A recursive finite element method
for computing tyre vibrations

Denis Duhamel — Silvano Erlicher — Hong Hai Nguyen

Université Paris-Est, Laboratoire Navier
Ecole des Ponts ParisTech

6 et 8 Avenue Blaise Pascal

Cité Descartes, Champs sur Marne
F-77455 Marne-la-Vallée, cedex 2

denis.duhamel@enpc.fr

ABSTRACT. A numerical method is described for computing tyre vibrations over a large
frequency range. It is based on a recursive finite element method for building the dynamic
stiffness matrix of a complete tyre from the knowledge of a finite element model of a small
part of the structure. The present method is compared to full three-dimensional finite element
solutions showing a perfect agreement for low frequencies. However, this method allows
computations for medium and high frequencies which are needed for the analysis of noise
generated by a tyre. The influence of various parameters on the frequency response functions
like the positions where the responses are computed, the mechanical parameters of the tyre or
the internal air-pressure are described.

RESUME. Une méthode numérique permettant le calcul des vibrations d’un pneumatique sur
une large gamme de fréquences est proposée. Elle est basée sur une approche récursive pour
calculer la matrice de rigidité dynamique d’un pneumatique complet a partir de la
connaissance d’un modeéle éléments finis d’une petite partie de la structure. La méthode
proposée est comparée a un calcul tridimensionnel et montre un parfait accord pour les
basses fréquences. Cette méthode permet cependant des calculs dans les moyennes et hautes
fréquences qui sont nécessaires pour analyser le bruit engendré par le roulement d’un
pneumatique. L’influence de parameétres variés sur les fonctions de réponse en fréquences,
comme les positions des points de calcul, les parameétres mécaniques du pneumatique ou la
pression de gonflement est décrite.
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1. Introduction

The modelling o tyre noise radiation requires the computation of tyre vibrations
for awide frequency range, including medium and high frequencies. This problemis
difficult to solve with clasgcd numericd methods li ke the sum of modes computed by
the finite dement method With the present computer resources, this can be dore only
for low frequencies and leals to very heary computations for higher frequencies bath
for the number of modes to consider and the number of degrees of freedom required
to compute asinge mode. Nevertheless various methods have been propased in the
past to try to compute tyre vibrations.

The first classof methods is based onanalyticd models. The first model consid-
ered in the past was the drcular ring model (Hedkl, 1986 Huang et al., 1987 Kropp,
1989 Campanacet al., 2000 in which the tyre is described by a drcular beam under
tension. To be more redistic for high frequencies, more complex analyticd models,
mainly based on athotropic plates, were propcsed. The time domain Green's func-
tion for the orthotropic plate was computed by Hamet (Hamet, 2001). In (Larson
et al., 20020 a high frequency model based onthe cougding o two elastic layersis
presented. Mugdeton et al. (Mugdeton et al., 2003 developed a semi-analytica
model made of orthatropic plates in plane stress sibmitted to an internal air pres-
sure. Two plates are conreded and represent respedively the tread and the side of a
tyre. The internal presaire is considered, but the aurvature of the side geometry and
the non unformity of the thicknessare negleded. More generaly in (Pinnington et
al., 2002, afour parameters model is described leading to afourth order wave equa-
tion. In (Pinnington, 2002 a methodis proposed to estimate side rigiditi es at various
frequencies and in (Pinnington, 2006, Pinnington, 20061 the model was extended
to include the following parameters: curvature, shea rigidity, rotary inertia, tension,
rotating velocity and internal air presaure. The aurvature leads to a couging between
the radial and tangential movements. A shell model was also developed by (Kim et
al., 2009 to study the influence of the rotation and an analyticd shell model couped
with an amustic cavity was developed by (Molisani et al., 2003 while anather shell
model was developed by (Kozhevnikov, 2009. All these analyticd models provide
interesting insights into tyre vibrations, however, they do nd allow the consideration
of the detail ed geometricad and material properties of ared tyre.

