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ABSTRACT. This paper proposes a robust reduction method dedicated to non-linear 
vibroacoustic problems in the context of localized geometrical non-linearities. The method 
consists in enriching the truncated uncoupled modal basis of the linear model by a static 
response due to unit forces on the non-linear degrees of freedom and by the static response of 
the fluid due to the interaction with the structure. To show the effectiveness of the proposed 
method, numerical simulations of responses of an elastic plate closing an acoustic cavity and 
a hang-on exhaust are performed. 

RÉSUMÉ. Cet article propose une méthode de réduction robuste dédiée aux problèmes 
vibroacoustiques non linéaires. Le type de non-linéarité envisagé est géométrique localisé. La 
méthode de réduction introduite consiste à enrichir la base modale tronquée du système 
découplé sans non-linéarité par des réponses statiques de la structure dues à des efforts 
unitaires sur les degrés de liberté non linéaires ainsi que par la réponse statique du fluide 
induite par le couplage avec la structure. Les réponses temporelles d’une plaque appuyée sur 
une cavité acoustique et d’un tuyau sonore suspendu sont simulées pour montrer l’efficacité 
de la méthode proposée. 
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1. Introduction

This paperpresentsa kind of methodfor modelreductiondedicatedto non-linear
internalvibroacousticproblems.Modeling this problemstill remainsa heavy exer-
cisefor industrialapplications.Thestartingpoint is theformulationchoice;structural
displacementandacousticpressure(u, p) areemployedin thispaper. Usingthefinite
elementmethod(FEM) leadsto an unsymmetricalmatrix systemwith largedimen-
sions. Symmetricformulationcanalsobe obtainedusingmathematicaltechniques
leadingto full matrices(Irons,1970),or alternative formulationchoices(Morandet
al., 1992;Tran,2009)whicharenot relevantfor dampingintroduction.

Theunsymmetriccharacterof thesystemassociatedto its largesizeimplieshigh
computationaltimeswhicharenotcompatiblewith optimizationandrobustnessanal-
ysis. In this context, model reductionusingprojectionbasesis oneof the ways to
reducethecalculationcost. Most of theapplicationsin literaturedo not considerthe
non-linearbehaviourwhichis foundin many examples.Thefew of themtreatingnon-
lineareffectsusespecificmethodsdedicatedto non-lineardynamics.In particularthe
properorthogonaldecompositionor the non-linearnormalmodescanbe efficiently
appliedto obtaina reducedmodel. (Amabili et al., 2007;Amabili, 2008). The use
of the harmonicbalancemethodin a frequency studyis found in many applications
(Nayfehet al., 1995).Transientanalysisrequiretheimplementationof anexplicit or
implicit integrationscheme(Géradinet al., 1997;Bathe,1982).For externalvibroa-
coustics,aniterativeprocedurededicatedto FEM/BEM couplingincludingnon-linear
effectson thestructurehasbeenproposedby (Soares-Jret al., 2005).

This study is basedon the developmentof a reductionbasisdedicatedto inter-
nalnon-linearvibroacousticproblemswheregeometricalnon-linearitiesarelocalized.
Theformulationof thenon-linearvibroacousticproblemwith structuraldisplacements
andacousticpressureformulationis first presented.Reducedordermodelof thecon-
sideredproblemis presentedin section3 includinganoriginal associationof theun-
coupledRitz basiswith both couplingandnon-lineareffects. Newmark algorithm
dedicatedto timeintegrationisstudiedin section4 (Géradinet al., 1997;Bathe,1982).
Section5 presentsthe predictorindicatorsusedfor comparisonwith the full model.
Section6 is finally dedicatedto numericalillustrationsof theproposedmethodology.

2. Formulation of non-linear vibroacoustic problem

Thissectionpresentstheformulationof thenon-linearvibroacousticproblem.The
startingpoint is thevariationalformulationleadingto thefinite elementformulation
of theproblem.

Thevibroacousticproblemconsideredin this work is presentedin Figure 1. Let
us considera fluid-filled domainΩf coupledwith a structureΩs presentinglarge
displacements.Γfs is thecouplingsurface.Thestructureis submittedto volumeand
surfaceloadsfv(t) andfs(t).
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Figure 1. Vibroacoustic problem

2.1. Structural-acousticformulation

Thestructuralequationof motionis deducedfrom thevirtual work principlewrit-
tenas:

δ

∫ t2

t1

(U + T )dt = 0, [1]

where:

– T is thekineticenergy:

T =
1

2

∫

Ωs

ρsu̇u̇dΩ, [2]

ρs beingthestructuraldensityandu beingthestructuraldisplacement.

