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ABSTRACT. In order to solve structural problems submitted to a fluid-induced loading, we are 
interested in solving a fluid-structure interaction problem involving a deforming solid and a 
viscous fluid, under incompressible flow. We propose to use a partitioned but strongly 
coupled Gauss-Seidel scheme. We propose to solve the fluid part of the simulation by a finite 
element method with a scalable mixed domain decomposition strategy. A fictitious domain 
method enables taking into account the fluid-structure interface inside each fluid subdomain. 
Here, we describe the domain decomposition method and the coupling process on a 
stationary problem. 

RÉSUMÉ. Afin de résoudre des problèmes de structures soumises à un chargement induit par 
un fluide, nous nous intéressons à la résolution d’un problème d’interaction fluide-structure 
impliquant un solide déformable et un fluide visqueux, en écoulement incompressible. Nous 
proposons d’utiliser un schéma partitionné mais fortement couplé de type Gauss-Seidel. Nous 
proposons de résoudre la partie fluide de la simulation par une méthode éléments finis avec 
une stratégie de décomposition de domaine mixte et extensible. Une méthode de domaine fictif 
permet de prendre en compte l’interface fluide-structure à l’intérieur de chaque sous-
domaine fluide. Ici, nous décrivons les méthodes de décomposition de domaine et de couplage 
sur un problème stationnaire. 
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1. Introduction

The simulation of structures undergoing loading due to a fluid is one of the chal-

lenges in the aeronautical industry today. This paper reports the first steps toward the

simulation of fluid-structure interaction (FSI) problems taking into account fine scale

phenomena in the solid.

Composite materials are used by an always larger extent in structural parts and

have degradation mechanisms at a very fine scale, compared to that of the structure.

Multiscale domain decomposition methods (see, for eg. (Farhat et al., 1991; Lade-

vèze, 2004; Mandel, 1993)) are a powerful tool when facing problems with large

number of degrees of freedom. The simulation of damage mechanisms in compos-

ite laminates using such methods is for example described in (Ladevèze, 2004). In

order to take into account not only the prescribed external loads, but also those due

to a transported fluid, we seek an extension of this method to fluid mechanics and

FSI problems. Considering this particular context, and for the first developments,

we restrict ourselves to fluid-structure interaction problems with the solid modeled as

elastic in the finite deformation regime.

A lot of studies are devoted to coupled fluid-structure problems treated by par-

titioned methods. This choice is motivated by implementation facility, software re-

usability, and because it offers the possibility to adapt the numerical strategy to the

problem at hand separately for the fluid and for the solid. We propose to use a clas-

sical partitioned but strongly coupled scheme, as proposed for example in (Wall et

al., 1999). This Gauss-Seidel type of method solves two problems, one solid dy-

namics problem under prescribed fluid loading and one fluid dynamics problem with

prescribed velocity at the interface.

The numerical resolution of fluid flow problems using finite element method

has been extensively investigated (See reference books such as (Donea et al., 2003;

Zienkiewicz et al., 2005) and references therein). We use a Eulerian description of

the problem. Domain decomposition methods for fluid flow have been developed by

many authors. To cite some, reference (Farhat et al., 2000) deals with aeroacoustic

problems while (Toselli, 2001) describe a FETI method for scalar advection-diffusion

equations. Here, like what is done in domain decomposition for incompressible solid

mechanics (Gosselet et al., 2002; Vereecke et al., 2003), the incompressibility is taken

into account with a mixed formulation. This is classical for incompressible fluid flows:

in (Li, 2002), FETI algorithms are adapted to incompressible Stokes and linearized

Navier-Stokes equations. In this study, we focus on stationary viscous incompressible

flow. The non-linearity arising from the convective term of the Navier-Stokes equa-

tions is treated at the subdomain level, instead of being linearized at the global level.

The sub-domain problems are not condensed on the interfaces, nor preconditioned,

but a macroproblem can be added in the strategy to improve its convergence rate.

