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ABSTRACT. In this paper, a numerical integration scheme of the evolution laws for 
viscohyperelastic models is proposed. The starting points of the method are the exponential 
mapping (Reese et al., 1998) and the radial return (Weber et al., 1990; Simo, 1988). The 
originality of this work lies in the substitution of a differential tensorial system by a scalar 
one with two equations and two unknowns and in a first order Taylor expansion of them. In 
this way an analytical approximated exponential solution is finally obtained. 

RÉSUMÉ. On propose dans cet article un schéma numérique d’intégration de lois d’évolutions 
visco-hyperélastiques s’inspirant à la fois des méthodes par retour en exponentiel (Reese et 

al., 1998) et des méthodes par retour radial (Weber et al., 1990 ; Simo, 1988). L’originalité 
de ce schéma repose à la fois sur la substitution d’un système différentiel tensoriel, traduisant 
les lois d’évolutions, par un système différentiel scalaire de deux équations à deux inconnues, 
et sur un développement limité au premier ordre de ces dernières. On obtient ainsi une 
solution analytique approchée en exponentiel. 
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1. Introduction

In the past twenty years, the modeling of polymer materials has received a very
large consideration in the scientific community. Many finite strain rheological mod-
els, which are based on the intermediate states principle, have been proposed. They
are often seen as a generalization of small strain models andfor most of them, a nu-
merical implementation hasalready been proposed. Neverthelessmany of the existing
schemes exhibit li mitations that are not always discussed. As the complexity of these
modelshasgrowingin thelast years, thequestion of an efficient and genericnumerical
scheme is still open.

Theoriginality of the present paper lies in an approximation of the evolution laws
by a scalar and linear differential system. This approximation is obtained by using a
decomposition of the internal tensorial variables into directionand magnitude. In the
caseof associativeplasticity with J2-flow theproblem is reduced to thedetermination
of a scalar parameter. This processis known as the radial-return algorithm, (Simo,
1988; Simo et al., 2000). In the caseof viscoelasticity the internal variablesevolution
is generally fully tensorial and thus can not be reduced to a scalar equation. Besides
the classof tensorial integrators, some authors developed specific algorithms based
on exponential mapping (Weber et al., 1990). In (Reese et al., 1998) this method
is developed on a Zener model. By considering the evolution law in the principal
space and using the logarithmic principal stretches, the integration is reduced to the
determination of a non-linear system of three equations which is easily solved by
a local newton scheme. This scheme is very robust and since the earlier paper of
(Reese et al., 1998), many authors have used this strategy (seefor examples (Nedjar,
2002a; Nedjar, 2002b; Fancello et al., 2008; Areias et al., 2008). In this paper, it is
proposed to keep the flow direction fixed duringa step of integrationand to linearize
the differential system aroundthe previous solution obtained. Thesystem obtained is
then easily integrated with an analytical solution which takes the form of an infinite
Magnus series.

Thispaper isorganized as follows, the constitutive equationsof aZener model are
briefly recalled in a first section. The variational formulation and the finite element
implementation is described in the secondsection. In a third section, the numerical
integration scheme is detailed. Finally, the numerical performanceof the proposed
scheme is discussed in the last section.

2. Constitutive equations

Assuming that the Clausius-Duhem inequality can be written in the eulerian con-
figuration(if the thermal phenomena areneglected):

φ = σσσ : D− J−1ρ0ψ̇ ≥ 0 [1]

where σσσ, D, J, ρ0 and ψ are respectively the Cauchy stresstensor, the eulerian rate
of deformation, the determinant of F (see Figure 1) the gradient of the considered
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Figure 1. Intermediatestatesand decomposition of thegradient tensor

transformation, thevolumic massin the lagrangian configurationandthe freespecific
energy.

Then the gradient of the transformation is split i nto an incompressible part (F =

J−
1
3 F) and into a compressible one (Fvol ) leading to seeψ as a function of F and J.

The freespecific energy is then additively decomposed into an isochoric part and a
volumetric one:

ψ(F,J) = ψ̄(F)+ ψvol(J) [2]

Now, using the concept of intermediate states (Sidoroff , 1973; Sidoroff , 1975)
introducinga viscous intermediatestate (seeFigure1), F the incompressiblegradient
is also split i nto a viscouspart andan elastic part:

F = Fe ·Fv [3]

Some considerations of objectivity and isotropy lead to have ψ̄ as a function of B
and Be, the left Cauchy Green tensors1 associated to respectively F and Fe (Sidoroff ,
1975; Sidoroff , 1976). It is then chosen to seeψ̄ as thesum :

ψ̄(B,Be) = ψv(Be)+ ψh(B) [4]

Considering(B,Be,J) as an independent set of parameters, [4] and [2] give thevaria-
tion of ψ2

ψ̇ =
∂ψh

∂B
:

