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ABSTRACT. In this paper, we present some aspects relative to the types of uncertainties, the
variability of real systems, the types of probabilistic approaches and of the representations
for the probabilistic models of uncertainties, the construction of the probabilistic models
using the maximum entropy principle. We then present the nonparametric probabilistic
approach of uncertainties for elliptic problems, for 3D continuous dynamical systems with
geometrical nonlinearities induced by large displacements and for low- and medium-
frequency vibroacoustics of a complex system with experimental validations. Finally, a
generalized probabilistic approach of uncertainties in computational dynamics using the
random matrix theory and polynomial chaos decompositions is presented.

RESUME. Dans cet article, on introduit les types d’incertitudes, la variabilité des systemes
réels, les types d’approches probabilistes, les types de représentation des modéles
probabilistes des incertitudes, la construction des modéles probabilistes en utilisant le
principe du maximum d’entropie. On présente ensuite [’approche probabiliste non
paramétrique des incertitudes pour les problemes elliptiques, pour I’élastodynamique 3D
avec non-linéarités géométriques induites par les grands déplacements et la vibroacoustique
basse et moyenne fréquence d'un systeme complexe avec validation expérimentale.
Finalement, on présente une approche probabiliste généralisée des incertitudes pour la
dynamique numérique en utilisant la théorie des matrices aléatoires et les décompositions sur
les chaos polynémiaux.
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1. Introduction concerning the probabilistic modeling of uncertainties
1.1. Uncertainties and variability

The designedsystemis usedto manufcturethe real systemandto constructthe
nominal computationaimodel (also called the meanmode) using a mathematical-
mechanicaimodelingprocessfor which the main objective is the predictionof the
responsesf therealsystemin its ervironment.Therealsystem submittedo agiven
ervironment,canexhibit a variability in its responsesdueto fluctuationsin the man-
ufacturingprocessand duego smallvariationsof the configurationarounda nominal
configurationassociatedvith the designedsystem. The meanmodelwhich results
from a mathematical-mechanicalodelingprocesf the designsystem hasparam-
eterswhich canbe uncertain.In this case therearemodel-paameteruncertainties
In anotherhand,the modelingprocessnducessomemodelingerrorsdefinedasthe
modeluncertainties|t isimportantto take into accounboththemodel-parametarm-
certaintiesandmodeluncertaintieso improve the predictionsof computationaimod-
elsin orderto usesucha computationamodelto carryoutrobustoptimization robust
designandrobustupdatingwith respecto uncertaintiesToday it is well understood
that,assoonasthe probabilitytheorycanbe used thenthe probabilisticapproactof
uncertaintiegs certainlythe mostpowerful, efficient andeffective tool for modeling
andfor solvingdirectandinverseuncertainproblem.The developmentgpresentedh
this paperarelimited to the probabilisticapproaches.