We first expose the general fluid-structure interaction problem. As we propose to

use a partitioned strategy, we first focus rapidly on the resolution of the fluid problem

alone, by a mixed domain decomposition method. Then, taking into account the pres-
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ence of a solid inside the flow is equivalent to adding a new interface, similar to the

ones in the fluid domain decomposition. We farther discuss the appropriateness of the

different choices we made with some examples.

2. Fluid-structure interaction problem statement

In this paper we consider the interaction of a fluid and a solid, along the interface

Γc. The fluid occupies the domain Ω, and the solid domain is called ω with boundary

∂ω. We assume that there is only one solid body, and only one fluid in Ω. The

boundary of the solid is either submitted to prescribed displacement or wet.

The Gauss-Seidel scheme is equivalent to a strong coupling scheme but partitioned

(Matthies et al., 2002). The solution is sought iteratively, by solving the fluid problem

with prescribed interface position and velocity for forces, and by solving the solid

problem with prescribed forces for interface velocity and position.

3. Resolution of the fluid problem by a domain decomposition method

In the cases we have in mind, the fluid domain may extend to a much larger domain

than the solid one. However, the descriptions near the interface must be of compara-

ble characteristic size to ensure good quality results. Due to the fact that we aim at

computing quite precisely the effect of the fluid on the solid, the fluid problem itself

must be finely discretized, that is why we have sought a scalable domain decompo-

sition method for the fluid. Here, we only state the decomposition of the domain

and the resolution of the decomposed fluid problem. Convergence and scalability are

discussed in more details in (Vergnault, 2009).

3.1. Fluid problem statement

The fluid is assumed Newtonian, with kinematic viscosity ν and density ρ. The

flow in Ω is considered as incompressible, modeled by the Navier-Stokes equations,

formulated with velocity v and pressure p unknowns. The flow is submitted to pre-

scribed velocity vd on ∂vΩ and prescribed traction f on the complementary part ∂fΩ
of ∂Ω. We focus in this paragraph on the treatment of the fluid problem alone.

After integration by parts, the weak form of the Navier-Stokes problem becomes:

Find (v, p) in suitable spaces such that ∀(w, q):
(
w, v∇v

)
Ω
+

(
∇Sw, 2ν∇Sv

)
Ω
− (p,∇ · w)

Ω
− (q,∇ · v)

Ω
=
(
f, w

)
∂fΩ

[1]

where ( , )D is the scalar product over domain D.

Note that Equation [1] has been obtained through what is called the velocity-stress

divergence form of the momentum equation, and f are the prescribed boundary trac-

tions.
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3.2. Reformulation through domain decomposition

Domain Ω is split into sub-domains ΩE . These subdomains are disjoint and con-

nected by interfaces. Interface Γij connects Sub-domains Ωi and Ωj . These in-

terfaces can also connect the subdomains to the boundary conditions. We choose

as variables the velocity and pressure fields vE and pE on the sub-domains and

distributions of velocity and effort WE and FE on the edges of the subdomains.

σ
E

= −pEn + νn · ∇SvE is the Cauchy stress tensor on ΩE . The problem can

then be reformulated as follows:

Find for each sub-domain the velocity and pressure fields vE and pE , and the edge

fields WE and FE such that:

– Point 1: vE and pE are solution of the Navier-Stokes equations, with mixed

boundary conditions and WE = vE |∂ΩE
and FE = σ

E
n|∂ΩE

– Point 2: fields WE are continuous between subdomains and FE are in equilib-

rium

3.3. Resolution by an iterative strategy

The two points outlined above are the basis of the iterative strategy used for solving

the problem. The iterative process is a procedure which constructs approximations

verifying alternatively each set of equations. Those sets are respectively represented

by a curve and a straight line on Figure 1. Starting from data on the interfaces, we

seek a subsequent approximation in the subdomains by following Search direction

Z− and get back to a an approximation on the interfaces with Search direction Z+.

The solution of the problem is at the intersection of the curve and the line, where

interface fields are balanced and interior fields verify the Navier-Stokes equations.