– U is thepotentialenergy definedasthesumof thestrainenergyU strain andthe
potentialenergy dueto theappliedloadUpot:

Upot = −

∫

Ωs

fv(t)udΩ −

∫

Γs

fs(t)udΓ, [3]

Ustrain =
1

2

∫

Ωs

τT DτdΩ. [4]

D is the materialstiffnessmatrix andτ is the 2nd orderGreenLagrangestrain
tensorrelatedto thedisplacementfield. Largedisplacementtheorywith small strain
is considered.This leadsto a straintensorwrittenasfollow:

τ(u) =
1

2
(∇u + ∇ut)

︸ ︷︷ ︸

τ l

+
1

2
∇ut∇u

︸ ︷︷ ︸

τnl

, [5]

whereτ l andτnl respectively representthelinearandnon-linearpartsof the tensor.



230 EJCM– 20/2011.Dynamicsof materials,structuresandsystems

Theconstitutiveequationof thelinear-elasticmaterialis:

S = Dτ, [6]

whereS is the2nd Piola-Kirchhoff stresstensor.

Writing the virtual work principle leadsto the weakformulationof the problem
associatedto thestructure(Morandet al., 1992;Pérignon,2004):

∫

Ωs

ST τ l(δu)dΩ +

∫

Ωs

ST τnl(u, δu)dΩ +

∫

Ωs

ρs

∂2u

∂t2
δudΩ =

∫

Ωs

fvδudΩ +

∫

Γs

fsδudΓ +

∫

Γfs

pnδudΓ.

[7]

Theterm
∫

Γfs
pnδudΓ correspondsto the actionof thefluid on thestructure,p being

theacousticpressure.

Concerningthe fluid domainΩf , the equilibriumstateis expressedby theequa-
tion:

∆p =
1

c2

∂2p

∂t2
, [8]

wherec is thesoundof speedin thefluid.

Theboundaryconditionappliedon thecouplingareaΓ fs correspondsto theslid-
ing condition:

−
∂p

∂n
= ρf

∂2u

∂t2
, [9]

whereρf is thedensityof thefluid.

By applying the Greenformula, the variationalformulationof the fluid canbe
writtenas(Morandet al., 1992):

1

ρf

∫

Ωf

∇p∇δpdΩ +
1

ρfc2

∫

Ωf

∂2p

∂t2
δpdΩ +

∫

Γfs

∂2u

∂t2
nδpdΓ = 0. [10]

CouplingEquations[7] and[10] leadsto:






∫

Ωs

ST τ l(δu)dΩ +

∫

Ωs

ST τnl(u, δu)dΩ +

∫

Ωs

ρs

∂2u

∂t2
δudΩ−

∫

Γfs

pnδudΓ =

∫

Γs

fsδudΓ +

∫

Ωs

fvδudΩ,

∫

Ωf
∇p∇δpdΩ + 1

c2

∫

Ωf

∂2p
∂t2

δpdΩ + ρf

∫

Γfs

∂2u
∂t2

nδpdΓ = 0.

[11]
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2.2. Finite elementformulation

Usingthefinite elementmethod,theproblemcanbewrittenasfollows:
[

Ms 0
ρfCT Mf

] [
Ü

P̈

]

+

[
Ks(U) −C

0 Kf

] [
U

P

]

=

[
F

0

]

, [12]

where:







Ms →
∫

Ωs
ρs

∂2u
∂t2

δudΩ,

Ks(U) →
∫

Ωs
ST τ l(δu)dΩ +

∫

Ωs
ST τnl(u, δu)dΩ,

Mf → 1

c2

∫

Ωf

∂2p
∂t2

δpdΩ,

Kf →
∫

Ωf
∇p∇δpdΩ,

C →
∫

Γfs
pnδudΓ,

F →
∫

Γs
fsδudΓ.

[13]

– Ms is themassmatrixof thestructure.

– Ks is thestiffnessmatrixof thestructure.Ks is a functionof U ; for geometrical
non-linearitiesit is thesumof a lineartermarisingfrom thelinearproblemK l

s anda
non-linearterm.For localizednon-linearitycase,K s canbewrittenas:

Ks(U) = K l
s + Knl

s diag(U)n−1, [14]

whereKnl
s is the hardeningcoefficient of the non-linearityandn is the degreeof

non-linearity.