The other approaches were mainly numericd or a couding o numericd and ana-
lyticd models. So, Larsoneta (Larsonet al., 20023) developed a couded numerica
and analyticd model of atyre including the bloc pattern. Blocs with simple shapes,
like aubic shapes, are considered and the other parts of the tyre ae modelled as an or-
thotropic plate. Theradial mohility isimproved by the inclusion o blocsin the model
whil e the improvement is lessfor the tangential mohility. The full threedimensional
model of atyre was considered by (Brinkmeier et al., 2008 but the frequency range
of analysis was limited by the huge requirement in computational power needed by
this type of model. A similar approach was used by (Lopezet al., 2007 but with an
origina methodtaking into ac@urt the influence of the rotation o the tyre.
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It can be useful to seetyres as circular waveguides. This leals to ancther interest-
ing numericd methodwhich isthe spedral finite dement method (SFE). Itisbased on
an analyticd wave decompasition along the waveguide axis and is mainly described
by (Finnveden, 1997, Finnveden, 1997h for uniform wavegudes with a complex
sedion. In this method the discrete equation is developed into a series of diff erent
powers of the wavelength with matrices obtained by variational methods which are
diff erent from the usual matrices of the finite dement method and must be computed
for the diff erent types of elements.

Other approaches are based onwave propagation in periodic media. Wave propa-
gation in waveguides and periodic structures was considered by many authors. Wave
propagation in general periodic structures were studied by (Brill ouin, 1953 Medd,
1973 Med, 197%; Mea, 1975h Mea, 1996 Meal, 2009 using Floquet’s the-
orem or transfer matrices. The waveguide finite dement method (WFE) is smilar
to the SFE but the dasscd massand stiff ness matrices obtained by commercial fi-
nite dement software can be used. So very complex waveguides can be modelled
using the results of a finite dement computation on orly one period o the struc-
ture. This methodis described in (Maceet al., 2005 Houillon et al., 2005 Duhamel
et al., 2006 Duhamel, 2007 and consists in the analysis of wave propagation in
periodic structures. This approach was applied to tyre vibration computations by
(Nilsn, 2004 Waki et al., 2009. Clasdcd methods for repetitive structures, for
instance using cyclic periodicity, were dso proposed by (Wang et al., 2003. In
(Duhamel, 2009 areaursive method was propased for the computation o frequency
resporse functions of periodic structures. This method daes nat require the computa-
tion o wave functions and is computationall y efficient.

In this paper the reaursive method d (Duhamel, 2009 is applied to the computa-
tion o tyre vibrations for medium and high frequencies. In the first part the reaursive
method for curve periodic structures is described and its applicaion to the computa-
tion o frequency resporse functionsis explained. Then, examples of computations of
tyre frequency response functions are presented before the conclusions.

2. Vibration of periodic structures by the recur sive method
2.1. Cdl dynamics

The periodic structureis divided into different cdlsas shownin Figure 1. A cdlis
described by afinite dement model with an equal number of nodesontheleft andright
parts of the boundary. The discrete dynamic equation oltained by the finite dement
methodfor describing the movement of a cdl i s given, at the drcular frequency w, by

(K +iwC — w’M)q = f (1]

where K, M and C are respedively the stiffness massand damping matrices, f is
the loading vedor and g the vedor of the degrees of freedom (dofs). Introducing the
dynamic stiffnessmatrix D = K + iwC — w?M, decomposing the dofs into the left
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Figure 1. Periodic structure with the force and dsplacement vedors on the left and
right parts of the bounday

(L), right (R) and interior (I) sets, asauming there is no force on the interior dofs,
resultsin

]:311 ]:)IL ]:DIR qars 0
Dyr Drr Dirg | = | fL (2]
DRI DRL DRR qr fR

Theinterior dofs can be diminated by using the first row of Equation[2] to get
qr = —]5;11 (f)IL(IL + f)IRQR) (3]
Thislealsto
]:)LL - ]:)LI]§1_11]§IL ]:)LR - ];jLI]?]_]l]?IR [ ar } _ [ fr, ]
Drr — Dgr/D;/Dyp, Drr — Dg/D;}Dir ar
(4]
or under amore mmpad form
{DLL DLR][QL}:[fL] [5]
Drr Dkgr dr fr
This new dynamic stiffness matrix is obtained after the dimination of interior dofs.
By the symmetry of the stiffness massand damping matrices the dynamic stiffness

matrix of Equation[5] is also symmetric andweget ‘D, = Dr1, ‘Dgrr = Dgr and
‘Dpr = Drr, Where t isthe transpose operator.