Z

Z�

SREF
SN����

SN

SN��

EDODQ
FHG�L

QWHUI
DFH�I

LHOGV

VXE
GRP

DLQ�
ZLV
H�1
�6�V

ROX
WLRQ

V

SN���

Figure 1. Schematic representation of the strategy
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3.3.1. The interface stage

The interfaces connect subdomains edges to one another. Each interface has two

sides corresponding to the neighboring subdomain’s edges, whose quantities are de-

noted W,F and W ′, F ′. At the interface stage, we designate the unknown velocity

and forces with a hat: Ŵ , F̂ . They have to verify continuity and equilibrium and are

related by a search direction equations on each side: F̂ − F − z(Ŵ − W ) = 0 and

−F̂ − F ′ − z(Ŵ − W ′) = 0. The solution of this interface stage is thus readily

accessible: Ŵ = 1

2
(W +W ′)− 1

2
z−1(F +F ′) and F̂ = 1

2
(F −F ′)− 1

2
z(W −W ′).

The boundary conditions are treated as a special type of interface, since the equation

of search direction is replaced by the given effort or velocity on the corresponding side

of the interface. z is the search direction parameter. It can be determined from fluid

viscosity and interface characteristic length. Numerical experiments showed that the

best convergence rate was for z = 10νρ
L
I with L the length of the interface.

3.3.2. The subdomain stage

Starting from a solution (ŴE , F̂E) on the interfaces connected to each subdomain,

we seek a solution (vE , pE ,WE = vE |∂ΩE
, FE) of the Navier-Stokes equation on

each subdomain. With the search direction (FE − F̂E + z(WE − ŴE) = 0) , the

problem writes:

∫

ΩE

wE · (vE∇vE) + 2ν∇SvE : ∇SwE − pE∇ · wE − qE∇ · vE dΩ

+

∫

∂ΩE

zWE ·W ∗

E dS =

∫

∂ΩE

(F̂E + zŴE) ·W
∗

E dS [2]

Equation [2] is then stabilized by standards SUPG/PSPG methods (Brooks et

al., 1982; Tezduyar et al., 1992) and linearized by a Newton-Raphson scheme.

REMARK. — Scalability

Exposed as is, the convergence of the iterative strategy depends strongly on the num-

ber of subdomains used in the partition of Ω. This severe drawback can be alleviated

by prescribing volume conservation on each subdomain in terms of Ŵ . The interface

stage should be consequently modified, in order to incorporate an additional problem,

called macroproblem. As scalability is not the aim of this contribution, this subject

will not be discussed any further here. In the following, this domain decomposition

method with the macroproblem is named MuS.

4. Taking into account the fluid-structure interface

This section is dedicated to the coupling algorithm of the fluid flow with the solid

ω, along the boundary Γc. Ω is still the computational fluid domain, but the real flow

takes place in Ω+, the part of Ω that is not overlaid by ω, while Ω− is the overlaid
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part. Figure 2 clarifies the notations. Ω+ is called the real part of the flow, while Ω−

is the fictitious domain. The domain decomposition is applied to Ω, so there can be

several fluid subdomains involved in the interaction with the structure.

8
�

(F

EO8 EI8

EX
X

8
�

Figure 2. Fluid-structure interaction notations

4.1. Mixed coupling interfaces

The mixed interfaces defined in the previous section can be used as fluid-solid in-

terfaces. They hold the same velocity and force distributionsW and F that the perfect

interfaces between two fluid sub-domains. The coupling is done similarly to what is

done in the Fictitious Domain Method (Glowinski et al., 1997; Yu, 2005), but with

mixed interfaces. These mixed interfaces are used to enforce boundary conditions

on the boundary of the fluid domain in the previous section. We propose here to ex-

tend their capabilities to enforce boundary conditions, inside the fluid domain, along

the fluid-solid interface. They hold boundary conditions for the real part of the flow,

along a surface that is not explicitly described by the fluid mesh. In this, the method

used here is similar to the fictitious domain method, except that no Lagrange multi-

pliers are used. The same iterative strategy than the one previously used can then be

adapted to this novel situation with a prescribed velocity on the interface for the fluid:

ŴΓc
= W s. Thus the search direction equation will be the same as for BC interfaces

in the previous section and the interface stage is not modified. The balance of forces is

achieved iteratively through the Gauss-Seidel coupling scheme. After the fluid resolu-

tion, the solid is submitted to fluid forces F̂Γc
= F s on the interface. The differences

between the MuS method and that one (MuS+FSI) are in the subdomain stage.

4.2. Modification of the sub-domain stage

The sub-domain stage has to be modified only for the fluid sub-domains involved

in the coupling, in order to take into account the new coupling interface. Let ΩE be a
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subdomain and drop E subscripts, so v and p are the velocity and pressure fields inside

it.

Starting from (ŴE , F̂E) on the interfaces and from (ŴΓc
, F̂Γc

) on the part of Γc

intersecting the subdomain at hand we want to compute (v, p,WE = v|∂ΩE
, FE =

σ
E
n|∂ΩE

,WΓc
= v|Γc

, FΓc
= σ

E
n|Γc

), solution of the Navier-Stokes equations

under mixed boundary conditions. The problem writes the same as in Equation [2]

except that there are two extra integrals to compute. The left-hand term should be

added

∫

Γc

zWΓc
·W ∗

Γc
dS while the right-hand term should be

∫
∂ΩE

(F̂E + zŴE) ·

W ∗

E dS +
∫
Γc
(F̂Γc

+ zŴΓc
) ·W ∗

Γc
dS. We use a mortar-like projection method to

compute these interface integrals. The projections links vE to WΓc
and WE .

The coupling interface mesh is not included in the mesh of the neighboring fluid

subdomain. Hence, field extraction from the sub-domain to the interface is more com-

plicated than for perfect fluid-fluid interfaces. Figure 3 shows the difference between

the two types of interfaces. In the subdomain problem, the integrals along Γc are

computed on the skin mesh of the solid, after projecting the fluid fields on it. This

projection is achieved by matrices built to project the fluid nodes position onto the

interface nodes ones.

Subdomain stiffness matrix

The finite element equivalent of Equation [2] is to find UE , a vector containing

the fluid degrees of freedom, solution of the matrix problem: U∗T
E KUE = U∗T

E Fg

where Fg is the generalized force vector. The assembly of the Navier-Stokes part of

Matrix K is a standard in FE methods, we report here the assembly of the boundary

terms, involving interface fields. For each interface Γi of ∂ΩE (There is one for

each neighbor of ΩE plus one for each boundary condition), we define a stiffness

matrix such that
∫
Γi∈∂ΩE

zWE,i · W
∗

E,i dS = U∗T
E KΓi

UE . Similarly, the fluid-

solid interface is attributed a stiffness matrix such that:
∫
Γc

zWΓc
· W ∗Γc dS =

U∗T
E KΓc

UE .

For the perfect interfaces, the stiffness matrix is computed from the projection

and integration matrices Ni and Mi: WE,i = NE,iUE and
∫
Γi

zWE,i · W
∗

E,i dS =

U∗T
E zNT

E,iME,iNE,iUE . The matrices ME,i and NE,i are computed while initializ-

ing the domain decomposition and stored. As the interface fields are constant on each

element, these matrices are rather straightforward to compute, since ME,i is a diag-

onal matrix containing the interface elements lengths and NE,i projects node values

on elements-centered points. Matrix NE,i size is kept small, of the order of the num-

ber of nodes in the interface to the power two, by using an index for interface nodes:

WE,i = NE,iUE [indexi].

