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ABSTRACT. In this paper, we present some aspects relative to the types of uncertainties, the 
variability of real systems, the types of probabilistic approaches and of the representations 
for the probabilistic models of uncertainties, the construction of the probabilistic models 
using the maximum entropy principle. We then present the nonparametric probabilistic 
approach of uncertainties for elliptic problems, for 3D continuous dynamical systems with 
geometrical nonlinearities induced by large displacements and for low- and medium-
frequency vibroacoustics of a complex system with experimental validations. Finally, a 
generalized probabilistic approach of uncertainties in computational dynamics using the 
random matrix theory and polynomial chaos decompositions is presented. 

RÉSUMÉ. Dans cet article, on introduit les types d’incertitudes, la variabilité des systèmes 
réels, les types d’approches probabilistes, les types de représentation des modèles 
probabilistes des incertitudes, la construction des modèles probabilistes en utilisant le 
principe du maximum d’entropie. On présente ensuite l’approche probabiliste non 
paramétrique des incertitudes pour les problèmes elliptiques, pour l’élastodynamique 3D 
avec non-linéarités géométriques induites par les grands déplacements et la vibroacoustique 
basse et moyenne fréquence d’un système complexe avec validation expérimentale. 
Finalement, on présente une approche probabiliste généralisée des incertitudes pour la 
dynamique numérique en utilisant la théorie des matrices aléatoires et les décompositions sur 
les chaos polynômiaux. 

KEYWORDS: uncertainties, probabilistic modeling, uncertainties quantification, propagation of 
uncertainties, inverse problems, identification. 

MOTS-CLÉS : incertitudes, modélisation probabiliste, quantification des incertitudes, 
propagation des incertitudes, problèmes inverses, identification. 

DOI:10.3166/EJCM.19.25-40 © 2010 Lavoisier, Paris 



26 EJCM– 19/2010.Giens2009

1. Introduction concerning the probabilistic modeling of uncertainties

1.1. Uncertainties and variability

Thedesignedsystemis usedto manufacturethe real systemandto constructthe
nominal computationalmodel (also called the meanmodel) using a mathematical-
mechanicalmodelingprocessfor which the main objective is the predictionof the
responsesof therealsystemin its environment.Therealsystem,submittedto agiven
environment,canexhibit a variability in its responsesdueto fluctuationsin theman-
ufacturingprocessand dueto smallvariationsof theconfigurationarounda nominal
configurationassociatedwith the designedsystem. The meanmodelwhich results
from a mathematical-mechanicalmodelingprocessof thedesignsystem,hasparam-
eterswhich canbeuncertain.In this case,therearemodel-parameteruncertainties.
In anotherhand,themodelingprocessinducessomemodelingerrorsdefinedasthe
modeluncertainties. It is importantto takeinto accountboththemodel-parameterun-
certaintiesandmodeluncertaintiesto improvethepredictionsof computationalmod-
elsin orderto usesuchacomputationalmodelto carryoutrobustoptimization,robust
designandrobustupdatingwith respectto uncertainties.Today, it is well understood
that,assoonastheprobabilitytheorycanbeused,thentheprobabilisticapproachof
uncertaintiesis certainlythemostpowerful, efficient andeffective tool for modeling
andfor solvingdirectandinverseuncertainproblem.Thedevelopmentspresentedin
this paperarelimited to theprobabilisticapproaches.