2.2. Periodicity along acircle

In this case, the dynamic stiffnessmatrix is not periodic in a Cartesian coordinate
system. A possbility for getting a periodic system is to compute the matrices in a
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locd cylindricd coordinate system (e, e, , e9) Obtained by arotation o the Cartesian
system (e,, e,, e.) by an ange 6 arounde,. The dynamic stiffnessmatrices of eah
portion o the periodic system will be identicd in these new coordinates.

When anodeislocated at an anged, one only needs to multi ply the displacanents
andforces by arotation matrix to get the new matrix in the coordinate system defined
by (e, ey, eg). Thisrotation matrix is given by (for arotation aroundthey axis)

cos 0 0 sin 6
R(0) = 0 1 0 [6]
—siné 0 cos

For ead pdnt x;, one neadsthe angle §; correspondngto thispaint to get therotation.
The new displacements are obtained, for instance, by

a; = R(0:;)af (7]

where P means the rotated system and C' the catesian ore. The discrete equationin
the catesian reference system is, with Do denating the dynamic stiffness matrix in
this reference system,

Fc =Dc.Qc (8]
or, showing the cortribution o ead nodg,
[ 3; (6:) £ R, (6:)af
2 (92) £ _ D¢ R, (92) q2 9]
| R (67 R (0)al
which can also be written as
[ ff; R, (61) 0 0
S 19
£ 0 0 - R,
R'(6:) 0 0 aj
« Do 0 R; ! (02) 0 a?
0 0 - R0 ]|

In the new coordinates the transformed systemisFp = Dp.Qp. Hence, one gets the
relationship Dp = T.Do. T~ with

R, () 0 -~ 0

0 R,0) - 0
T= : : . : [11]
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The other matrices have the same form and are given by

Mp
Cp

T.Mq. T ! [12]
T.Co. T [13]

They have the same properties of symmetry as the original matrices. The relations
linking the loading and dsplacement vedorsin the two systems are
Fp=T.F¢ [14]
Qr =T.Q¢c [15]

2.3. Thereaursivealgorithm

This algorithm consists in eliminating reaursively the interior dofs. Consider a
structure with alarge number NV of cdls. This number can be represented as a sum of
powers of 2 as

N=> 2" with p1>py>-->0 [16]

where p; is the position o the iy, figure 1 in the binary representation o N, for
instance N = [1010...01]o. Here, we want to compute the dynamic stiff ness matrix
for astructure with N cdls.

The dynamic stiff nessmatrices of two neighbouing cdlsare

(1) (1) (2) (2)
oo = [ Di Pl | o= [ D Dl 1
DRL DR DRL DRR

Assmblingthe two matricesto get the dynamic stiff nessmatrix of the two-cdls gruc-
ture and eliminating the interior dofs leads to the equivalent matrix for the two-cdls
structure linking orly the two boundries.

Ded

Dyl Dif
Dy, Dify

[18]

1 1) g~ (1 1) s (2
Dl o (L%D(R%’% (2) D(LI)?’B) Dl (2) ]
_DLRD*DRL DRR - DRLD*DLR

withD* = DY), + D)1,

Continuing this process one can compute the equivalent matrices for structures
with 2,4, ...,2™ ! cdls where n; is the length of the binary representation o V.
Assmbling the matrices correspondng to the p; figures and eliminating the interior
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Figure 2. Model of the tyre

dofs leads to the equivalent matrix for the globa structure. The alvantage of this
methodis that the computing time is propartiona to log N, see(Duhamel, 2009 for
more detail s.

2.4. Computation of the frequency response function

After the dimination o al the interior dofs, the discrete relation for the whole
structure between sedions1 and N + 1 is

{ﬁ ]{Dﬂ D1T2}[Q1 } [19
fn D], Dj, aAnN+1

The condtions of continuity of the displacements and the eguili brium of forces onthe
sedionwhere the load is applied lead to (seeFigure 2)

q1 =4qdn+1 =9
{ fi+fn i +F=0 [20]

From Relations [19] and [20], one gets

“F = fi+fyn
= Dijai + Dihan+1 + D3ia1 + Dian
= (Df, + Di, + D3, + D3y)q [21]
Dencating DY} + D7, + DI, + D1, = Dy, one gets the dynamic equation
Dis:q = —F [22]
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Table 1. Mechanical properties of the materials of the tyre

p E 4 n
Rubker | 1000kg/m? | 28 10°Pa | 0.48 | 0.1
Sted | 7850kg/m® | 210" Pa | 0.33 | 0
Tread | 2500kg/m> | 400 10°Pa | 0.4 | 0.1

The solution o this equation gves the displacements on the sedion. By post-
processng, the solution in the whale structure can be obtained by assembling and
solving relations equivalent to Equation [22] for various parts of the structure.

