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ABSTRACT. This paper proposes a robust reduction method dedicated to non-linear
vibroacoustic problems in the context of localized geometrical non-linearities. The method
consists in enriching the truncated uncoupled modal basis of the linear model by a static
response due to unit forces on the non-linear degrees of freedom and by the static response of
the fluid due to the interaction with the structure. To show the effectiveness of the proposed
method, numerical simulations of responses of an elastic plate closing an acoustic cavity and
a hang-on exhaust are performed.

RESUME. Cet article propose une méthode de réduction robuste dédiée aux problemes
vibroacoustiques non linéaires. Le type de non-linéarité envisagé est géométrique localisé. La
méthode de réduction introduite consiste a enrichir la base modale tronquée du systeme
découplé sans non-linéarité par des réponses statiques de la structure dues a des efforts
unitaires sur les degrés de liberté non linéaires ainsi que par la réponse statique du fluide
induite par le couplage avec la structure. Les réponses temporelles d 'une plaque appuyée sur
une cavité acoustique et d’un tuyau sonore suspendu sont simulées pour montrer ’efficacité
de la méthode proposée.
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1. Introduction

This papemresentsa kind of methodfor modelreductiondedicatedo non-linear
internalvibroacoustigproblems. Modeling this problemstill remainsa heary exer-
cisefor industrialapplications The startingpointis theformulationchoice;structural
displacemenandacoustigressuréu, p) areemployedin this paper Usingthefinite
elementmethod(FEM) leadsto an unsymmetricamatrix systemwith large dimen-
sions. Symmetricformulation canalso be obtainedusing mathematicatechniques
leadingto full matrices(lrons,1970),or alternatve formulationchoices(Morandet
al., 1992;Tran,2009)which arenotrelevantfor dampingintroduction.

Theunsymmetriccharacteof the systemassociatedo its large sizeimplies high
computationatimeswhich arenotcompatiblewith optimizationandrobustnessnal-
ysis. In this context, modelreductionusing projectionbasess one of the waysto
reducethe calculationcost. Most of the applicationdn literaturedo not considerthe
non-lineatbehaiour whichis foundin mary examples.Thefew of themtreatingnon-
lineareffectsusespecificmethodgledicatedo non-lineardynamics.n particularthe
properorthogonaldecompositioror the non-linearnormalmodescan be efficiently
appliedto obtaina reducedmodel. (Amabili et al., 2007; Amabili, 2008). The use
of the harmonicbalancemethodin a frequeng studyis foundin mary applications
(Nayfehet al., 1995). Transientanalysisrequirethe implementatiorof anexplicit or
implicit integrationschemgGéradinet al., 1997;Bathe,1982). For externalvibroa-
cousticsaniterative procedureledicatedo FEM/BEM couplingincludingnon-linear
effectsonthestructurehasbeenproposedy (Soares-Jet al., 2005).

This studyis basedon the developmentof a reductionbasisdedicatedo inter-
nalnon-lineawvibroacoustiproblemsavheregeometricahon-linearitiesarelocalized.
Theformulationof thenon-lineawibroacousti@roblemwith structuraldisplacements
andacoustigpressurdormulationis first presentedReducedrdermodelof thecon-
sideredproblemis presentedn section3 includinganoriginal associatiorof the un-
coupledRitz basiswith both coupling and non-lineareffects. Newmark algorithm
dedicatedotimeintegrationis studiedn sectiord (Géradiret al., 1997;Bathe,1982).
Section5 presentghe predictorindicatorsusedfor comparisorwith the full model.
Section6 isfinally dedicatedo numericalillustrationsof the proposednethodology

2. Formulation of non-linear vibroacoustic problem

Thissectionpresentsheformulationof thenon-lineawibroacoustigroblem.The
startingpoint is the variationalformulationleadingto the finite elementformulation
of theproblem.