1.2. Types of approach for probabilistic modeling of uncertainties

Theparametricprobabilisticapproachconsistsin modelingtheuncertainparame-
tersof themeanmodelby randomvariablesandthenin constructingtheprobabilistic
modelof theserandomvariablesusingtheavailableinformation. Suchanapproach
is very well adaptedandvery efficient to take into accountmodel-parameteruncer-
taintiesassoonasthe probability theorycanbe used. Many works have beenpub-
lished in this field and a state-of-the-artcan be found for instancein (Deodatiset
al., 2008;Maceet al., 2005;Schueller, 2005a;Schueller, 2005b)).Nevertheless,the
parametricprobabilisticapproachdoesnotallow modeluncertaintiesto betakeninto
account(seefor instance(Beck et al., 1998)). A possibleway to solve this diffi-
cult problemis thenonparametricprobabilisticapproachwhich hasbeenintroduced
by (Soize,2000;Soize,2001)andfor which extensionsanddevelopmentshave been
presentedin (Soize,2003;Soize,2005).This approachconsistsin replacingthema-
trices of the finite approximationsof the operatorsof the boundaryvalueproblem
by randommatricesfor which the meanvaluesareequalto the correspondingma-
tricesof the meanmodelandfor which theprobabilitydistributionsareconstructed
usingonly theavailableinformation.Thenonparametricprobabilisticapproachthen
usesthe randommatrix theory(seefor instance(Mehta,1991))andhasrequiredto
introducenew ensemblesof randommatricesadaptedto computationalmechanics
modeling(Soize,2000;Soize,2001;Soize,2005;Mignoletet al., 2008a)andwhich
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have beenconstructedusing the maximumentropy principle underthe constraints
definedby the availableinformation(seeSection1.4). This approachhasbeenap-
plied andvalidatedfor directproblemsof predictions,stochasticinverseproblemsof
identificationandrobustoptimizationproblems(Arnstetal., 2006;Capiez-Lernoutet
al., 2006;Chenet al., 2006;Cottereauet al., 2007;Capiez-Lernoutet al., 2008;De-
sceliersetal., 2008;Durandetal., 2008;Pellissettietal., 2008;Soizeetal., 2008;Ba-
touet al., 2009)for many situations,oftenwith experimentalvalidations.Extensions
havebeenproposed,particularlyin dynamicsubstructuringandin nonlineardynamics
(Chebliet al., 2004;Capiez-Lernoutet al., 2005;Descelierset al., 2004;Duchereau
etal., 2006;Sampaioetal., 2007;Mignoletetal., 2008b;Batouetal., 2009).Veryre-
cently, a generalizedprobabilisticapproachof uncertaintiesin computationaldynam-
ics usingrandommatricesandpolynomialchaosdecompositionshasbeenproposed
(Soize,2010).

1.3. Types of representation for probabilistic modeling of uncertainties

A fundamentalquestionis the constructionof prior probability modelsof un-
certainties. Sucha prior probability model can then be usedto study the propa-
gation of uncertaintiesthroughthe mechanicalsystemwhich is analyzed. If ex-
perimentalmeasuresare available for the mechanicalsystem,then thesemeasures
can be used(1) to identify the parametersof the prior probability model (seefor
instance(Soizeet al., 2008))using, for instance,the maximumlikelihoodmethod
(Serfling,1980;Spall,2003)or (2) to constructa posteriorprobabilitymodel(seefor
instance(Beck et al., 1998))using,for instance,the Bayesianmethods(seefor in-
stance(Bernardoetal., 2000;Kaipio etal., 2005;Spall,2003;Congdon,2007;Carlin
et al., 2009)).Two methodscanbeusedto constructtheprior probabilitymodelof a
randomvectorA belongingto thespaceL2

N of all thesecond-orderrandomvariables
definedon a probabilityspaceandwith valuesin R

N (this randomvectorcanresult
from a finite dimensionapproximationof astochasticprocessor of a randomfield).

(i)- Thefirst methodis adirectapproachwhichconsistsin directlyconstructingthe
probabilitydistributionPA(da) on R

N in using,for instance,themaximumentropy
principle(seeSection1.4).

(ii) - The secondmethodis an indirect approachwhich consistsin introducinga
representationA = g(X) for which A ∈ L2

N is the transformationby a determin-
istic nonlinearmappingg (which hasto beconstructed)of aR

ν-valuedrandomvari-
ableX = (X1, . . . , Xν) whoseprobabilitydistributionPX(dx) is given andthenis
known. ThenPA is thetransformationof PX by themappingg. Two maintypesof
methodscanbeused.