1.2. Types of approach for probabilistic modeling of uncertainties

Theparametricprobabilisticapproach consistsn modelingtheuncertairparame-
tersof themeanmodelby randomvariablesandthenin constructinghe probabilistic
modelof theserandomvariablesusingthe availableinformation. Suchan approach
is very well adaptedandvery efficient to take into accountmodel-parametenncer
taintiesas soonasthe probability theorycanbe used. Many works have beenpub-
lishedin this field and a state-of-the-artan be found for instancein (Deodatiset
al., 2008;Maceetal., 2005;Schuelley 2005a;Schuelley 2005b)). Neverthelessthe
parametrigorobabilisticapproactdoesnotallow modeluncertaintieso betakeninto
account(seefor instance(Beck et al., 1998)). A possibleway to solve this diffi-
cult problemis the nonparametriprobabilisticapproachwhich hasbeenintroduced
by (Soize,2000;Soize,2001)andfor which extensionsanddevelopmentsave been
presentedn (Soize,2003;Soize,2005). This approactconsistan replacingthe ma-
trices of the finite approximationof the operatorsof the boundaryvalue problem
by randommatricesfor which the meanvaluesare equalto the correspondingna-
tricesof the meanmodelandfor which the probability distributionsare constructed
usingonly the availableinformation. The nonparametriprobabilisticapproactthen
usesthe randommatrix theory (seefor instance(Mehta,1991))andhasrequiredto
introducenew ensemble®f randommatricesadaptedo computationalmechanics
modeling(Soize,2000;Soize,2001;Soize,2005;Mignoletet al., 2008a)andwhich
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have beenconstructedusing the maximumentrogy principle underthe constraints
definedby the availableinformation (seeSectionl1.4). This approachthasbeenap-
plied andvalidatedfor directproblemsof predictions stochastidnverseproblemsof
identificationandrobustoptimizationproblemgArnstetal., 2006;Capiez-Lernouét
al., 2006;Chenet al., 2006;Cottereatet al., 2007;Capiez-Lernougt al., 2008;De-
sceliersetal., 2008;Durandetal., 2008;Pellissettietal., 2008;Soizeetal., 2008;Ba-
touetal., 2009)for mary situations pftenwith experimentalalidations.Extensions
havebeenproposedparticularlyin dynamicsubstructuringindin nonlineardynamics
(Cheblietal., 2004;Capiez-Lernouet al., 2005;Descelierset al., 2004;Duchereau
etal., 2006;Sampaicetal., 2007;Mignoletetal., 2008b;Batouetal., 2009).Veryre-
cently, ageneralizegbrobabilisticapproachof uncertaintiesn computationatlynam-
ics usingrandommatricesand polynomialchaosdecompositionfiasbeenproposed
(Soize,2010).

1.3. Types of representation for probabilistic modeling of uncertainties

A fundamentalquestionis the constructionof prior probability modelsof un-
certainties. Sucha prior probability model can then be usedto study the propa-
gation of uncertaintiesthroughthe mechanicalsystemwhich is analyzed. If ex-
perimentalmeasuresre available for the mechanicakystem,thenthesemeasures
can be used(1) to identify the parameterf the prior probability model (seefor
instance(Soizeet al., 2008)) using, for instance,the maximumlik elihood method
(Serfling,1980;Spall,2003)or (2) to constructa posteriomprobabilitymodel(seefor
instance(Beck et al., 1998)) using, for instance the Bayesianmethods(seefor in-
stancgBernardcetal., 2000;Kaipio etal., 2005;Spall,2003;Congdon2007;Carlin
etal., 2009)). Two methodscanbe usedto constructhe prior probabilitymodelof a
randomvectorA belongingto thespaceC%; of all thesecond-orderandomvariables
definedon a probability spaceandwith valuesin RV (this randomvectorcanresult
from afinite dimensionapproximatiorof a stochastigrocesor of arandontfield).

(- Thefirst methods adirectapproachwvhich consistsn directly constructinghe
probabilitydistribution P4 (da) onRY in using,for instancethe maximumentroyy
principle (seeSectionl.4).

(ii)- The secondmethodis anindirectapproachwhich consistsin introducinga
representatiosd = g(X) for which A € £% is the transformatiorby a determin-
istic nonlineamappingg (which hasto be constructedpf aR ¥-valuedrandomvari-
ableX = (X;,...,X,) whoseprobabilitydistribution Px (dx) is given andthenis
known. ThenPj, is thetransformatiorof Px by the mappingg. Two maintypesof
methodsanbeused.

(ii.1)- The first one correspondgo the spectral methodssuch as the Poly-
nomial ChaosrepresentationgWiener 1938; Ghanemet al., 1991; Ghanemet
al., 1996;LeMaitreetal., 2004;Soizeetal., 2004;Nouy, 2007;Dasetal., 2008;Arnst
etal., 2008;Nouy et al., 2009; Soizeet al., 2009)which canalsobe appliedin infi-
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nite dimensionfor stochastigrocesseandrandomfields, which allow the effective
constructiorof mappingg to be carriedoutandwhich allow any randomvariable A
in £3,, to be writtenas

A= E;_lo:oo t E;:,OZOO ajlwqju wjl (Xl) XX ¢ju (XV) )

in which; aregiven real polynomialsandwherea1-+J» arevectorsin R" which
completelydefinemappingg. The constructiorof g thenconsistdan identifying the
vectorvaluedcoeficientsa’t++Jv, If X is Gaussianthenthe polynomialsarethe
normalizecHermitepolynomials.Today mary applicationf suchanapproacthave
beencarriedout for direct and inverseproblems,seefor instance(Ghanemet al.,
2005;Benweiller etal., 2006;Descelierstal., 2006;Faverjonetal., 2006;Desceliers
etal., 2007;LeMaitreetal., 2007;Arnstetal., 2008;Guilleminotetal., 2008)).