3. Application to tyrevibrations
3.1. Mode of atyre

A tyre is considered as a structure with a rotational symmetry. A sedion d a
tyre is compaosed of different materials, for instance the bet is made of sted wires
with rublber. Moreover the geometry is complex and orly a finite dement model
can describe corredly the details of this gructure. The geometricd parameters of
atypicd tyre ae presented in Figure 3 where R = 0.278m is the exterior radius and
r = 0.168m the interior radius. The geometry of this tyre is identicd to that of the
Michelin "energy 16565R13". The sedion, the mesh and the material distribution
are dso presented in Figure 3 for aperiodic cdl. The material properties are givenin
Table 1 where E, v, p, n are respedively the Youndgs modu us, the Poison coefficient,
the density and the lossfador. Some simplifications have been made on the material
properties because the red purpose here is to ill ustrate the posshiliti es of the method
and nd to consider with grea detail s the whole complexity of the tyre model.

Two cases are oonsidered, withou and with pres-stress In the first case, the in-
ternal air-presaure is negleded. In the second case, the influence of the internal air-
presaure on the stiffnessof the structure is considered. This presaure aeaes an ini-
tial static stressfield ¢, an initial displacament q° and the dynamic movement is
suppcsed to be asmall perturbation aroundthis datic solution. The displacanents,
deformations and stresses can be decompaosed as

a=q"+q"
e=¢e%+¢* [23]
c=0%+ 0"

where ° meansthe static solution, * isthedynamic perturbationandtheleft handsides
of therelationship give thetotal mecdhanicd fields. Globally, thislealsto anew model
with a modified dyramic stiffnessmatrix given by D = [K + Kg| + iwC — w*M
with the new stiffnessmatrix [K + K¢]. The matrix K¢, which is the contribution
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of the internal presaure to the stiffness can aso be obtained by Ansys. Appropriate
boundary condti onsmust be gpplied at both end sedionsto get asolutionwith circular
symmetry on a period for the static solution uncer the influence of the ar-presaure.
These sedions shoud have planar displacenents and the and e between these sedions
shoud be the same s in the initial mesh so that the displacement will be only radial
asit would beif the complete tyre had been computed.

3.2. Homogeneous sdion

To test the method wefirst consider the simple case of atyre with ahomogeneous
sedion. The mesh is obtained by Ansys with an equal number of nodes on the two
oppdasite sedions of the period and the nodes at the rim are fixed in the modelling
considered here. There is atota of 116 noas, 58 onead sedion as there is no
interior nock in this example and dobally this leads to 348 dds. The mesh is made
with 28 elements of type solid45 from Ansys with 8 nodss. The material is linea
isotropic. Anisotropic dements would allow a better modelling d the tyre but, as
this does not change the number of dofs, only isotropic dements are used here. The
material properties here ae E = 80M Pa for the Youngmoduus, v = 0.42 for the
Poison coefficient, p = 1200kg/m? for the density and = 0.1 for the damping
coefficient. The nodes in contad with the rim are fixed. A point forceis applied in
the midd e of the tread and the mobiliti es are computed for various points on the tyre
surface These points are shown in Figure 4 for atransverse sedion d the tyre. Figure
5 shows the comparison o the full three dimensional analysis with Ansys and the
computation with the periodic model. The full three dimensional model is made of
the same dements as the periodic sedion with atotal of 2610 noes and 7830 dés.
The aurves represent the radial and transverse point mohiliti es at the position o the
force, respedively. The transverse mohility is obtained with a force tangential to the
tyre dongthe drcumferential diredion and with a resporse in the same diredion.
It can be observed that the two results are very close. The periodic model allows
computations up to 2000Hz without difficulties whil e the Ansys computations have
been limited to low frequencies to be compatible with a reasonable computing time.
The maximal relative aror between the periodic and full three-dimensional solutions
has been foundto be of order 4 1076 in the aial case. So no significant lossin
predsion is found by wing the periodic method instead of the usua finite dement
solution.