– Mf andKf are the matrix correspondingrespectively to the discretizationof
kinematicenergy andthecompressibilityof thefluid.

– C is thecouplingmatrixcorrespondingto the actionof thestructureonthefluid
or viceversa.

– F is thestructureexcitationfunctionof thetimet.

Thematrixsystemcanbeexpressedasadifferentialequationwrittenas:

MẌ + K (X)X = f (t) . [15]

Solvingthis kind of equationdependson thenatureof f(t). Usingthemodaldecom-
positionmethodto diagonalizetheproblemis notpossible,thisis dueto thenon-linear
characterof thesystem.

If f(t) is harmonic,oneof the efficient techniquesto solve the problemis the
harmonicbalancemethod(Nayfehet al., 1995).

Using an arbitrary excitation requiresthe implementationof time integration
method(Géradinet al., 1997;Bathe,1982).

In both cases,solving the problemis time consuming.In the next section,a re-
ducedordermethoddedicatedto this kind of problemis presented.The projecting
basisshouldtake into accountbothnon-linearandcouplingeffects.
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3. Reduced order method

Thissectionpresentsthestrategy usedfor elaboratingthereducedbase.Thestart-
ing point is the classicalapproachbasedon the creationof the reducedRitz basis
issuedfrom theuncoupledproblems.Non-linearandcouplingeffectsareconsidered
asa perturbationof thenon-coupledproblem.Enrichingthebasisby residuesissued
from theseperturbationsleadsto a robust reducedbasisdedicatedto vibroacoustic
problems. The original contribution of this work is in the combinationof different
basesassociatedto a singularvaluedecompositionto ensuregoodconditioning.

3.1. Uncoupledmodalbasis

As it wasmentionedin thepreviousparagraph,areducedordermethodis required
for modelingnon-linearvibroacousticproblem.Theproposedbasisshouldberobust
andeasyto implement. A first approximationmodelcorrespondsto the useof an
uncoupledmodalbasisissuedfrom thein vacuolinearstructuralproblem(K nl

s = 0)
andtherigid wall cavity problem.This leadsto afinite elementapproximationwritten
asfollows:

[
U

P

]

≈

[
Tsmb 0

0 Tfmb

] [
qs

qf

]

, [16]

whereTsmb andTfmb respectively representthe truncatedstructureandfluid modal
bases.

3.2. Non-linear enriching

Localizednon-linearbehaviour is consideredasa perturbationmodifying thelin-
earresponse.This perturbationis assimilatedto a residualexcitationforce. In order
to take into accountthis forcein thenon-linearreducedmodel,a linearstaticresponse
of the in vacuostructuredueto a unit loadon eachnon-lineardegreeof freedomis
considered:

∆T i
snl = (K l

s)
−1f i, [17]

wherei is theith non-lineardegreeof freedomand

f i = [0...1...0]
T

. [18]

Orthogonalizationis necessaryto ensuregoodconditioningof the problem. This is
realizedwith asingularvaluedecomposition(SV D):

Ts = [Tsmb|∆Tsnl]SV D . [19]

This leadsto a new finite elementapproximationwrittenasfollows:
[
U

P

]

≈

[
Ts 0
0 Tfmb

] [
qs

qf

]

. [20]
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3.3. Couplingenriching

Themaingoalof thissectionis to proposeamodalsynthesismethodthatcantake
into accountcouplingeffects.Thehomogeneousmatrix formulationassociatedto the
Equation[12] in thefrequency domainis writtenas:

([
Ks(U) −C

0 Kf

]

− ω2

[
Ms 0

ρfCT Mf

]) [
U

P

]

=

[
0
0

]

. [21]

ThetermρfCT U canbeinterpretedasanexcitationof thefluid dueto thestruc-
ture.For thefluid part,we have:

(
Kf − ω2Mf

)
P = ω2ρfCT U. [22]

Thisexcitationis notknownbut it canbeapproximatedby projectingthedisplace-
mentonthestructuralbasisintroducedin theprevioussection[ 19]. Updatingthefluid
basisby includingthis responseleadsto anew reducedbasis.Thisnew residualbasis
is writtenas(Tran,2009;Tranet al., 2010):