(ii.1)- The first one correspondsto the spectral methodssuch as the Poly-
nomial Chaosrepresentations(Wiener, 1938; Ghanemet al., 1991; Ghanemet
al., 1996;LeMaitreetal., 2004;Soizeetal., 2004;Nouy, 2007;Dasetal., 2008;Arnst
et al., 2008;Nouy et al., 2009;Soizeet al., 2009)which canalsobeappliedin infi-
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nite dimensionfor stochasticprocessesandrandomfields,which allow theeffective
constructionof mappingg to becarriedout andwhich allow any randomvariableA

in L2
N , to be writtenas

A = Σ+∞
j1=0 . . .Σ+∞

jν=0 aj1,...,jν ψj1(X1) × . . . × ψjν
(Xν) ,

in whichψj aregiven realpolynomialsandwhereaj1,...,jν arevectorsin R
N which

completelydefinemappingg. Theconstructionof g thenconsistsin identifying the
vector-valuedcoefficientsaj1,...,jν . If X is Gaussian,thenthe polynomialsarethe
normalizedHermitepolynomials.Today, many applicationsof suchanapproachhave
beencarriedout for direct and inverseproblems,seefor instance(Ghanemet al.,
2005;Berveiller etal., 2006;Desceliersetal., 2006;Faverjonet al., 2006;Desceliers
et al., 2007;LeMaitreet al., 2007;Arnstetal., 2008;Guilleminotet al., 2008)).

(ii.2)- Thesecondoneconsistsin introducingaprioralgebraicrepresentationA =
g̃(X , w) in whichw is a parameterwith smalldimensionwhichhasto beidentified,
whereX id a vector-valuedrandomvariablewith probabilitydistributionP X , where
g̃ is a given nonlinearmappingandwherethe vector-valuedparameterw mustbe
identified.For instance,tensor-valuedrandomfieldsrepresentationsconstructedwith
suchanapproachcanbefoundin (Soize,2006;Soize,2008b).

Method(ii.1) allows any randomvectorA in L2
N to berepresentedbut therepre-

sentationcanrequirea very largenumberof coefficientsyielding very difficult prob-
lems for their identification. In general,method(ii.2) doesnot allow any random
vectorA in L2

N to be representedbut allows a representationto beconstructedin a
subspaceof L2

N whenw runsthroughall theadmissiblespace(but, in opposite,the
identificationof w is realisticandefficient.

1.4. Construction of the probabilistic models using the maximum entropy principle

The measureof uncertaintiesusing the entropy were introducedby (Shannon,
1948) in the framework of InformationTheory. The useof the maximumentropy
principle (that is to say the maximizationof the level of uncertainties)to construct
a prior probabilitymodelof a randomvariableunderthe constraintsdefinedby the
availableinformation,wereformalizedby (Jaynes,1957).Thisprincipleappearsasa
majortool to constructtheprior probabilitymodel(1) of uncertainparametersof the
meanmodelfor the parametricprobabilisticapproach,(2) of both model-parameter
uncertaintiesandmodelingerrors forthe nonparametricprobabilisticapproachand
(3) of thegeneralizedapproachof uncertaintiescorrespondingto a full hybridization
of theparametricandnonparametricprobabilisticapproaches.

Let a = (a1, . . . , aN ) be a real vectorandlet A = (A1, . . . , AN ) bea second-
orderrandomvariablewith valuesin R

N whoseprobabilitydistributionPA is defined
byaprobabilitydensityfunctiona �→ pA(a) onR

N with respecttoda = da1 . . . daN

andwhich verifiesthenormalizationcondition
∫

RN pA(a) da = 1. In fact, it is as-
sumedthatA is with valuesin any boundedor unboundedpartA of R

N andconse-
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quently, thesupportof pA is A. Theavailableinformationdefinesaconstraintsequa-
tion on R

µ written asE{g(A)} = f in which E is the mathematicalexpectation,
f = (f1, . . . , fµ) is agivenvectorin R

µ andwherea �→ g(a) = (g1(a), . . . , gµ(a))
is a given function from R

N into R
µ. Let C be the setof all theprobabilitydensity

functionsa �→ pA(a) definedon R
N with valuesin R

+ verifying the normaliza-
tion conditionandthe constraintsequationE{g(A)} = f . The maximumentropy
principleconsistsin findingpA in C which maximizestheentropy (that is to saythe
uncertainties),

pA = argmax
p∈C

S(p) , S(p) = −

∫

RN

p(a) log(p(a)) da

in which S(p) is the entropy of the probability densityfunctionp. Introducingthe
Lagrangemultiplier λ ∈ Lµ ⊂ R