(ii.2)- Thesecondneconsistsn introducinga prior algebraiaepresentatiodl =
g(X,w) in whichw is a parametewith smalldimensionwhich hasto beidentified,
whereX id avectorvaluedrandomvariablewith probabilitydistribution P x , where
g is a given nonlinearmappingand wherethe vectorvaluedparametery mustbe
identified. For instancetensofrvaluedrandonfields representationsonstructedvith
suchanapproacttanbefoundin (Soize,2006;Soize,2008b).

Method(ii.1) allows ary randomvector A in £3; to berepresentetiut therepre-
sentationcanrequireavery large numberof coeficientsyielding very difficult prob-
lems for their identification. In general,method(ii.2) doesnot allow any random
vector A in L3, to berepresentetbut allows a representatioto be constructedn a
subspacef £% whenw runsthroughall the admissiblespace(but, in opposite the
identificationof w is realisticandefficient.

1.4. Construction of the probabilistic models using the maximum entropy principle

The measureof uncertaintiesusing the entrofy were introducedby (Shannon,
1948)in the framework of InformationTheory The useof the maximumentropy
principle (thatis to saythe maximizationof the level of uncertainties}o construct
a prior probability modelof a randomvariableunderthe constraintgdefinedby the
availableinformation,wereformalizedby (Jaynes1957).This principleappearsasa
majortool to constructhe prior probabilitymodel(1) of uncertainparametersf the
meanmodelfor the parametrigprobabilisticapproach(2) of both model-parameter
uncertaintiesand modelingerrors forthe nonparametriprobabilisticapproachand
(3) of thegeneralizedpproactof uncertaintiesorrespondingo a full hybridization
of the parametri@ndnonparametriprobabilisticapproaches.

Leta = (a1,...,an) bearealvectorandlet A = (A,,..., Ay) beasecond-
orderrandomvariablewith valuesin R Y whoseprobabilitydistribution P4 is defined
by aprobabilitydensityfunctiona +— p 4 (a) onR” with respectoda = da; . ..day
andwhich verifiesthe normalizationcondition [, v pa(a)da = 1. Infact,it is as-
sumedthat A is with valuesin ary boundedor unboundegpart A of RV andconse-
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quently thesupportof p 4 is A. Theavailableinformationdefinesa constraintequa-
tion on R* writtenas F{g(A)} = f in which E is the mathematicakxpectation,
f="(f1,..., fu) isagivenvectorin R* andwherea — g(a) = (91(a), ..., g.(a))

is a givenfunctionfrom R into R*. Let C bethe setof all the probability density
functionsa — pa(a) definedon R with valuesin R+ verifying the normaliza-
tion conditionandthe constraintsequationE{g(A)} = f. The maximumentropy

principle consistsn finding p 4 in C which maximizesthe entropy (thatis to saythe
uncertainties),

pa = argmax SG) . S() =~ [ pla) lozlpla))da

in which S(p) is the entrogy of the probability densityfunctionp. Introducingthe
Lagrangemultiplier A € £,, C R* associatedvith the constraintsvheref, is the
subsebf R* of all theadmissiblevaluesfor A, it caneasilybe seenthatthe solution
of the optimizationproblemcanbewritten as