∆Tfs =
(
Kf − ω2

cMf

)
−1

CT Ts, [23]

andshouldbedecomposedin singularvalueto ensureorthogonality:
[
U

P

]

≈

[
Ts 0
0 Tf

] [
qs

qf

]

, [24]

where:

Tf = [Tfmb|∆Tfs]SV D
. [25]

3.4. Couplingwith heavyfluid

Thereducedordermethodpresentedabove is dedicatedto thenon-linearvibroa-
cousticproblemwith light coupling. In the casewherethe fluid densitycannot be
neglectedcomparedto thestructure,thecouplingis consideredstrong.Thefluid be-
haviour impactsthestructureandshouldbeconsideredin themodalsynthesis.Linear
staticresponseof thestructuredueto thefluid effect is writtenas:

U = (K l
s)

−1CP. [26]

Thisexcitationis notknownbut it isapproximatedby projectingthepressureP on
thefluid basisintroducedin thesectionbellow [ 25]. Enrichingthestructuralbasisby
thestaticresidualresponsedueto theheavy fluid impactleadsto a new basiswritten
asfollows (Tran,2009;Tranet al., 2010):

[
U

P

]

≈

[
Tshf 0

0 Tf

] [
qs

qf

]

, [27]
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where

Tshf = [Ts|∆Tsf ]
SV D

. [28]

and

∆Tsf = K l−1
s CTf . [29]

Oncethereducedbasishasbeenestablished,themodelreductionis performedas
follows:

X =

[
U

P

]

= T

[
qs

qf

]

= Tq [30]

T is thereductionbasisdefinedin thesectionsabove. Dynamicsequilibriumdefined
in Equation[15] becomes:

Mr q̈ + Kr (q) q = fr (t) , [31]

where:

– Mr is thereducedmassmatrix: Mr = T TMT

– Kr is thereducedstiffnessmatrix: Kr = T TKT

– fr is thereducedforcevector:fr = T Tf

4. Computation of non-linear temporal response: Newmark algorithm

In this section,the well known Newmark algorithmis recalled. As it was men-
tionedbefore,thestrategy to solve thedynamicequationsdependson theexcitation.
Equilibriumequationin presenceof dissipativeenergy modeledby a dampingmatrix
D is writtenas:

r(X) = MẌ(t) + DẊ(t) + K(X)X(t)− f(t) = 0. [32]

In the caseof an arbitraryexcitation, numericalintegration in the time domain
is required. It consistsin calculatingthe iterative stateof thesystem(displacement,
velocity andacceleration)asa functionof time progress.A widely usedtechnique
is the Newmark algorithm; comparedto othernumericalintegration,the Newmark
algorithmis relatively stable.It usesthefollowing statedescription:

An =





Xn

Ẋn

Ẍn



 =





X(tn)

Ẋ(tn)

Ẍ(tn)



 , [33]

whereAn representsthesystemstatecalculatedat time tn. An+1 representsthesys-
tem stateat onetime steplater, it i s written as(Géradinet al., 1997;Bathe,1982):







Xn+1 = Xn + hẊn + h2(1

2
− β)Ẍn + h2βẌn+1

Ẋn+1 = Ẋn + (1 − γ)hẌn + γhẌn+1

Ẍn+1

[34]
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whereh is thechosentimestep,γ andβ aretheparametersof theNewmarkalgorithm.
Ẍn+1 is calculatedthroughthedynamicEquation[ 32].

Non-linearbehaviour canleadto badpredictions.A residueevaluationis consid-
eredto ensuredynamicequilibrium. Theresidualequationis evaluatedat eachtime
stepthroughthelinearizedfirst orderequation:

rn+1 + Si
n+1∆X = 0, [35]

whereSi
n+1 =

[
∂r
∂X

]

Xi
n+1

= Kt + γ
βh

Dt + 1

βh2 M is theJacobianmatrixof r; K t and

Dt arerespectively theJacobianmatricesof K andD while ∆X = −(S i
n+1)

−1rn+1

is thedisplacementcorrection.i is theith iterationof theresidueevaluation(correc-
tion). Experienceshowsthatfor anull accelerationat thebeginningof everyiteration,
andby correctingtheapproximationduringiterations,this canprovidestableandfast
process.For thesamereason,aconstantJacobianmatrixcanbeusedin thecorrection
algorithm. Theadvantagecomparedto theevaluationof theJacobianmatrix at each
stepis the inversionprocedure.Otherwise,convergenceto theequilibriumstatewill
belonger. Choosingoneof thesetechniqueswill dependon theapplication.