The vibroacoustigproblemconsideredn this work is presentedn Figure 1. Let
us considera fluid-filled domain2 ¢ coupledwith a structure(2; presentinglarge
displacementsl’ s, is the couplingsurface. The structureis submittedto volumeand
surfaceloadsf, (t) and fs(t).
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Figure 1. Vibroacoustic problem

2.1. Structural-acousticformulation

Thestructuralequatiorof motionis deducedrom thevirtual work principlewrit-
tenas:

to
6/(U+ﬂﬁz& [1]
ty

where:

— T isthekineticenengy:

1
T:—/pmmg 2]
2 Jo.

ps beingthe structuraldensityandu beingthe structuraldisplacement.

— U is thepotentialenegy definedasthe sumof the strainenegy U ;,-q:n» andthe
potentialenegy dueto theappliedloadU

Upot = _/ f’v (t)UdQ - / f& (t)'ll,dF, [3]
Qs s
1 T
Ustrain = 5 7 D7df). [4]
S s

D is the materialstiffnessmatrix andr is the 2"? order GreenLagrangestrain
tensorrelatedto the displacementield. Large displacementheorywith small strain
is consideredThis leadsto a straintensorwritten asfollow:

1 1
7(u) = §(Vu + Vaut) + §VutVu7 [5]
| —

———

1 1

T T

wherer! andr™ respectiely representhelinearandnon-linearpartsof the tensar
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Theconstitutve equatiorof thelinearelasticmaterialis:
S = Dr, [6]

whereS is the2¢ Piola-Kirchhof stressensor

Writing the virtual work principle leadsto the weakformulationof the problem
associatedo the structure(Morandet al., 1992;Pérignon2004):
ST (5u)dQ + /

/ ST (u, 6u)dQ) + / psa 5 Oud) =
Q. Q. ot
(7]
/ FfooudQ +/ fsoudl +/ pndudl.
Qs Ly Ts

Theterm frf pndudl’ correspondso the actionof thefluid onthestructurep being
theacousticpressure.

Concerninghe fluid domainf f, the equilibrium stateis expressedy the equa-
tion:
1 0%p
Ap=—— 8
P= S (8]
wherec is the soundof speedn thefluid.
Theboundaryconditionappliedon the couplingareal” ;s correspondso the slid-
ing condition:
O _  Ou
o~ o
wherep is thedensityof thefluid.

(9]
By applyingthe Greenformula, the variationalformulation of the fluid canbe
written as(Morandet al., 1992):

2,
néde‘ =0. [10]
r,, Ot

P
/Q ) VpVopdS) + / 92 ——0pdQ +
CouplingEquationd 7] and[10] leadsto:

/ ST l (5U)dQ+/ ST nl(u (5U)dQ+/ ,Osaa 25UdQ
Qs

/ pnéudf:/ fsdudF—I—/ FfooudS,
Ty,
Jo, VpVopdQ+ & [o, T2 6pdQ + py Ir,. 2L ngpdl = 0.

(11]
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2.2. Finite elementformulation

Usingthefinite elemenimethod the problemcanbewritten asfollows:

Pl el ] 22

where:

Mg — fﬂ ps%éudQ,

K, U)— fﬂs ST (5u)dQ + fQS ST (u, 6u)dS,
My — fo %519‘197

K¢ — fo VpVpdsQ,

C — fFfs pndudl,

F— fFS fsoudl.

— M, is themassmatrix of thestructure.

— K is thestiffnessmatrix of thestructure K ; is afunctionof U; for geometrical
non-linearitiest is the sumof alineartermarisingfrom thelinearproblemk ! anda
non-linearterm. For localizednon-linearitycase K ; canbewrittenas:

K (U) =K. + KMdiag(U)"*, [14]
where K is the hardeningcoeficient of the non-linearityandn is the degreeof
non-linearity

— My and Ky arethe matrix correspondingespectely to the discretizationof
kinematicenegy andthe compressibilityof thefluid.

— C isthecouplingmatrix correspondingo the actionof thestructureon thefluid
orviceversa.

