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ABSTRACT. A three-dimensional spectral method based on Chebyshev-Chebyshev-Fourier 
discretizations is presented in the framework of the low Mach number approximation of 
Navier-Stokes equations. The working fluid is assumed to be a perfect gas with constant 
thermodynamic properties. The generalized Stokes problem, which arises from the time 
discretization by a second-order semi-implicit scheme, is solved by a preconditioned iterative 
Uzawa algorithm. Several validation results are presented in the case of steady and unsteady 
flows. This model is also evaluated for natural convection flows with large density variations 
in the case of a tall differentially heated cavity of aspect ratio 8. It is found that on contrary to 
convection at small temperature differences (Boussinesq), the 2D unsteady solution at Ra = 

3.4 x 105
 is unstable to 3D perturbations. 

RÉSUMÉ. Dans ce travail nous présentons une méthode numérique basée sur une 
approximation spectrale Chebyshev-Chebyshev-Fourier des équations de la convection dans 
le cas de fortes variations de densité au moyen d’un modèle faible nombre de Mach. Le 
problème de Stokes issu de la discrétisation temporelle des équations de Navier-Stokes par un 
schéma semi-implicite du second ordre en temps, est résolu avec un algorithme itératif de 
type Uzawa préconditionné. Le code est validé sur des résultats de la littérature en régime 
stationnaire et instationnaire. Le modèle a également été évalué dans le cas d’une cavité 
différentiellement chauffée allongée de rapport de forme 8. Contrairement au cas Boussinesq, 
la solution 2D instationnaire à Ra = 3.4 x 105

 s’est montrée instable par rapport à une 
perturbation 3D. 
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1. Introduction

Thermalconvectionin differentiallyheatedenclosureshasbeenof interestsincea
long time, in orderto provide a goodscientificunderstandingandsatisfactoryquan-
titative predictedsimulationsfor engineeringpractices.Solvingthis problemalsoal-
lows testingandvalidatingnumericalmethodssincethecomparisonwith experiment
resultsprovesoftendelicatebecauseof thedifficulty of carryingoutadiabaticbound-
ary conditions(Leonget al., 1998). Most benchesof naturalconvectiondealwith
theBoussinesqapproximation(BO) limited to smalltemperaturedifferences(Grayet
al., 1976). Non-Boussinesqeffectsresult from the compressibilityand/orthe varia-
tion of the physical propertieswith the temperature.In this case,suitableformula-
tionsarerequired.Paolucci(1982)derivesa setof acousticwavesfilteredequations
of parabolicnaturesimilar to the incompressiblecasefor theviscousflows. This so
called low Mach number(LMN) approximationauthorizesimportantvariationsof
temperatureandallows a betterdescriptionof theflow.

Spectralmethodshave beenshown to perform extremely well for investigating
transitionto turbulencein enclosednaturalconvectionflowsundertheBoussinesqap-
proximation,sincethey ensureanaccuratedescriptionof theinstabilitymodes,of the
thresholdsandof the bifurcationunderlarge heatgradients(Roux,1990). For non-
Boussinesqconvection, most of the numericalworks in enclosedcavity have been
limited to the bidimensionalspectralapproximationsdue to the numericaldifficul-
ties and the inherentcost of the threedimensionalcomputationswhereasthe third
dimensionprovides a more realistic approximationof regimescoveredby convec-
tion or transitionto theturbulence.In particular, asfar astheauthorsknow, only 2D
configurationsweretreateduntil now usingeitherwith Chebyshev/Fourier (Fröhlich
et al., 1990)or Chebyshev/Chebyshev (LeQuéréet al., 1992)approximationin LMN
context. Three-dimensionalcaseshavebeenlimited to second-(Accaryetal., 2006)or
fourth-(Nicoud,2000)orderspace-accuracy usingfinite volumeandfinite difference
schemes,respectively. In (Fröhlichet al., 1990),theuseof a staggeredgrid implies
repetitive interpolationsbetweenthe grids,andin (LeQuéréet al., 1992)the deriva-
tive operatorsare tensorialand thusof large size. Consequently, the 3D extension
from thesepreviousworkswasnot straightforward.

In thepresentwork, a three-dimensionalspectralmethodhasbeendevelopedfor
Cartesianenclosuresbasedon a Chebyshev-Chebyshev-Fourier approximation.The
spectralconvergenceof theerroraswell asthesecond-orderaccuracy in timehasbeen
obtained.Benchmarkvalidationshavebeenthenperformedbothin theLMN approx-
imation in the caseof steadyregime (LeQuéréet al., 2005)and in the Boussinesq
limit for unsteadyregime(Christonet al., 2002).Finally, transitionto 2D and3D un-
steadyregimeshasbeeninvestigatedin naturalconvectionflow within tall enclosure
of aspectratio8.
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2. Modelling and problem formulation