µ associatedwith the constraintswhereLµ is the
subsetof R

µ of all theadmissiblevaluesfor λ, it caneasilybeseenthatthesolution
of theoptimizationproblemcanbewrittenas

pA(a) = c0 1A(a) exp(− < λ, g(a) >) , ∀a ∈ R
N

in which< x , y >= x1y1 + . . . + xµyµ andwhere1A is the indicatrix functionof
setA. The normalizationconstantc0 andthe Lagrangemultiplier λ arecalculated
in solving a nonlinearvectorialalgebraicequationdeducedfrom the normalization
conditionandfrom the constraintsequation.This algebraicequationcanbe solved
usingappropriatedalgorithms. Then, it is necessaryto constructa generatorof in-
dependentrealizationsof randomvariableA whoseprobability densityfunction is
that which hasbeenbuilt. In small dimension(N is a few units), thereis no diffi-
culty. In high dimension(N hundredsor thousands),therearetwo majordifficulties.
Thefirst oneis relatedto thecalculationof anintegral in high dimensionof thetype
c0

∫
A

g(a) exp(− < λ, g(a) >) da which is necessaryto implementthealgorithm
for computingc0 andλ. The secondoneis the constructionof the generatoronce
c0 et λ have beencalculated. Thesetwo aspectscanbe solved using the Markov
ChainMonteCarlomethods(MCMC) (seefor instance(Kaipio et al., 2005;MacK-
eown, 1997;Spall, 2003)). The transitionkernel of the homogeneous(stationary)
Markovchainof theMCMC methodcanbeconstructedusingtheMetropolis-Hastings
algorithm(Hastings,1970)or the Gibbsalgorithm(Gemanet al., 1984)which is a
slightly differentalgorithmfor whichthekernelis directlyderived from thetransition
probabilitydensityfunctionandfor whichtheGibbsrealizationsarealwaysaccepted.
Thesetwo algorithmsconstructthetransitionkernelfor whichtheinvariantmeasureis
PA. In general,thesealgorithmsareeffectivebut cannotbewhenthereareregionsof
attractionthatdonotcorrespondto theinvariantmeasure.Thesesituationscannotbe
easilydetectedandaretime consuming.Recently, a new approach(Soize,2008a)of
theclassof theGibbsmethodhasbeenproposedtoavoid thesedifficultiesandis based
on the introductionof an Itô stochasticdifferentialequationwhoseuniqueinvariant
measureis PA andis theexplicit solutionof a Fokker-Planckequation(Soize,1994).
Thealgorithmis then obtainedby discretizationof theItô equation.
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2. Nonparametric probabilistic approach of uncertainties for elliptic boundary
value problems

For the generalcaseof elliptic boundaryvalue problems,the nonparametric
probabilisticapproachof uncertaintiescan fe found in (Soize,2009). The mean
computationalmodel resultingfrom the finite elementdiscretizationof the strictly
elliptic boundaryvalue problemunderconsiderationis written as [ K ] [x ] = [ b ]
in which [ K ] is a positive-definite(n × n) sparsereal matrix, where [ x ] is a
(n × m) real matrix madeup of the unknowns andwhere[ b ] is a given (n × m)
real matrix. The nonparametricprobabilisticapproachcannotdirectly be used,one
hand becauseof the presenceof topological zerosin the sparsematrix [ K ] and
partly becausefor problemsin high dimensionthe large full randommatrix [ K ]
couldnot be managed(if n = 107, thenthereis 0.5 × 1014 nonzeroelements!).It
is thereforenecessaryto build a reducedmodelof dimensionN ≪ n knowing that
a reductionof modal type would not be effective with respectto the convergence
in N . The proposedapproachin (Soize, 2009) consistsin associatingwith the
meancomputationalmodel, the stochasticequation[ K ] [X ] = [ b ] and a family
{[KN ], N = 1, . . . , n} of (n × n) randommatricesbelonging to the set SE+

defined in (Soize, 2005) such that the random solution [X N ] of the stochastic
equation[ KN ] [ XN ] = [ b ] is a second-ordersolutionE{‖ [XN ] ‖2

F} = c < +∞
such that limN→n E{‖ [XN ] − [X] ‖2

F} = 0, whereN ≤ n is the dimension
of the reduced-ordermodel. For fixed N , randommatrix {[K N ] is definedby