pa(a) =cola(a) exp(— < A, g(a) >) , VaecRY

inwhich< x,y >= z1y1 + ... + z,y, andwherel 4 is theindicatrix function of
set.A. Thenormalizationconstantcy andthe Lagrangemultiplier A are calculated
in solving a nonlinearvectorial algebraicequationdeducedrom the normalization
conditionandfrom the constraintsequation. This algebraicequationcan be solved
usingappropriatedalgorithms. Then, it is necessaryo constructa generatoof in-
dependentealizationsof randomvariable A whoseprobability densityfunctionis
that which hasbeenbuilt. In small dimension(N is a few units), thereis no diffi-
culty. In high dimension(N hundredsr thousands)therearetwo majordifficulties.
Thefirst oneis relatedto the calculationof anintegral in high dimensionof the type
co [4 g(a) exp(— < A, g(a) >) da whichis necessarjo implementthealgorithm
for computingcy andA. The secondoneis the constructionof the generatoonce
co et XA have beencalculated. Thesetwo aspectscan be solved using the Markov
ChainMonte Carlo methodgMCMC) (seefor instance(Kaipio et al., 2005; MacK-
eown, 1997; Spall, 2003)). The transitionkernel of the homogeneougstationary)
Markov chainof theMCMC methodcanbeconstructedisingtheMetropolis-Hastings
algorithm(Hastings,1970) or the Gibbsalgorithm (Gemanet al., 1984)which is a
slightly differentalgorithmfor whichthekernelis directly derived from thetransition
probabilitydensityfunctionandfor which the Gibbsrealizationsarealwaysaccepted.
Thesawo algorithmsconstructhetransitionkernelfor whichtheinvariantmeasurés
P4. Ingeneralthesealgorithmsareeffective but cannotbewhenthereareregionsof
attractionthatdo not correspondo theinvariantmeasureThesesituationscannotbe
easilydetectecandaretime consuming.Recently a new approach(Soize,2008a)of
theclassof theGibbsmethodhasbeenproposedo avoid thesedifficultiesandis based
on theintroductionof an It6 stochastidifferentialequationwhoseuniqueinvariant
measurés P4 andis theexplicit solutionof a Fokker-Planckequation(Soize,1994).
Thealgorithmis then obtainedby discretizatiorof theltd equation.
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2. Nonparametric probabilistic approach of uncertaintiesfor elliptic boundary
value problems

For the generalcaseof elliptic boundaryvalue problems,the nonparametric
probabilisticapproachof uncertaintiescan fe found in (Soize,2009). The mean
computationaimodel resultingfrom the finite elementdiscretizationof the strictly
elliptic boundaryvalue problemunderconsiderations written as[K | [z] = [b]
in which [K] is a positive-definite (n x n) sparsereal matrix, where[z] is a
(n x m) real matrix madeup of the unknovns andwhere[b] is a given (n x m)
real matrix. The nonparametriprobabilisticapproachcannotdirectly be used,one
hand becauseof the presenceof topological zerosin the sparsematrix [K ] and
partly becausefor problemsin high dimensionthe large full randommatrix K]
could not be managedif n» = 107, thenthereis 0.5 x 10'* nonzercelements!).It
is thereforenecessaryo build a reducedmodelof dimensionN < n knowing that
a reductionof modal type would not be effective with respectto the corvergence
in N. The proposedapproachin (Soize,2009) consistsin associatingwith the
meancomputationaimodel, the stochasticequation[ K] [ X ] = [b] anda family
{[KN], N = 1,...,n} of (n x n) randommatricesbelongingto the set se*
definedin (Soize, 2005) such that the random solution [X V] of the stochastic
equation) KN [ X ] = [b] is a second-ordesolution E{|| [ X V] |2} = ¢ < +o0
suchthat limy ., B{|| [X"] — [X]||%} = 0, where N < n is the dimension
of the reduced-ordemodel. For fixed N, random matrix {[K™] is defined by

[KN] = {[@V]([Kn]"' = [Ky] Y [@M]T 1} with [®V] the (n x N)
real matrix whosecolumnsare the N orthonormalelgervectorsof [K] associated
with the N first positive eigervaluesd) < A\; < As < ... < An. Thediagonalmatrix

[ K ] madeup of theeigevalueshy, ... Ay arewritten as[K y] = [Ly]T[Ly] and
thefull randommatrix [ K y|] is suchthat| K ] = [Ly]7[G ] [Ly] in which [G y]
isthe (N x N) full randommatrix belongingto thesetsc™ definedin (Soize,2005).
We thenhave E{[ K n]} = [ K ] Obviously, the(n x n) full randommatrix| K |
is never assemble@ndthe specializedilgorithmdetailedin (Soize,2009)is used.

