —q is done
so that the constitutive relation reads q = uVu.
Introducing functional spaces V and 7 that ensure the regularity required in space and

time, respectively, the weak formulation of the problem reads: find solution u € ¥V ® 7 such
that:

Bu,v)=L(v) WweVeT (5)
where B(-,-) and L(-) are bilinear and linear forms defined as:
r
Blu,v) = / b(u, v)di + / u(x, 0" )v(x, 0°)d<;
0 o
r Ou
Lv) = / I(v)dr with b(u,v) = /{pcav + uVu - Vv}dQ and
0 o

i) = /Q fvdQ — /quqdvdS. (6)

The exact solution of (5), which is generally unreachable, is denoted (uey, q.,). Eventu-
ally, we introduce the following inner products and norms, for functions ¥ and v in V® 7:

(U, vyg = [uvdQ;  (u,v);= fOT wvdt;  ((u,v)) = fOT Jo uvdQdr

IWlla =V v:viai  [Mlz= Vvl VI = v

(7)

2.2. Approximation using PGD

In model reduction methods based on separated variables representation (variables being x
and ¢ here), the idea is to construct an approximation of u(x,f) as a series of m modes, i.c.
products of space and time functions:

u(X, 1) % up (X, 1) = zm: i (x)2i(t) = ¥ (x) - A (1) (8)
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where W,,(x) = [V, (X), V5 (x), ..., ¥, (xX)]" (resp. An(t) = [A1(2), 72(t), ..., 2m()]") is a
reduced basis of space (resp. time) functions and m € N is the representation order. In the
PGD approach (Chinesta et al., 2009, 2010; Ladeveze et al., 2009; Nouy, 2010), neither func-
tions 4;(¢) nor functions 1;(x) are given initially, and both families are computed on the fly.

We describe here a classical procedure for PGD, called progressive Galerkin. We assume
that a separated variables representation u,, ; = ¥,,_; - A,,—; of order m — 1 is known. A
new couple (Y, 4) € V x 7 is defined for the order m representation as the one that verifies
the following double Galerkin orthogonality criterion:

Bty + YL Y2+ Y ) =LY+ 2) YA €T, W eV 9)
We can thus define the two following applications:

* S, :7 —V is the application that maps a time function A into a space function
W = S,(1) defined as:

Bluw-y + Y207 2) =L(Y"7) V' €V (10)
It is associated to a (time-dependent) space problem.

e Tn:V — T is the application that maps a space function i into a time function
7= Tu() defined as:

Bt + W7y = LWJ") VA eT (11)

It is associated to a time problem (scalar ODE).

A couple (y, 1) verfiies (9) if and only if ¥ = S,,(1) and 1 = T, (), which is a non-
linear problem. This version of PGD can then be interpreted as a pseudo eigenvalue prob-
lem, functions ¥ and A, respectively, being dominating eigenfunctions of applications
G, =8,0T, and G,,, = TnoS, (Nouy, 2010). This interpretation is useful as it enables
to propose dedicated algorithms, inspired from those used in eigenvalue problems, to build
the PGD representation. One of these algorithms, denoted power iterations algorithm, is
described below:

— for m =1 to my,,,

—> define ¥ (initialisation)
— for k =1 to kyux

— compute 1//<k) =8,(4
— normalise /* (||y™[|o = 1)

— compute 20 = Tm(w(k))

— cheque convergence of (1y*),*))

— end for

— define ¥, = y* and 2,, = A%

— define u,, = u—1 + ¥,/ and check convergence
— end for

We therefore remark that u,, is obtained from the solution of a few space or time problems,
without any knowledge on u; the first step W) = Sm(/l(k_])) of the iterative strategy, which is

the most costly, consists of solving a space problem with fixed time function A5 the sec-
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ond step AR = Tm(lp(">) consists of solving a time problem over the whole domain Z, with
fixed space function 1//(k). In practice, both problems are solved with classical numerical meth-
ods, i.e. the finite element method (FEM) and a given time integration scheme.