[ KN ] =
{
[ΦN ]([KN ]−1 − [ KN ]−1)[ΦN ]T + [ K ]−1

}−1
with [ΦN ] the (n × N)

real matrix whosecolumnsare the N orthonormaleigenvectorsof [ K ] associated
with theN first positiveeigenvalues0 < λ1 ≤ λ2 ≤ . . . ≤ λN . Thediagonalmatrix
[ KN ] madeup of theeigenvaluesλ1, . . . λN arewritten as[ KN ] = [LN ]T [LN ] and
thefull randommatrix [ KN ] is suchthat [ KN ] = [LN ]T [GN ] [LN ] in which [GN ]
is the(N × N) full randommatrixbelongingto thesetSG+ definedin (Soize,2005).
We thenhaveE{[ KN ]} = [ KN ]. Obviously, the(n × n) full randommatrix [ K N ]
is never assembledandthespecializedalgorithmdetailedin (Soize,2009)is used.

As anexample,we considerthefollowing problemin linearelastostatics.Thefi-
nite elementmeshof thedomainis shown in Figure1 (a) andthereare17, 355 DOF.
Thematerialis linearelastichomogeneousandisotropic. ThereareDirichlet condi-
tions on part of the boundaryandtherearem = 4 independentstatic loadsapplied
on theouterlateralsurfaceof thecylinder. Thelevel of uncertaintyis definedby the
value ofthedispersionparameterδ of therandommatrix [GN ]. Thestochasticsolver
is basedon theuseof theMonteCarlomethodfor whichn s = 20, 000 independent
realizationsareused.Figure1 (b) shows themeansquareconvergenceof therandom
solutionasa functionof dimensionN of the reduced-ordermodelandfor δ = 0.5.
Convergenceis reachedfor N ≥ 300. Let U (or V ) be therandomvariablerepresent-
ing thecomponentof therandomresponsefor which themeanvalue(or thestandard
deviation) is the largest. Let FU (u) = Proba{U ≤ u} (or FV (v)) be thecumulative
distribution functionof U (or V ). For ns = 20, 000 andN = 500, Figures2 (a) and
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(b) show thegraphsof functionsu �→ log10 FU (u) andv �→ log10 FV (v) for several
valuesof δ.
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Figure 1. Finite elementmesh(a). Mean-squareconvergencewith respecttoN (b)
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Figure 2. Graph of u �→ log10 FU (u) (a) and graph of v �→ log10 FV (v) (b) for
δ = 0.1 (nosymbol),δ = 0.2 (x), δ = 0.3 (square),δ = 0.4 (downtriangle),δ = 0.5
(up triangle)

3. Nonparametric probabilistic approach of uncertainties in 3D elastodynamics
with geometric nonlinearities

Thenonparametricprobabilisticapproachof uncertaintiesfor thegeneralcaseof
3D elastodynamicswith largedisplacementsandwith linearmaterialbehavior, thatis
to say, in the presenceof geometricnonlinearitieshasbeenintroducedin (Mignolet
etal., 2008b).Thenonparametricprobabilisticapproachof uncertaintiesfor thisnon-
lineardynamicalsystemyields the following stochasticreduced-ordermodelfor the
displacementrandomfield U(x, y, z, t) =

∑n
i=1 Qi(t)ϕ

i
(x, y, z) andthe stresses

randomfield S(t) = s0 +
∑n

i=1 s
(1)
i Qi(t) +

∑n
i,j=1[S

(2)]ij Qi(t)Qj(t) in which
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therandomvectorQ(t) of thegeneralizedcoordinatesverifiesthenonlinearstochas-
tic differentialequation[M n]Q̈(t) + [Dn]Q̇(t) + KNL(Q(t)) = F (t), in which
the vector of the generalizednonlinearelastic forcesis written as{K NL(q)}i =∑n

j=1[K
(1)]ij qj +

∑n

j,ℓ=1 K
(2)
ijℓ qjqℓ +

∑n

j,ℓ,p=1 K
(3)
ijℓp qjqℓqp, andwherethe ran-

dommatrix [KB] is written as[KB] =

[
[K(1)] [K̃

(2)
]

[K̃
(2)

]T 2[K̃
(3)

]

]
. Therandommatrices

[Mn], [Dn] and[KB], for which the level of uncertaintiesis controlledby δM , δD

andδKB
, arestatisticallyindependent,symmetricandpositive definitealmostsurely

andbelongto ensembleSE+. Therandommatrices[K (1)], [K̃
(2)

] and[K̃
(3)

] aresta-
tistically dependentandarededucedfrom randommatrix [K B]. Therandomtensors

K
(2)
ijℓ andK

(3)
ijℓp arestatisticallydependentandarededucedfrom [K̃

(2)
] and[K̃

(3)
].