[13]

— F is thestructureexcitationfunctionof thetimet.
Thematrix systemcanbeexpressedsa differentialequationwritten as:
MX +K(X)X =f(1). [15]
Solvingthis kind of equationdepend®n the natureof f(¢). Usingthemodaldecom-

positionmethodo diagonalizeéheproblemis notpossiblethisis dueto thenon-linear
charactepof thesystem.

If f(¢) is harmonic,one of the efficient techniquego solve the problemis the
harmonicbalancemethod(Nayfehet al., 1995).

Using an arbitrary excitation requiresthe implementationof time integration
method(Géradinet al., 1997;Bathe,1982).

In both casessolving the problemis time consuming.In the next section,a re-
ducedordermethoddedicatedo this kind of problemis presented.The projecting
basisshouldtake into accountothnon-linearandcouplingeffects.
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3. Reduced order method

This sectionpresentshe strat@yy usedfor elaboratinghereducease.Thestart-
ing point is the classicalapproachbasedon the creationof the reducedRitz basis
issuedfrom the uncoupledoroblems.Non-linearandcouplingeffectsareconsidered
asa perturbatiorof the non-couplegroblem.Enrichingthe basisby residuesssued
from theseperturbationdeadsto a robust reducedbasisdedicatedo vibroacoustic
problems. The original contrikution of this work is in the combinationof different
basesassociatetb a singularvaluedecompositiorio ensuregoodconditioning.

3.1. Uncoupledmodalbasis

As it was mentionedn thepreviousparagraphareducedrdermethods required
for modelingnon-linearvibroacoustigproblem.The proposedasisshouldbe robust
andeasyto implement. A first approximationmodel correspondso the useof an
uncouplednodalbasisissuedfrom thein vacuolinearstructuralproblem(K ™ = 0)
andtherigid wall cavity problem.Thisleadsto afinite elementapproximatiorwritten
asfollows:

U Tsmb 0 qs
~ 16
[P } [ 0 Tf’mJ LIJ’ 1ol

whereT,,,, andT}.,; respectiely representhe truncatedstructureandfluid modal
bases.

3.2. Non-linear enriching

Localizednon-linearbehaiour is consideredisa perturbatiormodifying thelin-
earresponseThis perturbatioris assimilatedo a residualexcitationforce. In order
to take into accounthisforcein thenon-lineareducednodel,alinearstaticresponse
of thein vacuostructuredueto a unit load on eachnon-lineardegreeof freedomis
considered:

Ajjslnl = (Ké)_lfiv [17]
wherei is thei*” non-lineardegreeof freedomand
fi=10..1..0". [18]

Orthogonalizatioris necessaryo ensuregood conditioningof the problem. This is
realizedwith asingularvaluedecompositiorf SV D):

T, = [Tsmb‘ATS”l]SVD : [19]

This leadsto a new finite elementapproximatiorwritten asfollows:

Ul _ |Ts 0 qs
[P } - {0 Tfmb} LIJ ' 120}
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3.3. Couplingenriching

Themaingoalof this sectionis to proposea modalsynthesisnethodthatcantake
into accountouplingeffects. Thehomogeneoumatrix formulationassociatedo the
Equation[12] in thefrequeng domainis written as:

(i e ) TR 2

Thetermp;CTU canbeinterpretedasan excitationof thefluid dueto the struc-
ture. For thefluid part,we have:

(Ky —w’My) P =w?p,CTU. [22]

This excitationis notknown but it canbeapproximatedby projectingthedisplace-
mentonthestructurabasisintroducedn the previoussection 19]. Updatingthefluid
basisby includingthis responséeadsto a new reducedasis.This new residualbasis
is writtenas(Tran,2009; Tranet al., 2010):

ATy, = (Kp —w?2M;) ' CTT,, [23]
andshouldbedecomposeih singularvalueto ensureorthogonality:
Ul _|Ts 0] |gs
[P} - {0 Tf} LIJ ’ 124]
where:
Ty = [Tfmb|ATfS]SVD~ [25]