At a given order m, space function \,, can be orthogonalised with respect to the existing
space basis {{1,V,,..., ¥, _1}; this procedure generally gives better results. Another simple
modification in the power iterations algorithm was proposed to construct a better PGD repre-
sentation with reasonable computational cost (Ladevéze et al., 2009; Nouy, 2010). It consists
of introducing application T in order to update the whole set of time functions A,, after each
construction of a new couple (1,,, 4,). This leads to the following algorithm:

— for m=1 to m,,,,
— do steps 2 to 8 of the classical power iterations algorithm

— define y,, = i)

— compute A, = T(Wy,)

— define u,, = ¥,, - A,, and check convergence
— end for

3. Construction of admissible fields in the PGD framework

Considering the diffusion problem introduced in Section 2.1, we present two PGD approaches
(kinematic and static) that are the basis to derive admissible fields.

3.1. Kinematic approach

We consider the weak form (5). In order to compute an approximation of u, we use the pro-
gressive PGD approach defined in Section 2.2. Knowing u,, |, this approach first consists of
finding the pair (¥, A) such that:

B, A"+ 0) = Ry (YA + Y 0) YA €T, W ey (12)

where R,,_1(-) = L(-) — B(up—1,-) is the order m — 1 residual; this problem is solved using

the power iterations algorithm. After convergence of (1//(k), /l(k>), we take ,, = l,b(k) and we
update all time functions by means of the application A,, = T(¥,,). We then obtain the order
m PGD approximation u,, of u:

U, =¥, A\, (13)
In practice, the power iterations algorithm requires the solution of two kinds of problems:

« the application ¥ = S,,(1) leads to a space problem of the type: find Yy € V such that

oty + pouty- 9y Y2 =107 =3 [ (ospend’ + B0 VU YR (14)

with

ds= (/17 i)z; ﬁs = W“H%y’ 7() = <l(')a/1>1

15
Ols i= </1i7)~>1; ﬁS,i = <’1i7)°>z ( )
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An approximate solution " of \ is computed using the FEM with finite element space
V! € V, leading to a discrete system of the form:

(asM + BK)X = F (16)

« the application A = T, (/) leads to a time problem of the type: find 1 € 7 such that
20)=0; api+ fph=0r (17)

with
ar = / pelPdQ; By = / WV VAR Sy = 1) — blun 1, ) (18)
Q Q

An approximate solution /%’ of 2 is computed using a given time integration scheme.
We finally obtain an order m PGD approximation u> = S "(x)2M(¢). It is KA in

the sense that it verifies Equations (1) and (4) of the reference problem. However, the associ-
ated couple (uA' q(ulA")), with q(uA) = uVuliA’, is usually not SA as it does not verify

the equilibrium (2), even in the following finite element weak sense:
h,At

/q(uﬁl’m) -WVvidQ = 1(v') — / pcau#v*dﬂ WeV vtel (19)
Q Q

In the next section, we introduce a static PGD approach that provides for a flux that veri-
fies this last equilibrium.

3.2. Static approach
We define an order m PGD approximation of the flux as:

qm(X,t) - qg(xvt) + in: ¢1(X)ét(t) = qg(xa t) + (Dm(x) X Em(t) (20)

where @,,(x) = [¢;(x), P5(x), . .., ¢m(x)]T and B, (t) = [£(1),&(1), .- ém(t)]r are reduced
bases of space and time functions, respectively. qA(x, ) is a particular flux in equilibrium with
the thermal loading in a finite element sense, and space functions ¢;(x) are SA to zero (SA0)
in a finite element sense, i.e. they verify:

/Qqs,. WVAQ =0 W eV (21)

The associated space is denoted as Qﬁ.
On the one hand, assuming that the external loading (f3,qq) can be written using the
radial approximation,

fa(x,1) = Fa(x)xe(t);  qa(x,1) = Qa(x)ry(2) (22)

the computation of q/i(x, ¢) can be easily performed using a classical finite element procedure.
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On the other hand, noticing that the dual Galerkin formulation of the diffusion problem
consists of finding q € Q ® 7 such that:

T
1
/ /—q~q*det:0 vq* € Q (23)
0o Jal

and assuming that q,,_; = qf + Zf":_ll ¢;&; 1s known, the progressive PGD at order m (with
updating of time functions) first consists of searching a couple (¢, &) that verifies:

/ / (@ + 0 (BE+ &) =0 Vo' € Ol VE €T (24)
0 Q 1%

As for the kinematic approach, the power iterations algorithm requires solving two kinds
of problems:

« a space problem of the form ¢ = S,,(¢) such that:
1
| tob+ 8900 =0 v e} (25)

with o = ||<§||§ and f = (¢, q,._,)7- Using duality arguments, one shows that there is a func-
tion w”(x) € V" such that:

ap + B = uvw' (26)

Therefore, w" should verify:
1
/Q&{,quh —B}-VwdQ=0 Vvw V' (27)

and this last problem can be solved with the standard FEM.

+ a time problem of the form ¢ = T,,(¢) such that:

/Q%4+¢®¢ahw VieT (28)
ol

This provides for the explicit expression of &(¢) (after normalisation of ¢);

<) = —{a,-1( 1), P)a (29)

—

In a second stage, vector Z,(f) of time functions is updated using global application
Ep=T (®,,). The power iterations algorithm that is employed to compute the static PGD ver-
sion of q is the same as the one previously described for u. } R

Of course, space or time problems associated to applications S,, and 7, are again solved
approximately, and the computed PGD representation is denoted g2 = q’é + >0 (ﬁfi[m .

m
Consequently, couple (1A%, ¢:A%) verifies (19) i.e. it is SA in the finite element sense.
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3.3. Computation of admissible fields

The error estimator that we set up is based on the CRE (Ladevéze & Pelle, 2004). The use of

CRE requires the calculation of an admissible temperature—flux couple, denoted ("4, ™"

in the following, associated to the computed PGD solution. Couple (i, i At) is admissible

in the sense that it verifies (1), (2) and (4). Its construction is performed from the approximate

solution (u/:A!, q/A") at hand:

+ a temperature field "

verifying (1) and (4) is said KA; a simple choice consists of
taking the temperature field u/; A coming the kinematic PGD approach;

« a couple (", " verlfymg (2) is said SA; the construction of " is the major
technical pomt. It consists of using an energy relation, named prolongation condition,

implying field q/;*' coming from the static PGD approach and using its properties; this

leads to the solution of local problems defined over each element of the mesh. Full

~h,At

~h,At

details on some techniques usable to construct q™
Ladeveze and Pelle (2004).

at each time point can be found in

Remark. In practice, "% is constructed as:
Q" =4+ Z N = a0 + 4K, () + Y a0 (30)

where (ﬁz and ffl are SA and SAO fields, verifying the prolongation condition with q} and
(,bh respectively.

The computational cost associated to the construction of q is (m+2) x (CyNy+
C.N.), where N, (resp. N.) is the number of vertices (resp. elements) in the mesh and C,
(resp. C.) is the computational cost associated to a problem on a patch of elements (resp. to a
problem at the element level).

4. Global and goal-oriented error estimation
4.1. Global error estimation

From any admissible solution (i, q) (previous calculations lead to take (if,q) = (@, (if;A’)),
the CRE is defined as a measure Ecgg of the non-verification of (3) by the adm1551ble couple.
It reads:

/ [ w9i) o(a - woid0d = g - vl (D)
A fundamental property of CRE is its link with the exact solution (u*, q%):

[ = alll; + g™ = Gl + Gu™ — ) = Egpe (4, ) (32)

with ||| ||[” = [ fo#V () - V()dQdr and G(usX — i) = [, pe(u™ — it)},_,dQ > 0.