Thesamealgorithmis usedfor theintegrationof thereducedmodel[ 31]. Matrices
M , K andD andvectorsX andf arereplacedby theircorrespondingreduction(M r,
Kr, Dr, q andfr respectively). Oncea reducedstateis evaluated,physicalresponse
is performedusingEquation[30].

Thenumericalintegrationalgorithmis resumedasfollows:

Prediction
Xn+1 = Xn + hẊn + h2(1

2
− β)Ẍn

Ẋn+1 = Ẋn + (1 − γ)hẌn

Ẍn+1 = 0

↓
Residuesevaluation

ǫ, rn+1

while |rn+1| > ǫ

rn+1 = MẌn+1 + DẊn+1 + K(Xn+1)Xn+1 − fn+1

↓
Correction

∆X = −(Si
n+1)

−1rn+1

X i+1
n+1 = X i

n+1 + ∆X

Ẋ i+1
n+1 = Ẋ i

n+1 + γ
βh

∆X

Ẍ i+1
n+1 = Ẍ i

n+1 + 1

βh2 ∆X

end while
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5. Prediction indicators

Resultscomparisontoolsarebasedon statisticindicatorsassociatedto thestruc-
tureandfluid responsesin additionto theenergy indicatorsthat resultfrom acoustic
andkineticenergies.

5.1. Temporalmoments

Temporalmomentsareusedin transientresponsesin orderto quantify the com-
parisonbetweendifferentmodels. It is usedto qualify the modelresponse.Thei th

orderof thetemporalmomentof a responsey(t) is definedas(Massonet al., 2006):

Mi =

∫ +∞

−∞

(t − ts)
i
(y (t))

2
dt, [36]

wherets representsthetemporalshift andi themomentindex order.

In this work, thefollowing temporalmomentM i is usedwith ts = 0 andnormal-
izedasfollows:







E = M0: Energy (m2s),

T = M1

M0
: Centraltime (centroid)(s),

D2 = M2

M0
−

(
M1

M0

)2

: Rootmeansquareduration(s2).

[37]

5.2. Energyindicators

Theindicatorsthatareusedaretheacousticenergy andthemeansquarevelocity.
Theacousticenergy is definedasthesumof thekinetic andpotentialenergiesin the
fluid domain.Thediscretizedform is expressedasfollows:

Ea =
1

2ρf

PKfP +
1

2ρf

ṖMf Ṗ . [38]

Thediscretizedform of themeansquarenormalvelocity is definedas:

V̄n
2

=
1

|Ss|
V Mvn

V, [39]

whereMvn
comesfrom thediscretizationof

∫
v2

ndS.

6. Numerical illustration

In orderto illustratetheproposedidea,two applicationsarepresentedin this sec-
tion. A parallelepipedicacousticcavity fixedwith a thin platepresentingnon-linear
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localizedbehaviour andan exhaustfilled of air with non-linearlinks. Two typesof
excitationarestudied.For the acousticcavity, the responseof the systemdueto an
impactof 500N is considered.For theexhaust,a sweepsinein the frequency band
of themodelis exciting thesystem.The full modelresponseis comparedto the re-
sultsobtainedwith severalreductionbases.Thereducedordermethodsusedin these
applicationsarethefollowing:

– reducedmodelusingtheuncoupledmodalbasisof thesystem(Modal basis);

– enrichmentof theuncoupledstructuralmodalbasisby thestaticresponseof the
structuredueto theunit forceson thenon-lineardegreesof freedom(NL residues);

– enrichmentof theuncoupledfluid basisonly by thestaticresponseof thefluid
dueto thepresenceof thestructure(Coupling residues);

– enrichmentof theuncoupledstructuralmodalbasisby thestaticresponseof the
structuredueto theunit forceson thenon-lineardegreesof freedomandenrichment
of theuncoupledfluid basisby thestaticresponseof thefluid dueto thepresenceof
the structureandby taking into accountthe non-linearbehaviour (Coupling + NL
residues).