As anexample,we considetthe following problemin linearelastostaticsThefi-
nite elementmeshof the domainis shavn in Figurel (a) andtherearel7, 355 DOF.
The materialis linear elastichomogeneouandisotropic. Thereare Dirichlet condi-
tions on part of the boundaryandtherearem = 4 independenstaticloadsapplied
onthe outerlateralsurfaceof the cylinder. Thelevel of uncertaintyis definedby the
value ofthedispersiorparameted of therandommatrix [G x]. Thestochastisolver
is basedon the useof the Monte Carlo methodfor whichn ; = 20, 000 independent
realizationsareused.Figurel (b) shavs themeansquareconvergenceof therandom
solutionasa function of dimensionN of the reduced-ordemodelandfor § = 0.5.
Corvergenceds reachedor N > 300. Let U (or V) betherandomvariablerepresent-
ing thecomponenbf therandomresponsdor which the meanvalue(or the standard
deviation) is the largest. Let Fiy(u) = Probd U < w} (or Fy (v)) be the cumulative
distribution functionof U (or V). For ns = 20,000 and N = 500, Figures2 (a) and
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(b) shav the graphsof functionsu — log,, Fiy (u) andv — log,, Fy (v) for several
valuesof 4.
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Figure 1. Finite elemenimesh(a). Mean-squae corvergencewith respecto N (b)
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Figure 2. Graphof v — log,, Fiy(u) (a) and graphof v — log,, Fy(v) (b) for
= 0.1 (nosymbol),0 = 0.2 (x),d = 0.3 (squae),d = 0.4 (downtriangle),5 = 0.5
(uptriangle)

3. Nonparametric probabilistic approach of uncertaintiesin 3D elastodynamics
with geometric nonlinearities

The nonparametriprobabilisticapproactof uncertaintiegor the generalcaseof
3D elastodynamicwith largedisplacementandwith linearmaterialbehaior, thatis
to say in the presencef geometricnonlinearitieshasbeenintroducedn (Mignolet
etal., 2008b).Thenonparametriprobabilisticapproactof uncertaintiegor thisnon-
linear dynamicalsystemyields the following stochastiaeduced-ordemodelfor the
displacementandomfield U (z,y, z,t) = > ; Qi(t) #,(z,y,z) andthe stresses

randomfield S(t) = s° + Y7, 58V Qi(t) + 37,1 [S®i; Qi) Q;(t) in which
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therandomvectorQ(t) of the generalizeatoordinateserifiesthe nonlinearstochas-
tic differentialequation[M ,,|Q(¢t) + [D,]Q(t) + Knr(Q(t)) = F(t), in which
the vector of the generalizedhonlinearelasticforcesis written as{K y1.(q)}, =
Z?Zl[K(l)]ij q; + Z?j:l KEJQ} q;qe + Z;ﬁg,pzl ngp ¢;9¢qp, andwherethe ran-
C o

dommatrix [K p] is writtenas[K 5] = 52) ] [Ii(g)}
(K )" 2(K ]

[M,], [D,] and[K g], for which thelevel of uncertaintiegs controlledby 6 s, ép

anddg,, arestatisticallyindependentsymmetricandpositive definitealmostsurely
—~(2 —~(3
andbelongto ensemblese*. Therandommatrices K V)], [K( )] and[K( )} aresta-

tistically dependenandarededucedrom randommatrix [K g]. Therandomtensors

ng andKZ(.j.’zp arestatisticallydependenandarededucedrom [E@)] and[ﬁ(g)].
The constructionof the randomcoeficientsof the nonlineartermsin the stochastic
reducednodelrequirego know thecorrespondingleterministiccoeficientsof there-

ducedmeanmodel. Thesecoeficientscanbe calculatedusingthe methoddeveloped
in (Muravyov et al., 2003; Mignolet et al., 2008b)for generalnonlineardynamical
systemsn largedisplacementandonly requiresthe useof ary commerciakoftware

allowing nonlinearelasticanalysego be performed.