3.4. Couplingwith heavyfluid

Thereducedordermethodpresentedbove is dedicatedo the non-linearvibroa-
cousticproblemwith light coupling. In the casewherethe fluid densitycannot be
neglectedcomparedo the structure the couplingis consideredtrong. Thefluid be-
haviourimpactsthe structureandshouldbe consideredn themodalsynthesisLinear
staticresponsef the structuredueto thefluid effectis written as:

U= (KH=lCP. [26]
Thisexcitationis notknown but it i sapproximatedby projectingthepressureé® on
thefluid basisintroducedn the sectionbellow [ 25]. Enrichingthe structuralbasisby

the staticresidualresponselueto the heary fluid impactleadsto a new basiswritten
asfollows (Tran,2009; Tranet al., 2010):

=1 o)) .
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where

Tshf = [TS|ATSf]SVD' (28]
and
AT,y = K71OTy. [29]

Oncethereducedbasishasbeenestablishedthe modelreductionis performedas
follows:

U qs
X = =T =T 30
o=l = B
T is thereductionbasisdefinedin the sectionsabove. Dynamicsequilibriumdefined
in Equation 15] becomes:

M.+ K, (q)q= f-(t), [31]
where:

— M, isthereducednassmatrix: M, = TTMT
— K, isthereducedstiffnessmatrix: &, = TTKT
— f. isthereducedorcevector: f, = TT f

4. Computation of non-linear temporal response: Newmark algorithm

In this section,the well knowvn Newmark algorithmis recalled. As it was men-
tionedbefore,the strategyy to solve the dynamicequationglepend®n the excitation.
Equilibrium equationin presencef dissipatve enegy modeledby a dampingmatrix
D iswrittenas:

r(X) = MX(t) + DX (t) + K(X)X(t) — f(t) = 0. [32]

In the caseof an arbitrary excitation, numericalintegrationin the time domain
is required. It consistsin calculatingthe iterative stateof the system(displacement,
velocity andaccelerationps a function of time progress.A widely usedtechnique
is the Newmark algorithm; comparedo other numericalintegration, the Newmark
algorithmis relatively stable.lt usesthefollowing statedescription:

X, X (t,)
A, = | X, | = [ X)) ], [33]
X, X(tn)

whereA,, representshe systemstatecalculatedattimet¢,,. A, representshe sys-
tem stateat onetime steplater, it is written as (Géradinet al., 1997;Bathe,1982):

Xnt1= Xy + hX, + h2(3 — B) X + 28X 11
Xn+1 - Xn + (1 - 7)th + ’Yth+1 [34]

X’n+1
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whereh isthechosenime step,y andj aretheparametersf theNewmarkalgorithm.

X,+1 is calculatedhroughthe dynamicEquation[ 32].

Non-linearbehaiour canleadto badpredictions.A residueevaluationis consid-
eredto ensuredynamicequilibrium. The residualequationis evaluatedat eachtime
stepthroughthelinearizedfirst orderequation:

o1+ S 1 AX =0, [35]

whereS? | = [%]X;'LH = K'+ 35 D' + 51> M is theJacobiamatrixof r; K* and
D' arerespectiely theJacobiarmatricesof K andD while AX = — (S} )" r, 4
is the displacementorrection.i is thei*" iterationof the residueevaluation(correc-
tion). Experienceshovsthatfor anull acceleratiorat the beginningof everyiteration,
andby correctingthe approximatiorduringiterations this canprovide stableandfast
processkor thesamereasonaconstantlacobiammatrix canbeusedin thecorrection
algorithm. The advantagecomparedo the evaluationof the Jacobiarmatrix at each
stepis theinversionprocedure Otherwise corvergenceto the equilibrium statewill
belonger Choosingoneof thesetechniquesvill dependntheapplication.

Thesamealgorithmis usedfor theintegrationof thereducednodel[ 31]. Matrices
M, K andD andvectorsX andf arereplacedy theircorrespondingeduction(M ..,
K,, D,, g and f, respectiely). Onceareducecstateis evaluated physicalresponse
is performedusingEquation] 30].