6.1. Acousticcavity

Thefirst exampleis anacademicapplicationto illustratethenon-linearcoupling
effects. Let usconsidera thin plate(0.654 × 0.527 × 0.003m3) with localizednon-
linearities(17atall) fixedonanacousticcavity (0.654×0.527×0.6m3) filled with air.
Figure2 showsthefinite elementmodelof thesystem.Themodelsizeis about11000
dofs (3000structural8000fluid dofs). The modelfrequency bandis [0 − 300Hz];
reducedmodelsizeis about150 dofsagainst11000for the full model. Dissipation
energy is introducedby modelinga proportionaldampingdeducedfrom thefirst four
structuralmodewith a dampingratio of 0.1%. Structureis excitedusingan impact
excitationof 500N in a periodof 10 ms; Figure 3 shows the temporalandspectral
representationof theimpact.

The temporalmomentsfor a periodof 0.1s of the structuraldisplacementand
the acousticpressurefor the consideredmodelreductionstrategiesarepresentedin
Tables1 and2. Structuraldisplacementat non-lineardofsandpredictionindicators
arepresentedin Figures4 and5. Thelinearmodelresponseis alsopresentedon the
samefiguresto illustratetheimpactof thenon-lineareffects.

In this application,resultsshow the needto enrich the bases. More precisely,
temporalmomentsfor structuraldisplacementsshow the needto take into account
non-lineareffectsandtemporalmomentsfor acousticpressureshow theneedto take
into accountthe couplingeffects. In bothcasesmodalbasesdo not includeenough
informationto properlyrepresentthebehaviour of thesystem.

In the caseof strongcoupling,whena heavy fluid aswater is consideredin the
acousticdomain,the reducedordermethodshouldtake into accountheavy fluid be-
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Figure 2. Acoustic cavity
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Figure 3. Impact spectrum

Table 1. Temporal moments for structural displacements
T E D

Full model 0.0439 6.3637e-06 8.48869e-04
Modal basis 0.0438 6.1156e-06 8.4772e-04
Error / Full model(%) -0.2 -3.9 -0.1
Coupling residues 0.0438 6.0208e-06 8.4647e-04
Error / Full model(%) -0.2 -5.4 -0.3
NL residues 0.0439 6.3331e-06 8.4906e-04
Error / Full model(%) 0 -0.5 0.02
Coupling + NL residues 0.0439 6.3633e-06 8.4882e-04
Error / Full model(%) 0 -0.00 -0.00

Table 2. Temporal moments for acoustic pressure
T E D

Full model 0.0529 2.7754e+06 8.1539e-04
Modal basis 0.0538 2.8350e+06 8.0777e-04
Error / Full model(%) 1.7 2.1 -0.9
Coupling residues 0.0532 2.7550e+06 8.0692e-04
Error / Full model(%) 0.6 -0.7 -1.03
NL residues 0.0540 2.8928e+06 8.1152e-04
Error / Full model(%) 2.1 4.2 -0.5
Coupling + NL residues 0.0529 2.7745e+06 8.1512e-04
Error / Full model(%) 0 -0.03 -0.03



Reductionfor nonlinearvibroacoustics 239

0 0.02 0.04 0.06 0.08 0.1
−3

−2

−1

0

1

2

3
x 10

−3

Time(s)

D
is

pl
ac

em
en

t(
m

)

 

 
Full model
Modal basis
NL residues
Coupling residues
Coupling + NL residues
Linear model

a)

0.09 0.092 0.094 0.096 0.098 0.1
−5

−4

−3

−2

−1

0

1

2

3

4

5
x 10

−4

Time(s)

D
is

pl
ac

em
en

t(
m

)

 

 

Full model
Modal basis
NL residues
Coupling residues
Coupling + NL residues

b)

Figure 4. Displacement as a function of time. a) in a period of 0.1s with the linear
model, b) in the period [0.09-0.1]s

haviour asit was mentionedbefore.Figure6 presentsthepredictive indicatorsof the
full modelcomparedto the reducedmodelwith andwithout taking into accountthe
heavy fluid. Resultsshow theneedto take into accountheavy fluid effects.Thenon-
convergenceof themodelthatdo not considertheheavy fluid effect comparedto the
full modelcanbeobservedin Figure6.
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Figure 5. Prediction indicators - light coupling
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Figure 6. Prediction indicators - heavy coupling