] . Therandommatrices

As an example, we considera steel straight beam, fixed at both ends, with
length0.2286 m, 0.0127 m width and0.000775 m thickness. The excitationis a
point force appliedto the centerof the beamand hasflat spectrumover the band
[—2000,2000] Hz. Thebeamis discretizedn 40 CBEAM finite elementswith Nas-
tran. The elasticmodesof the linearizedsystem(12 planemodesand10 trans\erse
modes)arechosensothatthe modalresponse&orverged. The valuesof the parame-
tersdyr = 6p = 0 anddx, arechoserfor thatthefirst naturalfrequeng (trans\erse
mode)is 4% of the coeficient of variation.Figure3 shows theresultsfor therandom
spectrunof therandomtrans\erseresponsén the middle of thebeam.

4. Nonparametric probabilistic approach in low- and medium-frequency
vibroacoustics and experimental validation

The nonparametrigrobabilisticapproachof uncertaintiesfor comple vibroa-
cousticsystemsawith anapplicationto anautomotie vehiclecanbefoundin (Durand
etal., 2008). Thereareuncertaintiesn thevibroacousticomputationaimodelfor the
structurefor theinternalacousticcavity andfor the vibroacousticcouplinginterface.
The level of uncertaintiesareidentified using experiments. A uniquevibroacoustic
computationamodelis developedfor onetype of carwith severaloptionalextra that
inducesvariability in the vibroacoustiadesponsesf thereal system.The goalis the
predictionof soundpressuren the acousticcavity inducedby the rotationof the en-
ginefor regimes|[1500 , 4800] pm correspondinp thefrequeng band[50 , 160] H z.
Thestructure-bornexcitationsaredynamicforcesappliedto the enginemounts.The
vibroacoustisystemconsistf a linearviscoelasticstructurecoupledwith anacous
tic cavity filled with a dissipate acousticfluid. In thefrequeny domainw, thedis-



Someaspectof probabilisticmodeling 33

_8 _8

_-10 _-10
[ %)
SNV )

£-12 §-12
[} [3]
= £
Q [

&14 &-14
Q. [=%
2 k2]

T O_16

-18 -18

0 500 1000 1500 2000 0 500 1000 1500 2000
Frequency (Hz) Frequency (Hz)
(a) (b)

Figure 3. (&) meanmodel(verythin dashedine), statisticalmeanvalue (verythin
solid line), confidenceegion at 95% (upperand lower thin solid lines). (b) confi-
denceregion at 95% for two responséevels; low amplitudeasfigure (a) (upperand

lower thin solid lines); highamplitudeequalsto 2.25 x thelow amplitudecase(upper
andlower thick solid lines)

placemenvectorof the structureis u(w) with n, DOF. The acoustic-pressuneector
is p(w) with ny DOF. Thereducedneanmodelis constructedisingthe N, first elas-
tic modesy  of the structurein vacuoandthe N first acousticmodesy , of the

acoustlocanty with rigid walls. Thereducedneanmodelis thenwritten as(Ohayon
etal., 1998) u(w) = 0°, ¢* (w) @, andp(w) = Y57 1 ¢ (w) %, with

ES (w)} £’ (w)]
q’ (w) ’

)

where[4, (w)] = —w?[M,] + iw[D,(w)] + [K ()] is thegeneralizediynamicstiff-
nessof the structure, [A;(w)] = —w?[M (] +iw[D(] + [K,] is the generalized
acousticstiffnessof the acousticcavity andthe (N, x Ny) rectangulamatrix [C]
is the generalized/ibroacousticcouplingmatrix. The useof the nonparametriprob-
abilistic approactof uncertaintieyieldsthefollowing stochasticeducednodel. For
all w fixedin thefrequeny bandof analysistherandonresponsés representetly the
randomcomple vectorsU (w) = Zgil Qa(w) e, andP(w) = Zgil Q{s(“’)ﬁg
suchthat

Ay )] (]