Thenumericalintegrationalgorithmis resumedasfollows:

Prediction
)gn+1 == Xn + (1 - f)/)th
Xn+1 =0
!
Residuegvaluation
€ Tntl
while|r,+1] > €
Tn+1 = MXTL+1 + DXTL+1 + K(XTL+1)X7L+1 - f’n+1
!
Correction
A)f = _(_S;L-&-l)_lrn—&-l
X’Zﬂl = X +AX
iy = X+ grax
X8 = X+ gAX
end while
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5. Prediction indicators

Resultscomparisortools arebasedon statisticindicatorsassociatedo the struc-
ture andfluid responses additionto the enegy indicatorsthatresultfrom acoustic
andkineticenepgies.

5.1. Temporalmoments

Temporalmomentsare usedin transientresponse#n orderto quantify the com-
parisonbetweendifferentmodels. It is usedto qualify the modelresponse Thes t*
orderof thetemporaimomentof aresponse(¢) is definedas(Massoret al., 2006):

+oo .
M= [ - t) W) e [36]
wheret representthetemporalshift and: themomentindex order

In this work, thefollowing temporalmomenti/; is usedwith ¢, = 0 andnormal-
izedasfollows:
E = My: Enegy (m?s),
T =t Centraltir2ne(centroid)(s), 137]
D? = {F — (%) : Rootmeansquareduration(s?).

5.2. Energyindicators

Theindicatorsthatareusedarethe acousticenegy andthe meansquarevelocity.
Theacousticenepy is definedasthe sumof the kinetic andpotentialenegiesin the
fluid domain.Thediscretizedorm is expresseasfollows:

1 1.
E,=—PK;P+ —PM;P. [38]
2py 2py

Thediscretizedorm of the meansquarenormalvelocity is definedas:

2 1

V' = —=VM,V, [39]
BA

where),,, comesfrom thediscretizatiorof [ v2dS.

6. Numerical illustration

In orderto illustratethe proposeddea,two applicationsare presentedh this sec-
tion. A parallelepipedi@cousticcavity fixedwith a thin plate presentingion-linear
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localizedbehaiour andan exhaustfilled of air with non-linearlinks. Two typesof
excitation are studied. For the acousticcavity, the responsef the systemdueto an
impactof 500NV is considered.For the exhaust,a sweepsinein the frequeng band
of the modelis exciting the system.The full modelresponsés comparedo there-
sultsobtainedwith severalreductionbasesThereducedrdermethodsusedin these
applicationsarethefollowing:

— reducednodelusingthe uncouplednodalbasisof the system(M odal basis);

—enrichmenbf the uncoupledstructuralmodalbasisby the staticresponsef the
structuredueto theunit forcesonthe non-lineardegreesof freedom(NL residues);

—enrichmenbf the uncoupledluid basisonly by the staticresponsef the fluid
dueto the presencef the structurg/Coupling residues);

—enrichmenbf theuncoupledstructuraimodalbasisby the staticresponsef the
structuredueto the unit forceson the non-lineardegreesof freedomandenrichment
of theuncoupledluid basisby the staticrespons®f the fluid dueto the presencef
the structureand by taking into accountthe non-linearbehaiour (Coupling + NL
residues).

6.1. Acousticcavity

Thefirst exampleis an academiapplicationto illustratethe non-linearcoupling
effects. Let us considera thin plate (0.654 x 0.527 x 0.003m?) with localizednon-
linearities(17 atall) fixedonanacousticavity (0.654 x 0.527 x 0.6m ®) filled with air.
Figure2 shavsthefinite elemenimodelof thesystem .Themodelsizeis about11000
dofs (3000structural8000fluid dofs). The modelfrequeng bandis [0 — 300H z];
reducedmodelsizeis about150 dofs against11000for the full model. Dissipation
enepy is introducedby modelinga proportionaldampingdeducedrom thefirst four
structuralmodewith a dampingratio of 0.1%. Structureis excited usinganimpact
excitationof 500NV in a periodof 10 ms; Figure 3 shavs thetemporalandspectral
representationf theimpact.