∂B
∂B

: Ḃ+
∂ψv

∂Be
: Ḃe+

∂ψvol

∂J
J̇ [5]

1. B = F ·FT Be = Fe ·Fe
T

2. the operators : and · are defined in appendix.
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The timederivativesof B, Be andJ aregiven by:

Ḃ = L ·B+B ·LT [6]

J̇ = J(1 : L) [7]

Ḃe = L ·Be+Be ·LT −2Ve ·Do
v ·Ve−

2
3
(1 : D)Be [8]

with L = Ḟ ·F−1 andVe being thepure eulerian strain tensor3. [8] also introduced an
objective anelastic rateof deformationD

o
v

D
o
v = Re ·

(

Ḟv ·Fv
−1

)

sym
·Re

T
= Re ·Dv ·Re

T
[9]

Here, it is supposed that all the rotation obtained from the decomposition of F is due
to the elastic transformation i.e.

R = Re andso Rv = 1. [10]

At this step, we can write using [6], [7] and [8] in [5]:

ψ̇ =

((

∂ψh

∂B
:

∂B
∂B

)

·B
)

: D +

(

2Be
∂ψv

∂Be

)D

: D+ J

(

∂ψvol

∂J
1
)

: D

−
(

2Ve ·
∂ψv

∂Be
·Ve

)

: D
o
v

[11]

Observing the relationship
((

∂ψh

∂B
:

∂B
∂B

)

·B
)

: D =

(

B · ∂ψh

∂B

)D

: D, [12]

and under the assumption of anormal dissipation only depending onD
o
v, thebehavior

and the complementary laws areobtained:






















































σσσ = σσσhhh + σσσvvv + σσσvol

2ρ0J−1
(

Ve ·
∂ψv

∂Be
·Ve

)D

=
∂ϕv

∂D
o
v

σσσhhh = 2ρ0J−1
(

B · ∂ψh

∂B

)D

σσσvol = p1 with p = ρ0
∂ψvol

∂J

σσσvvv = 2ρ0J−1
(

Be ·
∂ψv

∂Be

)D

[13]

Equations [13] can be seen as a generalization to large strain of the classical Zener
rheological model (Figure2) in the incompressible case.

3. Ve isdefined by the polar decompositionFe = Ve ·Re and in the same way Fv = Vv ·Rv
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Figure 2. Zener model

3. Var iational formulation and finite element implementation

Thequasi-incompressibilit y constraint can be applied usingaperturbed lagrangian
method. The solution (u; p) of the equili brium problem has to cancel the following
integral forms for all the trial functions δv and δp chosen respectively in the same
spacesof u and p.











Z

Ω0

πππ : ▽δvdΩ− R

Ω0
δv · fextdΩ− R

δΩ δv ·FextdS
Z

Ω0

(

−(J(u)−1)− 1
k

p

)

δqdΩ
[14]

whereπππ is thefirst Piola-Kirchoff stresstensor, fext andFext arerespectively thevolu-
mic external forcesandthesurfacicones.Thesecondequationresultsfromtheimplicit
choiceof ρ0ψvol as:

ρ0ψvol =
k
2
(J−1)2 [15]

System [14] ishandled usingaNewton-Raphsonalgorithm leading to the calcula-
tion of the tangent moduli:

T =
∂2ψ
∂F2 =

∂πππ
∂F

= Th +Tv +Tp [16]

and










Th =
∂πππhhhyyyppp

∂F
whereπππhhhyyyppp = J(σσσhhh + σσσvol ) ·F−T

Tv =
∂πππvvv

∂F
whereπππvvv = Jσσσvvv ·F−T

[17]
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For reason of simplicity, all the implementations are made in an oriented object
F.E. code (here aC++ code) (Foerch et al., 1996). A visco-elastic behavior classis
created. It inherits from an existing hyperelastic C++ behavior class in which the
calculationsof πππhhhyyyppp andTh are already carried out (Lejeunes, 2006).

4. Visco-hyperelastic behaviour integration

4.1. Flow rule

At this step, thepotentialsentirely determinethebehavior law [13], they are chosen
such that (ρ0ψvol beingalready chosen in [15]):



















ρ0ψh(B) = C10(I1(B)−3)+C01ln(
I2(B)

3
)

ρ0ψv(Be) = G(I1(Be)−3)

ϕv(D
o
v) =

η
2

(D
o
v : D

o
v)

[18]

whereC10, C01, G andη are4 material parameters.