ICIT (A ()]

[As@)]  [C] Qs(w)} {f(w)

IO [Ayw)]] Q7 (w) )
with [A4(w)] = —w?[M]+iw[Ds(w)]+[K s ()], [Af(w)] = —w?[M ¢]+iw[D ¢+
[K 7] and[C] randommatricessuchthat[M ,], [Ds(w)], [K s(w)] belongto ensem-

ble s*, where[M ;] belongsto St but where[D ;] and|K ;] belongto se°, and
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finally, where[C|] belongsto sE,,, thesethreeensemblesf full randommatricesbe-
ing definedin (Soize,2005). The probability distribution is completelydefinedfor
eachensemblef randommatricesandonly depend®n the dimensiorof therandom
matrix, on its meanvalue (for instanceE{[M |} = [M ], etc)andon a dispersion
parametervhich controlsthe level of uncertainties Thesedispersiorparametersre
denoteddy s, p,, dk., ;s Op;, Ok, @anddc. Thestochasticsolveris basedon
theuseof theMonteCarlomethod.Themeans-squareorvergencds studiedwith re-
spectto the numberof independentealizationsandwith respecto thereduced-order
modeldimensionsV, and N;. Themeancomputationaimodelof theautomotve ve-
hicleis madeupof afinite elemenimodelhaving 978, 733 DOFin displacemenfor the
structurg(seeFigure4 (a) andof afinite elemenimodelhaving 8, 139 DOFin pressure
for the acousticcavity (seeFigure4 (b)), the meshbeingcompatibleon the vibroa-
cousticcouplinginterface. Thereducedneancomputationaiodelhasl, 722 elastic

(a) (b)

Figure 4. Finite elemenimeshfor the structute (a) andfor theacousticcavity (b)
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Figureb5. Acoustic-pessue modulusat a givenpointin theacousticcavityfor agiven
engineexcitationasa functionof the frequencyrotationper minute). Measuements
(20thin solidlines). Reduceaneanmodel(midthick solid line). Confidenceegionat
0.95in dBA (betweerupperandlower thick solid lines)

modedor thestructureand57 acoustianodedor thecavity. Thelevel of uncertainties
arerepresentetly & = {d,s,,0p,, 0k, } forthestructurepy §; = dnr, = op, = 0k,
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for the acousticcavity andby 6 for the vibroacoustiacoupling. The dispersiorpa-
rametersi; andd have beenidentifiedfrom experimentaimeasureperformedon 30
carsfor acousticsaand20 carsfor vibrations(Durandet al., 2008). Figure5 validates
all of thestochastienodelinganddisplaysthe confidenceegionat0.95 for thesound
pressuret a givenpointin the cavity andfor a given excitation of the engine. The
calculationsare doneusing the stochasticreducedvibroacousticmodel for the ex-
perimentallyidentifieddispersiorparametersThe Monte Carlomethodis usedwith
m = 600 independentealizations.

5. Generalized probabilistic approach of uncertaintiesin computational
dynamicsusing random matrices and polynomial chaos decompositions