The constructionof the randomcoefficientsof the nonlineartermsin the stochastic
reducedmodelrequiresto know thecorrespondingdeterministiccoefficientsof there-
ducedmeanmodel.Thesecoefficientscanbecalculatedusingthemethoddeveloped
in (Muravyov et al., 2003;Mignolet et al., 2008b)for generalnonlineardynamical
systemsin largedisplacementsandonly requirestheuseof any commercialsoftware
allowing nonlinearelasticanalysesto beperformed.

As an example, we considera steel straight beam, fixed at both ends, with
length0.2286 m, 0.0127 m width and0.000775 m thickness. The excitation is a
point force appliedto the centerof the beamand hasflat spectrumover the band
[−2000 , 2000] Hz. Thebeamis discretizedin 40 CBEAM finite elementswith Nas-
tran. Theelasticmodesof the linearizedsystem(12 planemodesand10 transverse
modes)arechosenso that themodalresponseconverged.Thevaluesof theparame-
tersδM = δD = 0 andδKB

arechosenfor thatthefirst naturalfrequency (transverse
mode)is 4% of thecoefficientof variation.Figure3 shows theresultsfor therandom
spectrumof therandomtransverseresponsein themiddleof thebeam.

4. Nonparametric probabilistic approach in low- and medium-frequency
vibroacoustics and experimental validation

The nonparametricprobabilisticapproachof uncertaintiesfor complex vibroa-
cousticsystemswith anapplicationto anautomotivevehiclecanbefoundin (Durand
etal., 2008).Thereareuncertaintiesin thevibroacousticcomputationalmodelfor the
structure,for theinternalacousticcavity andfor thevibroacousticcouplinginterface.
The level of uncertaintiesareidentifiedusingexperiments.A uniquevibroacoustic
computationalmodelis developedfor onetypeof carwith severaloptionalextra that
inducesvariability in thevibroacousticresponsesof therealsystem.Thegoal is the
predictionof soundpressurein theacousticcavity inducedby therotationof theen-
ginefor regimes[1500 , 4800]rpm correspondingto thefrequency band[50 , 160]Hz.
Thestructure-borneexcitationsaredynamicforcesappliedto theenginemounts.The
vibroacousticsystemconsistsof a linearviscoelasticstructurecoupledwith anacous-
tic cavity filled with a dissipative acousticfluid. In thefrequency domainω, thedis-
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Figure 3. (a) mean model (very thin dashed line), statistical mean value (very thin
solid line), confidence region at 95% (upper and lower thin solid lines). (b) confi-
denceregion at 95% for two responselevels; low amplitudeasfigure (a) (upperand
lower thin solid lines);highamplitudeequalsto2.25× thelow amplitudecase(upper
andlower thick solid lines)

placementvectorof thestructureis u(ω) with ns DOF. Theacoustic-pressurevector
is p(ω) with nf DOF. Thereducedmeanmodelis constructedusingtheN s first elas-
tic modesϕ

α
of the structurein vacuoandthe Nf first acousticmodesψ

β
of the

acousticcavity with rigid walls. Thereducedmeanmodelis thenwritten as(Ohayon
et al., 1998),u(ω) =

∑Ns

α=1 qs

α
(ω)ϕ

α
andp(ω) =

∑Nf

β=1 qf

β
(ω)ψ

β
with




[As(ω)] [C]

ω2[C]T [Af (ω)]







qs(ω)

qf (ω)


 =




f s(ω)

ff (ω)


 ,

where[As(ω)] = −ω2[M s] + iω[Ds(ω)] + [Ks(ω)] is thegeneralizeddynamicstiff-
ness of the structure, [Af (ω)] = −ω2[Mf ] + iω[Df ] + [Kf ] is the generalized
acousticstiffnessof the acousticcavity and the (Ns × Nf ) rectangularmatrix [C]
is thegeneralizedvibroacousticcouplingmatrix. Theuseof thenonparametricprob-
abilistic approachof uncertaintiesyieldsthefollowing stochasticreducedmodel.For
all ω fixedin thefrequency bandof analysis,therandomresponseis representedby the
randomcomplex vectorsU(ω) =