For the fluid-solid interfaces, we do exactly the same, using the solid skin mesh

as interface mesh. Matrix NΓc
thus links UE to WΓc

. MΓc
is computed from the in-

terface elements lengths, and NΓc
is a submatrix of the minimization problem: Given

u, find U on Γc minimizing Ep(U, u) =
∫
Γc

||U − u||2 dS. The associated matrix
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problem writes:
[
−BT MΓc

] [
u U

]T
= 0 and thus: U = M−1

Γc
BTu = NΓc

u.

Matrix B is assembled from element contributions. We use symbolic derivation on

the minimization problem to get an expression of element-wise B that depends only

on the position of interface nodes. Eventually, we obtain a generic builder for Matrix

NΓc
that depends only on the nodes position. Obviously, the same indexing as for

perfect interfaces occurs, and the size of NΓc
is lowered: WΓc

= NΓc
UE [indexΓc

]

The right hand terms in the subdomain problem are assembled in the same fashion:

U∗T
f Fg = U∗T

f

(
ÑiNE,iME,i(F̂E,i + zŴE,i)ÑΓc

NΓc
MΓc

(F̂Γc
+ zŴΓc

)
)

Ñ denotes boolean matrices for the assembly of contributions. They are never con-

structed nor stored, but are used to write formally the assembly process.
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Figure 3. Mixed interfaces: perfect fluid-fluid and fluid-solid interfaces

5. Examples

5.1. Fixed interface over a fixed mesh: flow around a cylinder

The flow around a cylinder benchmark is used to assess the capabilities of the fluid-

solid interface. We take as a reference the solution computed with the MuS method,

on a mesh compatible with the solid boundary.

A cylinder of diameter 0.1 is set at position (0.2, 0.2) between two plates (0 ≤ x ≤
2.2, y = 0 and y = 0.41). The velocity on the inflow (x = 0) is prescribed parabolic

and the outflow is free. Based on the cylinder diameter and mean inflow velocity, the

Reynolds number is 20. The fluid domain is decomposed in 88 sub-domains. In order

to reduce the differences between the MuS results and the MuS+FSI results, The fluid

domain decomposition used is the same, and the meshes for the fluid sub-domains

that are not involved in the coupling are the same. The local mesh size around the

interface is twice smaller in the MuS+FSI case. Using continuous interpolation for
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fluid fields through the interface perverts the solution in the MuS+FSI method. To

obtain a similar precision in the aerodynamical coefficients, we used a locally refined

mesh. Fluid subdomains are not interconnected in the fictitious part of the flow. As

there is no interest in that part of the flow, there is no need to converge the domain

decomposition solution inside it.

In this particular case, coupling the fluid flow and the solid reduces to impose zero-

velocity boundary condition on a line that is not included in the fluid mesh. In order to

quantify the error introduced by the coupling interface, some coefficients are extracted

from the results and compared to those obtained with the MuS method and by other

authors.

3UHVVXUH

Figure 4. Pressure field. MuS method (top), MuS+FSI method (bottom)

YHORFLW\

Figure 5. Velocity field. MuS method (top), MuS+FSI method (bottom)

Quality of the results

Figures 4 and 5 draw the computed velocity and pressure fields, after 50 iterations

of the fluid domain decomposition method, with fluid-structure interaction. They are

compared to the fields computed using an explicit description of the interface. The

two methods achieve similar results, the only major differences being in the fluid

elements intersected by the fluid-solid interface Γc. As only continuous pressure and

velocity interpolations are used, the MuS+FSI method cannot capture the physical

discontinuities in the problem. This is a classical drawback in the fictitious domain
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Table 1. Comparison of computed aerodynamic coefficients and reference ones

method cD cL ∆p lr
MuS 88 sd 5.65 0.013 0.1183 0.85

MuS+FSI 88 sd 5.70 0.018 0.1186 0.80

reference

lower bound 5.57 0.011 0.12 0.85

upper bound 5.59 0.011 0.12 0.85

method, and in embedded methods in general. Results can be improved by using a

local enrichment, for example by X-FEM (Gerstenberger et al., 2008). As this is not

done yet the continuous interpolations through the fluid-solid interface introduces an

additional error.