Equation (32), that can be seen as an extension of Prager—Synge equality for time-depen-
dent problems, directly shows that |[[|u®* — il||, < Ecre so that measure Ecrg is a guaranteed
upper bound of the error (given in the energy norm). It takes all error sources into account,
i.e. time and space discretisations as well as truncation of the series in the PGD representation
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when choosing (i1, 4) = (1", ¢/*"). The computational cost required to compute Ecgg is
proportional to Ny x (N, + 1) where N, (resp. N,) is the number of Gauss points in the mesh
(resp. number of time steps).

4.2. Error indicators

In order to optimise the adaptive process that would aim at decreasing error ||[u® — i":2!]]| w
one must be able to assess contributions of various error sources; this can be done defining
appropriate error indicators. The procedure to define such indicators is very simple: we first
define solution "2’ of the discrete problem obtained after discretising the initial thermics
problem in space and time (with the same discretisations as those used to compute u/:A).
Using for instance the FEM and a forward Euler time scheme, 1/

tem of the form (P being the number of time steps):

is obtained solving a sys-

p+1
.

U, =0; At

+ KU =¢ Ype[l,P—1] (33)

ex A 2 ex Al 2 h,A h,A 2 31
|||“ fln t|Hlt |||“ “hv [|||,u |||“ o W; t|||y ( )

where [|[u® — «*]||  is the contribution to the error coming from time and space discretisa-
tions alone and ||[u"A —u;"|||, is the contribution to the error coming from the PGD
representation alone. The second contribution can be directly assessed in the post-process,
without any additional computation, defining problem (33) as a new reference problem and
using the CRE. In this framework, an associated admissible couple (%4, ¢"*') (in the sense
of (33)) can be defined; it is directly obtained at each time point as a post-processing of solu-
tion (1A, ¢4) at hand. One can thus compute the estimate:
_ ~h,At N At
Ecrepcp = |17 — pVa ||| - (35)

of error ||| — ;||| coming from the PGD representation.
In a second stage, (34) enables to define the estimate Ecrggis of error |[[[u® — u™2||] "
coming from time and space discretisations; it reads:

Ecredis = \/ E¢re — E¢rerap (36)

Comparison between values of Ecrggis and Ecrgpgp enables to choose the critical error
source and lead the adaptive process effectively.

4.3. Goal-oriented error estimation

We now deal with estimation of the error on specific outputs of interest. Such local quantities,
denoted 7 in the following, can be written under a global form:

I= / /(qz - Vu + fru)dQds (37)
0o Jo
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where qy and fy are extraction functions (possibly defined as Dirac distributions). A gen-
eral procedure consists then of introducing the associated adjoint problem that reads: find the

temperature—flux pair (i, q) that verifies:

» thermal constraints:

u=0 ondQx7T (38)
* equilibrium equations:
ou - . -
ch—V-(q—qE)+fg:0 nQxZ; q-n=0 ondQxT (39)
* constitutive relation:
q=-uVi inQx7T (40)
* final conditions:
ux,T)=0 VxeQ (41)

This problem, which is similar to the reference problem when performing the change of
variable /' = T — ¢, is solved using the PGD approach (with M modes) providing for the
approximate solution (17, G/*"). Furthermore, admissible fields (i, G"*) can be com-
puted using the procedure of Section 3, which provides for the global error estimate Ecrg for
the adjoint problem.

Error estimation on / is then obtained from the following fundamental result, valid for lin-

ear elliptic and parabolic problems (see (Ladeveze, 2008)):
|Iex - I:,"At - [corr| S ECREECRE (42)

where o (resp. If,';A‘) is the exact (resp. approximated by PGD) value of the output of interest
and I is a correction term computed from approximate solutions of both reference and
adjoint problems. In order to optimise the quality of error bounds obtained from (42), the
PGD adjoint solution is derived introducing locally and enrichment term computed offline
(see (Ladeveze & Chamoin, 2010) for full details).

5. Numerical results
In the following numerical experiment, the power iterations algorithm is initialised with
29 =1 (£9(¢) = ). We use the FEM with linear elements to solve space problems, and a
forward Euler scheme to solve time problems. The number of iterations performed in the
power iterations algorithm is fixed to kya.x = 4.