∑Ns

α=1 Qs
α(ω)ϕ

α
andP (ω) =

∑Nf

β=1 Q
f
β(ω)ψ

β

suchthat



[As(ω)] [C]

ω2[C]T [Af (ω)]







Qs(ω)

Qf (ω)


 =




f s(ω)

f f (ω)




with [As(ω)] = −ω2[Ms]+iω[Ds(ω)]+[Ks(ω)], [Af (ω)] = −ω2[Mf ]+iω[Df ]+
[Kf ] and[C] randommatricessuchthat [M s], [Ds(ω)], [Ks(ω)] belongto ensem-
ble SE+, where[M f ] belongsto SE+ but where[Df ] and[Kf ] belongto SE+0, and
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finally, where[C] belongsto SEinv, thesethreeensemblesof full randommatricesbe-
ing definedin (Soize,2005). The probabilitydistribution is completelydefinedfor
eachensembleof randommatricesandonly dependson thedimensionof therandom
matrix, on its meanvalue(for instanceE{[M s]} = [M s], etc) andon a dispersion
parameterwhich controlsthe level of uncertainties.Thesedispersionparametersare
denotedby δMs

, δDs
, δKs

, δMf
, δDf

, δKf
andδC . Thestochasticsolver is basedon

theuseof theMonteCarlomethod.Themeans-squareconvergenceis studiedwith re-
spectto thenumberof independentrealizationsandwith respectto thereduced-order
modeldimensionsNs andNf . Themeancomputationalmodelof theautomotiveve-
hicleis madeupof afiniteelementmodelhaving978, 733 DOF in displacementfor the
structure(seeFigure4 (a)andof afinite elementmodelhaving8, 139 DOF in pressure
for the acousticcavity (seeFigure4 (b)), the meshbeingcompatibleon the vibroa-
cousticcouplinginterface. Thereducedmeancomputationalmodelhas1, 722 elastic

(a) (b)

Figure 4. Finite elementmeshfor thestructure (a) andfor theacousticcavity(b)
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Figure 5. Acoustic-pressuremodulusat a givenpointin theacousticcavityfor a given
engineexcitationasa functionof thefrequency(rotationper minute).Measurements
(20thin solid lines).Reducedmeanmodel(mid thick solid line). Confidenceregionat
0.95in dBA (betweenupperandlower thick solid lines)

modesfor thestructureand57 acousticmodesfor thecavity. Thelevel of uncertainties
arerepresentedbyδ = {δMs

, δDs
, δKs

} for thestructure,by δf = δMf
= δDf

= δKf
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for theacousticcavity andby δC for thevibroacousticcoupling. Thedispersionpa-
rametersδf andδ have beenidentifiedfrom experimentalmeasuresperformedon30
carsfor acousticsand20 carsfor vibrations(Durandet al., 2008).Figure5 validates
all of thestochasticmodelinganddisplaystheconfidenceregionat0.95 for thesound
pressureat a givenpoint in the cavity andfor a givenexcitationof the engine.The
calculationsare doneusing the stochasticreducedvibroacousticmodel for the ex-
perimentallyidentifieddispersionparameters.TheMonteCarlomethodis usedwith
m = 600 independentrealizations.

5. Generalized probabilistic approach of uncertainties in computational
dynamics using random matrices and polynomial chaos decompositions