In Figure 6, the influence of the ange of the periodic cdl i s presented. The force
is locaed as in the precalent example but the resporse is computed at point 5 of
Figure 4. As expeded the influence of the anguar aperture isimportant only for high
frequencies. One can also observethat theinfluenceis higher for the radial comporent
than for the tangential part. The solutionis not strondy dependent onthe angle of the
cdl aslongasthisangeis anal enoughfor the frequency of the computation.



Reaursive method for tyre vibrations 19

Figure 4. Position o the exdtation and d the resporse points

3.3. Tyrewith a more complex sedion

The periodic cdl shown in Figure 3 is used to model the red tyre. It is made of
threematerials : rubber, sted reinforced rubker and sted with the properties given in
Table 1. To simplify the computation, the sted reinforced rubber has been considered
as isotropic, while amore detailed analysis shoud consider the anisotropy d this
material. A first computation is made withou internal pressire with the mesh shown
in Figure 3. The angle of a period is 6° and the nodes nea the rim are fixed. In
Figure 7 the computation o the mobility at the position of the force and at the paints
shown in Figure 4 are presented for the present method The resporses are dose for
low frequencies except at the pasition o the force The differences increase with the
frequency.

Ancther set of results is presented with an internal air-presaure of 2 105 Pa. The
results are shown in Figure 8 for the periodic model and for the 3D modal synthesis
over 1000modes. There is a perfed agreement over the frequency range where the
two curves can be compared. Results agreevery well up to 80(Hz which is the limit
of the 3D results, whil e the present methodall ows an efficient computation upto 2000
Hz.

The computing time, on a PC with a core 2 quad processor and 4GB of memory,
can be estimated to an average of 10s per frequency with the periodic method while
the 3D computation with Ansys needs 133semnds per frequency by the dired method
and abou 3sfor the modal synthesis, seeTable 2. However in thislast case, it was not
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Table 2. CPU times and dda sizes

Method CPU Times per frequency | Datasize
Ansys 3D dired solver 133 26 GB
Ansys 3D with 1000modes 3s 28GB
Reaursive method 10s 2MB

possble to compute with more than 1000modes because the requirements in memory
and dsk size were larger than the posshility of the computer. So, in pradise, the
results and comparisons could only be provided for low frequencies for which the
modal synthesis is faster but this method canna give results for frequencies larger
than 1000Hz or for meshes with a higher density than whose used in the examples
presented here. Concerning the volume of data with a mesh of the total tyre with 60
periodic cdls, ead with 173 nods, the Ansysresult file sizeis 28GB by 3D methods
while only 2MB are needed by the present method kecause the sizeis independent of

the number of cdls.
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Figure 8. Comparison o the FRF with the Ansys modd synthesis for the tyre with an
internal presareat point 1in dirediony (a) and & point 5in dirediony (b)
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3.4. Influenceof some parameters

Thetyre has alarge volume of rubkber. Its properties shoud have agrea influence
onthe dynamic resporse of the tyre. In Figure 9 the mohiliti es are presented for three
different values of the moduus of the rubber. As expeded, the mobiliti es deceases
with the value of the rubber moduus.

In Figure 10 this influence is presented on the mohility for the frequency range
[0-300CHZ]. It can be observed that changing the pressure mainly results in a shift
in the resonance frequencies which comes from the increase in rigidity as the internal
pressure increases.

4, Conclusions

The computation d vibrations of ared tyre with the detail s of the materia prop-
erties and o the geometry is presented using a reaursive method kesed on a finite
element modelling. Only a small part of the tyre needs to be meshed and the com-
putation bythe reaursive dgorithm all ows the determination o mohiliti es at diff erent
points onthetyre over amuch larger frequency range than thetraditi onal threedimen-
sional analysis. A parametric study is possble showing, for instance, the influence of
the rubber Youngmoduus or of theinternal air-presaure onthe resporse of the tyre &
different paints.
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