Equation [18] leads to, using [13] and [8] with τ = 4G
Jη :

Ḃe = L ·Be+Be ·L − τVe ·Be
D ·Ve−

2
3
(1 : L)Be [19]

Having in mind that Ve ·Be
D ·Ve = Be

D ·Be, [19] comes to beknown as:

Ḃe = L ·Be+Be ·L − τBe
D ·Be−

2
3
(1 : L)Be [20]

4.2. Numerical scheme and elastic prediction

In this section, the evolution of [20] will be considered on the time interval
[tn,tn+1], tn being the last converged time increment of the Newton-Raphson algo-
rithm. So, all the variables are supposed to be known at this time. Moreover F is
supposed to have alinear temporal evolution(i.e. Ḟ is constant).
At t ∈ [tn,tn+1], let’s define an elastic trial state as4:

Fe
⋆
= F ·F−1

v|n [21]

and thus theprediction of the left Cauchy-Green related to Fe
⋆

is:

Be
⋆
= F ·F|n ·Be|n ·F|n

−T ·FT
[22]

4. The subscript _|n means the value of the variable at the time tn, _|n+1
at tn+1 and without

subscript it i sconsidered at t.
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The trial deviatoric stresstensor is then:

σσσvvv
⋆ = 2J−1GBe

⋆D

[23]

Thisallows to define thenormalised deviatoric stresstensor5:

N⋆ =
σσσvvv

⋆

‖σσσvvv
⋆‖ =

Be
⋆D

∥

∥

∥
Be

⋆D
∥

∥

∥

[24]

By definitionwehave:

N⋆ : N⋆ = 1, N⋆ : 1 = 0 [25]

This elastic trial state corresponds exactly to the solution with τ = 0. It is the
starting point of themappingexponential methods(Reeseet al., 1998; Nedjar, 2002b;
Nedjar, 2002a), where it is relaxed to satisfy the flow rule. During this relaxation the
viscous variable is frozen in order to obtain an exponential solution. In our study,
we rather draw our inspiration from the radial return mapping developed in plasticity
(Simo, 1988) leading to suppose that:

Be = b(t)N⋆ +s(t)1 [26]

with the functionsb(t) ands(t) defined as:

b(t) = Be : N⋆ s(t) =
1
3

Be : 1 [27]

Ḃe is expressible as:

Ḃe = ḃN⋆ +bṄ⋆ + ṡ1 [28]

Taking into account [26] and [28], the projectionsof [20] (using 1 and N⋆ as pro-
jectors) give















ṡ = 2
3 (L : N⋆)b− τ

3b2

ḃ =
(

2
(

L : N⋆2
)

− 2
3 (1 : L)

)

b+2(L : N⋆)s

−τ
((

N⋆2
: N⋆

)

b2 + sb
)

[29]

The system [29] is a scalar non linear differential system (with non-constant co-
efficients). It can be solved using a Runge-Kutta method or any other θ-scheme for
example. It is not our choice, but in order to compare with the chosen procedure,
a Runge-Kutta-Fehlberg allowing to control the step size of the numerical iterative
scheme is implemented (Fehlberg, 1969).

5. ‖_‖ isdefined in appendix.
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4.3. First order expansion and exponential mapping

The proposed approach consists in a first order Taylor expansion of the system
[29] aroundthe last converged solution(bn = b(tn),sn = s(tn)):

b(t) = bn + δb s(t) = sn + δs [30]

Carrying forward these approximationsin [29], it is obtained:

{

δ̇s
δ̇b

}

= [A(t)]

{

δs
δb

}

+ {C(t)} [31]

with the initial condition:
{

δs(tn)
δb(tn)

}

=

{

0
0

}

where [A(t)] and{C(t)} are respectively a 2×2 matrix and a two componentsvector
defined by:

A11 = 0 A12 = 2
3(L : N⋆)− 2τ

3 bn

A21 = 2(L : N⋆)− τbn A22 = 2(L : N⋆2
)−2τbn(N⋆2

: N⋆)

−τsn− 2
3(1 : L)

C1 = (2(L : N⋆)− τbn)
bn
3 C2 = 2

(

L : N⋆2
)

bn +(L : N⋆)sn

− 2
3 (1 : L)bn− τb2

n

[32]

Thesolution of this differential system is:
{

δs(tn+1)
δb(tn+1)

}

=
Z tn+1

tn
e[Ω(tn+1−s)]{C(s)}ds [33]

whereΩ(t) is a Magnus series expansion(Iserles. et al., 1999):

Ω(t) =
Z t

tn
A(s)ds+

1
2

Z t

tn
[A(s),

Z t

tn
A(s1)ds1]ds

+
1
4

Z t

tn
[A(s),

Z t

tn
[A(s1),

Z t

tn
A(s2)ds2]ds1]ds+ ...

[34]

Thehypothesisof a linear evolution of F (seeparagraph 4.2) leadsto alinear temporal
evolution of [A(t)] and as a result Ω(t) can be analytically determined (at the third
order in our study).