6.2. Exhaust

Let us consideran air cavity in a fold exhaustsuspendedwith 18 non-linear
springs. The exhaust dimensionsare L1 + L2 + L3 = 0.2 + 0.25 + 0.2m,
R1 = R3 = 0.05m andR2 = 0.125m (Figure7). The finite elementmodelcon-
tains8500 dofs(5000 for thestructureand3500 for thefluid). Themodelis valid in
the frequency band[0 − 450Hz]. A sweepsinein the frequency bandof interestis
usedto excite the structurewith a 1N amplitude. Figure 8 shows the temporaland
spectralrepresentationsof theexcitation. Proportionaldampingis usedto introduce
dissipationin the model. It is deducedfrom the first four structuraldampedmodes
with adampingratioof 0.1%. Reducedordermethodspresentedpreviouslyarecom-
paredto thefull model.Thereducedmodelsizeis 200 dofs. Thetemporalmoments
of structuraldisplacementsandacousticpressurearepresentedin Tables3 and4. The
acousticenergy andthemeansquarevelocityarepresentedin Figures9 and10.
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Figure 7. Exhaust
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Figure 8. Excitation sine sweep

Table 3. Temporal moments for structural displacements
D E T

Full model 4.1211E-04 1.1772E-04 0.0650
Modal basis 4.1025E-04 1.1633E-04 0.0646
Error / Full model(%) -0.5 -1.2 -0.6
Coupling residues 4.1026E-04 1.2074E-04 0.0651
Error / Full model(%) -0.4 2.6 0.2
NL residues 4.1018E-04 1.1627E-04 0.0646
Error / Full model(%) -0.5 -1.2 -0.6
Coupling + NL residues 4.1197E-04 1.1739E-04 0.0649
Error / Full model(%) -0.03 -0.3 -0.2



Reductionfor nonlinearvibroacoustics 243

Table 4. Temporal moments for acoustic pressure
D E T

Full model 4.3529E-04 1.2554E+05 0.0670
Modal basis 4.2964E-04 1.2277E+05 0.0663
Error / Full model(%) -1.3 -2.2 -1.0
Couplingresidues 4.2312E-04 1.4276E+05 0.0676
Error / Full model(%) -2.8 13.8 0.9
NL residues 4.2961E-04 1.2276E+05 0.0663
Error / Full model(%) -1.3 -2.2 -1.0
Coupling + NL residues 4.3179E-04 1.2583E+05 0.0669
Error / Full model(%) -0.8 0.2 -0.1
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Figure 9. Mean square velocity - a) t = [0 − 0.1]s, b) t = [0.085− 0.1]s
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Figure 10. Acoustic energy - a) t = [0 − 0.1]s, b) t = [0.085− 0.1]s

Thisapplicationillustratesonceagainthepoorefficiency of theuncoupledproject-
ing bases.Residualtermsarerequiredto ensuregoodconvergence,but enrichment
canalsosometimesleadto divergenceof thesolution.This is thecasein thesimula-
tion with the reducedmodelusingthecouplingeffects. In thesametime, enriching
usingonly non-lineareffectsseemsto beinsufficient. It predictsthesamebehaviour
asthereducedmodelusingthemodalbasis.

Both applicationsshow the needfor a reducedmodel tool independentlyof the
excitation type. In both casesthe necessityof enrichingto ensuregoodconverging
propretieshasbeenillustrated.Usingthereducedmodeltool providesabenefitin time
consuming:in theseapplicationsthe calculatingtime was divided by 10 compared
to the full model. Concerningthe resultprecision,the temporalmomentsshow the
necessityon enrichingthebases.In fact,accordingto theresponse,enrichingshould
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takeinto accountnon-linearandcouplingeffectsto convergeto thesolutionof thefull
model. In the caseof heavy fluid, numericalresultsshow the limit of the proposed
methodandtheneedto considertheheavy fluid in thereducedbasisto ensuregood
predicting.

7. Conclusion

A reducedordermethodadaptedto non-linearcouplingproblemshasbeenpre-
sented. It is requiredfor localizedgeometricalnon-linearproblemsand is in the
processof beingextendedto othertypesof non-linearities.It consistsin enriching
theuncoupledmodalbasisby residuestakinginto accountnon-linearityandcoupling
conditions.It was mentionedthatassociatingconditionsis very importantto ensure
convergence.Examplesin thetemporalspacewith differenttypesof excitationshave
beenstudied.An applicationof theapproachin thefrequency domainis conceivable
usingtheharmonicbalancemethodadaptedfor geometricnon-linearities.
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