A generalizedprobabilisticapproachof uncertaintieshasrecentlybeenproposed
(Soize,2010)for computationalmodelin structurallinear dynamicsandcanbe ex-
tendedwithoutdifficulty to computationallinearvibroacousticsandto computational
nonlinearstructuraldynamics.Thismethodis anextensionof thenonparametricprob-
abilistic approachof uncertaintiespresentedin the previous sectionsandallows the
prior probabilitymodelof eachtypeof uncertainties(model-parameteruncertainties
andmodelingerrors)to be separatelyconstructedandidentified. The modelinger-
rorsarenot takeninto accountwith theusualoutput-prediction-errormethod(Becket
al., 1998)but with thenonparametricprobabilisticapproachof modelingerrorsintro-
ducedaboveandbasedontheuseof therandommatrixtheory. A chaosdecomposition
(Ghanemet al., 1991)with randomcoefficients(Soizeet al., 2009)isusedto repre-
sentthe prior probability modelof randomresponses.The randomgermis related
to theprior probabilitymodelof model-parameteruncertainties.Therandomcoeffi-
cientsarerelatedto theprior probabilitymodelof modelingerrorsandthendepends
on the randommatricesintroducedby the nonparametricprobabilisticapproachof
modelingerrors. If experimentaldataareavailable,thentheprior probabilitymodel
of the randomcoefficients can be improved in constructinga posteriorprobability
modelusingtheBayesianmethods(seefor instance(Bernardoet al., 2000;Kaipio et
al., 2005;Spall,2003;Congdon,2007;Carlinetal., 2009)).Thetheory, an identifica-
tionprocedureof eachtypeof uncertaintiesandanumericalvalidationarepresentedin
(Becketal., 1998).We presentanexampleof thegeneralizedapproachasanillustra-
tion of this generalizedprobabilisticapproachof uncertainties.Thedesignedsystem
is aslendercylindrical elasticmediumwith length10 m andhasarectangularsection
with height1.1 m andwidth 1.6 m. Theelasticmediumis madeof acompositemate-
rial. Thedisplacementfield is zeroon thepartof thetwo endsections.Thefrequency
bandof analysisis B =]0 , 1200] Hz. A point loadis appliedcloseto themiddleof
theslendercylinderwith aflat spectrumonB. Weareinterestedin the transversaldis-
placementof theneutralline at anobservationpointbelongingto theneutralline and
closeto theendsection.A referencesolutionof therealsystemhasbeenconstructed
in developinga 3D elasticmodelof therealsystem.Themeanmodelis madeup of
a dampedhomogeneousEulerelasticbeamwith length10 m andsimply supported.
FromtheEulerbeamtheory, thefirst eigenvalue(squareof thefirst eigenfrequency)
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canbewrittenλ1 = a1 x. Themodel-parameteruncertaintiesleadsusto modelx by a
randomvariableX . Theprior probabilitymodelof randomvariableX is constructed
usingthemaximumentropy principleandyieldsaGammaprobabilitydistributionfor
whichthemeanvalueis given andfor whichthedispersionis controlledby thecoeffi-
cientof variationδX . Theidentificationof parameterδX is performedusingthemaxi-
mumlikelihoodmethodfor thelowestrandomeigenvalueΛ 1 andyieldsδX = 0.093.
We considerthestochasticreducedmodelconstructed(1) with theparametricprob-
abilistic approachof uncertainparameterX for which δX = 0.093 and(2) with the
nonparametricprobabilisticapproachof modelingerrors forthemassandstiffnessop-
erators.Consequently, thedispersionparametersdescribingthestatisticalfluctuations
inducedby modelingerrorsareδM andδK . The methodusedfor the identification
of δM andδK is explainedin (Soize,2010)andyieldsδM = 0.9 andδK = 0.15.
Figure6 displaysthecomparisonsbetweentheresponseof themeanmodel,theref-
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Random FRF for uncertain parameter and model uncertainties

(a) (b)

Figure 6. Confidenceregion of theresponseat 0.98 (betweenupperandlower thick
solidlines),referenceresponse(midsolidline), responseof themeanmodel(thinsolid
line) at observationpoint. (a): parametricprobabilisticapproach. (b): generalized
probabilisticapproach

erenceresponseof therealsystemandtheconfidenceregion of therandomresponse
(1) calculatedwith theparametricprobabilisticapproachwith δX = 0.093 (figure(a))
and(2) calculatedwith thegeneralizedprobabilisticapproach,that is to say, with the
parametricprobabilisticapproachof model-parameteruncertaintiesfor δ X = 0.093
andwith thenonparametricprobabilisticapproachof modelingerrors forδ M = 0.9
andδK = 0.15. Thesefiguresshow that the couplingof the two probabilisticap-
proachesfor model-parameteruncertaintiesandmodelingerrorsallow thequality of
the predictionto be considerablyimproved. The methodproposedallows the role
playedby eachtypeof uncertaintiesto beseparatelyquantified.

6. Conclusions

This paperhaspresenteda very brief survey concerningadvancesin uncertain-
tiesmodeling,their quantificationandtheir propagationthroughlinearandnonlinear
mechanicalsystemsin staticanddynamics.
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