A generalizegrobabilisticapproactof uncertaintiehasrecentlybeenproposed
(Soize,2010)for computationamodelin structurallinear dynamicsandcanbe ex-
tendedwithout difficulty to computationalinearvibroacousticendto computational
nonlinearstructuradynamics Thismethods anextensionof thenonparametriprob-
abilistic approachof uncertaintieppresentedn the previous sectionsandallows the
prior probability modelof eachtype of uncertaintiegmodel-parametauncertainties
andmodelingerrors)to be separatelyconstructecandidentified. The modelinger
rorsarenottakeninto accountith the usualoutput-prediction-erramethod(Becket
al., 1998)but with the nonparametriprobabilisticapproactof modelingerrorsintro-
ducedaboreandbasedntheuseof therandommatrixtheory A chaosdecomposition
(Ghanemet al., 1991)with randomcoeficients(Soizeet al., 2009)isusedto repre-
sentthe prior probability model of randomresponsesThe randomgermis related
to the prior probability modelof model-parameteauncertainties The randomcoefi-
cientsarerelatedto the prior probability modelof modelingerrorsandthendepends
on the randommatricesintroducedby the nonparametrigrobabilisticapproachof
modelingerrors. If experimentaldataareavailable,thenthe prior probability model
of the randomcoeficients can be improved in constructinga posteriorprobability
modelusingthe Bayesiarmethodgqseefor instanceBernardcet al., 2000;Kaipio et
al., 2005;Spall,2003;Congdon2007;Carlinetal., 2009)). Thetheory an identifica-
tion proceduref eachtypeof uncertaintieandanumericalvalidationarepresenteéh
(Becketal., 1998).We presentinexampleof thegeneralize@pproactasanillustra-
tion of this generalizegrobabilisticapproactof uncertainties The designedsystem
is aslendercylindrical elasticmediumwith length10 m andhasarectangulasection
with heightl1.1 m andwidth 1.6 m. Theelasticmediumis madeof acompositanate-
rial. Thedisplacementield is zeroonthe partof thetwo endsections.Thefrequeny
bandof analysisis B =|0,1200] Hz. A pointloadis appliedcloseto the middle of
theslendercylinderwith aflat spectrunon B. We areinterestedn the transersaldis-
placemenbf the neutralline at anobsenationpointbelongingto the neutralline and
closeto theendsection.A referencesolutionof thereal systemhasbeenconstructed
in developinga 3D elasticmodelof thereal system.The meanmodelis madeup of
a dampedchomogeneoukuler elasticbheamwith length10 m andsimply supported.
Fromthe Eulerbeamtheory the first eigervalue(squareof the first eigenfrequeng)
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canbewritten\; = a; z. Themodel-parametamcertaintieseadsusto modelx by a
randomvariable X. The prior probabilitymodelof randomvariableX is constructed
usingthemaximumentrogy principleandyieldsa Gammaprobabilitydistributionfor
whichthemearvalueis given andfor which thedispersions controlledby the coefi-
cientof variationd x . Theidentificationof parametes x is performecusingthemaxi-
mumlik elihoodmethodfor thelowestrandomeigervalueA ; andyieldsé x = 0.093.
We considerthe stochastiaeducedmodelconstructed1) with the parametrigprob-
abilistic approactof uncertainparametetX for which § x = 0.093 and(2) with the
nonparametriprobabilisticapproactof modelingerrors forthemassandstiffnessop-
erators.Consequenththedispersiorparametergescribinghe statisticalfluctuations
inducedby modelingerrorsared ,; anddx. The methodusedfor the identification
of 6y andd g is explainedin (Soize,2010)andyieldsdy, = 0.9 anddx = 0.15.
Figure6 displaysthe comparisonbetweerthe respons®f the meanmodel,the ref-

Random FRF for uncertain parameter
7 Random FRF for uncertain parameter and model uncertainties

Disp in log scale at observation point P6
\ \
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Figure 6. Confidenceaegion of the responset 0.98 (betweerupperand lower thick
solidlines),refelenceresponsémidsolidline), responsef themeanmmodel(thin solid
line) at observatiorpoint. (a): parametricprobabilisticappoad. (b): generlized
probabilisticapproadc

erenceaespons®f thereal systemandthe confidenceegion of therandomresponse
(1) calculatedwith the parametrigrobabilisticapproactwith § x = 0.093 (figure(a))
and(2) calculatedwith the generalizegrobabilisticapproachthatis to say with the
parametrigprobabilisticapproactof model-parametauncertaintiedor § x = 0.093
andwith the nonparametriprobabilisticapproachof modelingerrors for§ 5, = 0.9
anddx = 0.15. Thesefiguresshav thatthe couplingof the two probabilisticap-
proachedor model-parametanncertaintie@ndmodelingerrorsallow the quality of
the predictionto be considerablyimproved. The methodproposedallows the role
playedby eachtypeof uncertaintieso be separatelyjuantified.

6. Conclusions

This paperhaspresenteda very brief survey concerningadvancesin uncertain-
tiesmodeling,their quantificationandtheir propagatiorthroughlinearandnonlinear
mechanicakystemsn staticanddynamics.
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