Table 1 exposes the computed results and the reference values. With both methods,

the drag (cD) and lift (cL) coefficients, the pressure drop (∆p) and the length of the

recirculation zone (lr) are in good agreement with the results collected by (Schäfer et

al., 1996).

5.2. Moving interface over a fixed mesh: channel flow with a flap

Consider now a plane Couette flow problem, with a flexible wall between the two

plates. This wall is assumed to have an elastic behavior, and to undergo finite strain.

The prescribed velocity on the left of the channel is kept small, so that the Reynolds

number is low (about 10) and the flow stays stationary. This example is designed to test

the Gauss-Seidel strong coupling scheme with mixed interfaces and large structural

displacement, over one coupling step.

Figure 6 shows the wall tip displacement along coupling iterations. Rapidly, the

structure gets to a deformation close to the equilibrium one. Figure 7 represents the

deformed configuration after the 13 iterations to achieve the convergence criterion.

Color fields are the velocity magnitude on the fluid domain and Von Mises stress on

the solid mesh.

Due to the large displacement of the structure, the underlying fluid mesh has to

be fine enough in an extended region. Indeed, the former example showed that the

accuracy of the results would not be satisfying with a large fluid mesh size in the

coupling zone. This is a known drawback of fixed mesh methods for fluid-structure

interaction. Remedy to that include adaptive meshes (van Loon et al., 2004), or local

enrichment strategies.

When used with a moving structure, the mixed interfaces need a supplementary

step. Field exchange on the coupling interface is achieved through matrices, link-

ing the solid quantities, on the solid interface nodes to the fluid ones, on a cloud of

nodes. As the interface moves, the fluid nodes in the cloud involved in the data transfer

change, and the matrices need to be actualized. This implies a call to the matrix builder
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at each Gauss-Seidel step, hence a loop on all fluid nodes in the sub-domain. As in

the coupling zone, the fluid mesh has to be rather fine, the matrix builder is potentially

slow. But this interface capturing step is mandatory in fixed fluid mesh strategies, and

there is no way to avoid it, except using a moving mesh, what we excluded from the

beginning.
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Figure 6. Tip displacement versus Gauss-Seidel coupling iterations
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Figure 7. Convergence criterion is reached at Iteration 13

Then, when the coupling interface comes to crossing a fluid-fluid interface, all the

coupling interface objects should be actualized. As some solid nodes on the interface
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come over a fluid sub-domain which is different from the one they were over in the last

step, the interface meshes themselves have to be rebuilt. Failure to do so leads to no

coupling along some parts of the solid boundary, as shown on Figure 8. The coupling

interfaces are created from the initial configuration. Due to the large displacements

of the solid, some nodes on its boundary are overlying a fluid sub-domain they are

not coupled to, and leaks through the solid appear. This potential shift of a solid node

between two fluid sub-domains implies a deeper actualization than in the previous

paragraph:

– detect the fluid sub-domain corresponding to each node on the solid boundary

(from node position and fluid sub-domain box)

– create as many coupling interfaces as fluid sub-domains involved in the coupling

– build a mesh for each coupling interface (from the solid nodes)

– compute the coupling matrix for each interface

LQLWLDO�FRQILJXUDWLRQ�RI�WKH�VROLG ERXQGDULHV�RI�WKH�IOXLG�VXEGRPDLQV

Figure 8. Solid boundary nodes shifting between fluid sub-domains results in leaks

through the interface

6. Conclusion

The combination of an iterative strategy to solve the fluid problem with prescribed

boundary conditions and a Gauss-Seidel fluid-structure coupling scheme makes each

FSI step potentially expensive (hence each time-step in a transient simulation), and the

strategy proposed here should be compared to its counterpart, using Block-Newton

coupling strategy and a moving fluid mesh, tied to the solid at the interface. The last

should be cheaper in terms of iterations, but each iteration much more expansive than

in the former. We have nevertheless demonstrated the feasibility of the method, and

stressed its weaknesses.
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