The temporalmomentsfor a period of 0.1s of the structuraldisplacementind
the acousticpressurdor the considerednodelreductionstrateyies are presentedn
Tables1 and2. Structuraldisplacemenat non-lineardofs andpredictionindicators
arepresentedn Figures4 and5. Thelinearmodelresponsés alsopresentean the
samefiguresto illustratetheimpactof the non-lineareffects.

In this application,resultsshov the needto enrichthe bases. More precisely
temporalmomentsfor structuraldisplacementshowv the needto take into account
non-lineareffectsandtemporalmomentsor acousticpressureshav the needto take
into accountthe couplingeffects. In both casesmodalbasesdo not includeenough
informationto properlyrepresenthebehaiour of the system.

In the caseof strongcoupling,whena heavy fluid aswateris consideredn the
acousticdomain,the reducedordermethodshouldtake into accountheavy fluid be-
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Figure 2. Acoustic cavity
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Table 1. Temporal moments for structural displacements

Figure 3. Impact spectrum

T E D
Full model 0.0439 | 6.3637e-06| 8.48869e-04
Modal basis 0.0438| 6.1156e-06| 8.4772e-04
Error/ Full model(%) -0.2 -3.9 -0.1
Coupling residues 0.0438| 6.0208e-06| 8.4647e-04
Error/ Full model (%) -0.2 -5.4 -0.3
NL residues 0.0439| 6.3331e-06| 8.4906e-04
Error/ Full model(%) 0 -0.5 0.02
Coupling + NL residues | 0.0439| 6.3633e-06| 8.4882e-04
Error/ Full model (%) 0 -0.00 -0.00
Table 2. Temporal moments for acoustic pressure
T E D
Full model 0.0529| 2.7754e+06| 8.1539%e-04
Modal basis 0.0538| 2.8350e+06| 8.0777e-04
Error/ Full model(%) 1.7 2.1 -0.9
Coupling residues 0.0532| 2.7550e+06| 8.0692e-04
Error/ Full model(%) 0.6 -0.7 -1.03
NL residues 0.0540| 2.8928e+06| 8.1152e-04
Error/ Full model(%) 2.1 4.2 -0.5
Coupling + NL residues | 0.0529| 2.7745e+06| 8.1512e-04
Error/ Full model(%) 0 -0.03 -0.03
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Figure 4. Displacement as a function of time. a) in a period of 0.1s with the linear
model, b) in the period [0.09-0.1] s

haviour asit was mentionedefore.Figure 6 presentshe predictive indicatorsof the
full modelcomparedo the reducedmodelwith andwithout takinginto accounthe
heavy fluid. Resultsshav the needto take into accountheary fluid effects. Thenon-
convergenceof the modelthatdo not considerthe heavy fluid effect comparedo the
full modelcanbeobsenredin Figure 6.
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Figure5. Prediction indicators - light coupling
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Figure 6. Prediction indicators - heavy coupling

6.2. Exhaust

Let us consideran air cavity in a fold exhaustsuspendedvith 18 non-linear
springs. The exhaustdimensionsare L1 + L2 + L3 = 0.2 + 0.25 + 0.2m,
R1 = R3 = 0.05m and R2 = 0.125m (Figure7). The finite elementmodelcon-
tains8500 dofs (5000 for the structureand3500 for the fluid). The modelis valid in
the frequeny band[0 — 450H z]. A sweepsinein the frequeny bandof interestis
usedto excite the structurewith a 1N amplitude. Figure 8 shows the temporaland
spectralrepresentationsf the excitation. Proportionaldampingis usedto introduce
dissipationin the model. It is deducedrom thefirst four structuraldampedmodes
with adampingratio of 0.1%. Reducedrdermethodspresentegreviously arecom-
paredto thefull model. Thereducedmodelsizeis 200 dofs. Thetemporalmoments
of structuraldisplacementandacoustiqressurarepresentedh Tables3 and4. The
acousticenegy andthe meansquarevelocity arepresentedh Figures9 and10.
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Figure 8. Excitation sine sweep