We consider the 2D structure of Figure 1, which contains two rectangular holes in which
a fluid circulates; using symmetries, we study one quarter (denoted by Q) of the full 2D
domain. It is subjected over [0, 7] to a given flux g4 = —1 applied on the hole boundary; a



European Journal of Computational Mechanics 205

j NN NN
] "ﬁH\
y _>—-—
o o - I A
- -
| e
L] %

Figure 1. 2D domain considered (left), and associated finite element mesh (right).
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t t t

Figure 2. Space functions ,, (top) and time functions 4, (bottom) for m=1,2,3 (from left to right).

source term of the form f3(x,y) = 200xy is also applied in Q. For the numerical study, we
choose 7' =10, u =1 and pc = 1.

The space mesh used to discretise Q consists of N, = 50 quadrangular elements, and time
domain [0, 7] is divided into N, = 1000 time steps.

We represent in Figure 2 first modes (1,,, 4,,) obtained for mma = 3.

In Figure 3, the value of the relative error estimate Ecre = Ecre/||qll[,1 is given with
respect to the PGD order m which is used (m € [1,10]). We observe that the error estimate
reaches convergence for m = 4. Let us note that for this value of m, the CPU time required
to obtain the error estimate (normalised by the time necessary to solve the reference problem
using PGD) is 2.8.

We now introduce the new reference problem obtained after time and space discretisations
of the initial reference problem. Computing associated admissible fields, we obtain indicator
Ecrepcp and then deduce indicator Ecrggis. The values of three estimates Ecrg, Ecrepcp
and Ecgrg dgis are plotted in Figure 3 with respect to order m.

We observe that indicator EéRE’dis provides for a relevant assessment of the discretisation
error, even for small values of m. Furthermore, we can see that indicator Ecgrggis becomes
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larger than Ecrgpgp for m > 3; this could be used in an optimised adaptive process in which
the number of computed modes would be first increased, up to m = 3, before refining time
and space discretisations in order to improve the quality of the PGD solution.

Now dealing with goal-oriented error estimation, we consider as an output of interest the
mean value of u inside a local zone w C Q (black zone in Figure 1) at final time T:

1
I :m/u‘TdQ (43)

Consequently, the extraction functions read:

ﬁ]w(x)é(t ~7) (44)

where I, is the indicatrix function of w and 6(¢) is the Dirac function in time.

The normalised upper bound EcrgEcre / \I,’,’;At| of the error, as well as specific error indica-
tors, are given in Figure 4 with respect to the number M of computed PGD modes for the
adjoint solution (m is fixed to (2) here).

qE(xv t) =0; fZ(xv t) =

2 2
- = -Ecre Fpop

relative error

Figure 3. Evolution of estimates EZpp, Efgp pop and Efgy g With respect to PGD order m.

0.4 T
total error
----- PGD error
0.35 = = = discretization error |]
0 | | | | - T ----- m== = T
1 2 3 4 5 6 7 8 9 10

Figure 4. Normalised upper error bound on 7 and error indicators with respect to M.
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We observe that due to the correction term /.oy, which has a PGD representation, the
quantity If,’;A’ + Lo tends to an asymptotic value when M increases. This value is different
from I« only due to the discretisation error; therefore, a refinement of space and time discreti-
sations would be necessary to improve the quality of the approximate output of interest in
that case.

6. Conclusions

We presented a method that provides for a guaranteed and robust error estimator in the frame-
work of numerical simulations performed by means of PGD. This estimator, based on the
CRE, uses a double PGD approach of the problem which enables to compute admissible
fields with classical tools available in finite element softwares. Indicators on various error
sources were also introduced in order to help driving adaptive strategies in an optimal man-
ner, and performances of the CRE estimate to deal with goal-oriented error estimation were
analysed.

The error estimation method which is employed here is quite general; it could be used for
other multi-parameterised problems such as stochastic problems. This topic is being addressed
in ongoing works.
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