Finally theintegral [33] isnumerically evaluated with athreeGausspoints scheme
andat this step Be(tn+1) is known, andso σσσvvv andπππvvv using [18] and [13].
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4.4. Viscous tangent moduli

To entirely solve theF.E. problem, Tv defined in [17], must be evaluated. For this,
theneohookean form chosen for ρ0ψv allows to write6:

Tv = 2G

[

∂Be
D

∂F
➁F−T +Be

D · ∂F−T

∂F

]

[35]

Thesecondterm of thepreviousexpression is easy to evaluatewith

∂F−T

∂F
= −F−T

;F−T [36]

For thefirst term ∂Be
D

∂F , having in mind that Be
D

= b(t)N⋆, it comes that:

∂Be
D

∂F
= N⋆⊗ ∂δb(t)

∂F
+b(t)

∂N⋆

∂F
[37]

Thepartial derivativeof thesystem [31] with respect of Fi j leads to:














∂δ̇s
∂Fi j

∂δ̇b
∂Fi j















= [A(t)]















∂δs
∂Fi j
∂δb
∂Fi j















+
∂{C(t)}

∂Fi j
+

∂[A(t)]
∂Fi j

{

δs
δb

}

[38]

We can see, that the terms ∂{C(t)}
∂Fi j

, ∂[A(t)]
∂Fi j

in [38] and also ∂N⋆

∂F in [37] need to be

calculated to achievethedetermination of [35]. Thiscan bedone allowing for:

∂Be
⋆

∂F
=

∂F
∂F

➁
(

F|n
−1 ·Be|n ·F|n

−T ·F|n+1

T
)

+
(

F|n+1
·F|n

−1 ·Be|n ·F|n
−T

)

· ∂F
T

∂F

[39]

Thederivativetermsof F aredefined by

∂F
∂F

= J−1/3(I− 1
3

F⊗F−T)

∂F
T

∂F
= J−1/3(1;1− 1

3
FT ⊗F−T)

[40]

where I is the fourth order identity tensor.

The resolution of [38] is achieved with a simple forward Euler scheme in order to
obtain a fast and simple numerical procedure to evaluate the tangent operator. This
could havebeen realized using thesame exponential integration proposed in the reso-
lution of [31] but with an increaseof the computingcost.

6. All the tensorial products are defined in appendix.
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Figure 3. Shear test

5. Application

The given example of this section is a classical shear test in plane strain. The
considered 2D domain is a square with sides of 30mm, one side is blocked and the
opposite one is subjected to a shear displacement γ = 30sin(6.6πt). It is discretized
using ten finite elements per side (quadratic in displacement and linear in pressure).
Thematerial parametersare:

C10 = 0.97MPa C01=−0.42MPa G= 0.77MPa η = 0.10MPa.s k= 1500MPa

The Figure 4(a) shows the influenceof the time sub-steps on the solution ill us-
trating the convergenceof the proposed algorithm. The differences between the 320
steps and the 17 steps time discretizations seems to be reasonable and are known in
thesame order in all it erativeprocesses.

Concerningthevalidity of the results, theshear stressobtained bya direct solving
of theEquation[29] or by afirst order Taylor expansion of it (i.e. the adopted method)
areplotted ontheFigure4(b). The resultsare nearly the same. But in theTable 1, we
can seethat for asamenumber of timestepsdiscretization, wehave aCPU timetwice
longer for the Runge-Kutta-Feldbergmethod.

Table 1. Comparison of thenumerical costs
method CPU time(s) number of sub-steps time per sub-step (s)
radial return relaxation 85.9 320 0.268
Runge Kutta Feldberg 170.8 320 0.533
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Figure 4. Resultsof thenumerical shear test

6. Conclusion

It hasbeen proposed, in thispaper, anew integrationschemebased both onthede-
composition of the tensorial internal variable in flow directions and flow magnitudes
and ona linearization of the differential system obtained. This processis quite gen-
eral and can be applied on different evolution laws. For a Zener model, this strategy
has shown interesting results: the computing time reduction is important compared
to a standard iterative integrator, as a Runge-Kutta-Fehlberg scheme. However, fur-
ther investigationsarerequired to comparethis integrationschemeto standard onesin
more complicated cases. For instance, in the caseof aviscoelastic Poynting-Thomson
model, the evolution laws are more non-linear and the proposed numerical scheme
could failed for large time steps due to the linearization process. Furthermore, the
questionsof the rateof convergence andthenumerical stabilit y havenot been investi-
gated in thispaper. Thiswill bedone in a future communication.
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Appendix

Here aredefined the tensorial operatorsused in this paper:

· thefirst order contracted tensorial product
: thesecond order contracted tensorial product
⊗ the classical tensorial product
; a second order tensorial operator

([A ;B]i j kl = Ail Bkj )
➁ a tensorial product between a fourth order tensor

andasecond order one([A➁B]i j kl = Aiokl Boj )
‖‖ norm of a second order tensor

‖A‖ =
√

A : A