Table 3. Temporal moments for structural displacements

D E T
Full model 4.1211E-04| 1.1772E-04| 0.0650
Modal basis 4.1025E-04| 1.1633E-04| 0.0646
Error/ Full model(%) -0.5 -1.2 -0.6
Coupling residues 4.1026E-04| 1.2074E-04| 0.0651
Error/ Full model(%) -0.4 2.6 0.2
NL residues 4.1018E-04| 1.1627E-04| 0.0646
Error/ Full model(%) -0.5 -1.2 -0.6
Coupling + NL residues | 4.1197E-04| 1.1739E-04| 0.0649
Error/ Full model(%) -0.03 -0.3 -0.2
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Table 4. Temporal moments for acoustic pressure

D E T
Full model 4.3529E-04| 1.2554E+05| 0.0670
Modal basis 4.2964E-04| 1.2277E+05| 0.0663
Error/ Full model(%) -1.3 -2.2 -1.0
Couplingresidues 4.2312E-04| 1.4276E+05| 0.0676
Error/ Full model(%) -2.8 13.8 0.9
NL residues 4.2961E-04| 1.2276E+05| 0.0663
Error/ Full model(%) -1.3 -2.2 -1.0
Coupling + NL residues | 4.3179E-04| 1.2583E+05| 0.0669
Error/ Full model(%) -0.8 0.2 -0.1
|- - e
Coupling residues
0 0.62 Ov‘O4 Time () 0.66 0 68 0.1
a)
12 i( ‘Full model
10F - g;;sﬁ:\dgureessmues
M’y | = = = Coupling+NL residues
0.085 0.09 Time (9 0.095 0.1
b)

Figure9. Mean square velocity - @) ¢t = [0 — 0.1]s, b) ¢ = [0.085 — 0.1]s
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Figure 10. Acoustic energy - a) t = [0 — 0.1]s, b) ¢ = [0.085 — 0.1]s

Thisapplicationillustratesonceagainthepoorefficiency of theuncouplegroject-
ing bases.Residualtermsarerequiredto ensuregoodcorvergence but enrichment
canalsosometimedeadto divergenceof the solution. Thisis the casein the simula-
tion with the reducedmodelusingthe couplingeffects. In the sametime, enriching
usingonly non-lineareffectsseemdo be insufiicient. It predictsthe samebehaiour
asthereducedmodelusingthe modalbasis.

Both applicationsshav the needfor a reducedmodeltool independentlyof the
excitationtype. In both caseghe necessityof enrichingto ensuregoodcorverging
propretiehasbeenillustrated.Usingthereducednodeltool providesabenefitin time
consuming:in theseapplicationsthe calculatingtime was divided by 10 compared
to the full model. Concerningthe resultprecision,the temporalmomentsshow the
necessityon enrichingthe basesn fact,accordingo the responseenrichingshould
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take into accounnhon-linearandcouplingeffectsto corvergeto thesolutionof thefull
model. In the caseof heavy fluid, numericalresultsshow the limit of the proposed
methodandthe needto considerthe heavy fluid in the reducedasisto ensuregood
predicting.

7. Conclusion

A reducedordermethodadaptedo non-linearcouplingproblemshasbeenpre-
sented. It is requiredfor localized geometricalnon-linearproblemsandis in the
processf beingextendedto othertypesof non-linearities. It consistsin enriching
theuncouplednodalbasisby residuegakinginto accounnon-linearityandcoupling
conditions. It was mentionedhatassociatingconditionsis very importantto ensure
convergence Examplesn thetemporalspacewith differenttypesof excitationshave
beenstudied.An applicationof the approachin the frequeng domainis concevable
usingthe harmonicbalancemethodadaptedor geometrimon-linearities.
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