A naturalconvectionair flow is consideredwithin a differentially heatedcavity
depictedin Figure1, whereH is the height,Ly the width andLx the depthof the
enclosure.Aspectratiosof thecavity aredefinedasAy = H/Ly andAx = Lx/Ly.
Thechannelof thecavity consistsof two horizontalpassive adiabaticwalls and one
homogenousdirection;theverticalwalls in they-directionaremaintainedisothermal
at a hot anda cold temperature,Th andTc, respectively. Thebuoyancy forcedueto
thegravity worksdownwardsandthetemperaturedifferenceTh−Tc is assumedlarge
enoughto frustratetheBoussinesqapproximation.
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Figure 1. Geometricdescriptionof thecavityproblem

ThephysicalgoverningequationsarethosesuggestedbyPaolucci(Paolucci,1982)
describingtheflow of athermallyexpandableperfectgasundertheLMN assumption.
All thevariablesinvolvedin thecompleteNavier Stokesandtheenergy equationsare
expandedin termsof γM2 powers,M ≪ 1 beingtheMachnumberflow andγ the
ratio of specificheats. Pressureis thensplit into a thermodynamicspatiallyhomo-
geneouspart, a hydrostatictime-independentpart anda dynamicdensity-decoupled
part,allowing thefiltering of acousticwaves.Theleadingof this expansionat lowest
order, thesetof dimensionlessequationswritten in non-conservative form reads,

∂tρ + ∇.(ρV ) = 0 [1]

ρ(∂tV + V.∇V ) + ∇P =
−1

2εPr
(ρ − 1)ez +

1√
Ra

∇.τ [2]

ρ(∂tθ + V.∇θ) − γ − 1

γ
dtP0 =

1

Pr
√

Ra
∇2θ [3]

ρ =
P0

θ
[4]

dtP0 =
γ

Pr
√

Ra

1

|Ω|

∫

Ω

∇2θdθ [5]
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wherevariablesρ, V , θ andP denotedensity, velocity, temperatureandthedynamic
pressurecomponent. τ = µ(∇V + (∇V )t − 2

3 (∇.V )I) being the viscousstress
tensor. Thesystemhasbeenmadedimensionlessby introducingthereferencescaling
quantities:T ∗ = (Th + Tc)/2, L∗ = Ly, t∗ = L∗/V ∗, V ∗ =

√
Raν∗/L∗, and

P ∗ = ρ∗V ∗2. with Ra theRayleighnumbergivenby Ra = (2εg∗L∗3)/(ν∗κ∗) and
the relative temperaturedifferenceis ε = (Th − Tc)/2T ∗. Boundaryconditionsfor
the temperatureareθh = 1 + ε, θc = 1 − ε and∂zθ(z = ∓H/2) = 0. No-slip
conditionsareimposedfor thevelocity andno boundaryconditionsarerequiredfor
thepressure.Theviscosityµ andthethermalconductivity κ aretakenconstantfor the
momentbut Sutherlandlaws couldbeconsidered.ThePrandtlnumberPr is always
fixed to 0.71 and the specificheatratio is set to 1.4. It is known that the onsetof
unsteadyconvectioncanbeinfluencedby theinitial condition(LeQuéréet al., 1992).
In this work, an isothermalfluid initially at resthasbeenconsideredwith or without
additionalrandomperturbationsthatwill bespecifiedfurther.

3. Numerical method

3.1. Space discretization and time integration

Thespatialapproximationmethodconsistsof truncatedseriesexpansionandten-
sorproduct.Eachdependentvariableφ = (V, P, θ, ρ) is developedin aFourierseries
with respectto x directionandChebychev polynomialsin thenonperiodicdirections
y andz suchthat:

φKNM (x, y, z, t) =
K∑

k=−K

N∑

n=0

M∑

m=0

φk
nm(t)Tn(y)Tm(z)e(ikx)

whereK, N, M arethehighestdegreesof interpolatingpolynomialsin directionsx, y
andz, respectively. SpatialdiscreteequationsareobtainedusingtheFourierGalerkin
/ Chebychev-collocationmethod.TheusualGauss-Lobattopointsareadoptedin both
non-homogeneousdirectionssuchthatyj = cos(πj

N
) andzi = cos( πi

M
) with 0 ≤ i ≤

M and0 ≤ j ≤ N for all quantities,exceptthepressure, which is calculatedwithin
thedomainonly. A PN − PN−2 formulationis usedto satisfythe inf-supcondition
of theStokesproblemandthusavoid spuriouspressuremodes(Madayet al., 1992).
Consequently, nostaggeredgrid is needed.

Thetime integrationis carriedoutwith asecond-ordersemi-implicitscheme,cor-
respondingto acombinationof thesecond-orderbackwarddifferentiationformulafor
theviscousdiffusion termandtheAdams-Bashforthschemefor thenonlinearterms
(Vaneletal., 1986)andreadsfor theaboveequations,

3φn+1 − 4φn + φn−1

2δt
+ L(φn+1) = 2M(φn) −M(φn−1)

whereL andM denotelinearandnon-linearoperatorsrespectively, andφ = (V, θ).
Unlike theBoussinesqapproximation,thenon-linearitiesarenot only confinedin the
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convective term,but alsoin the densityandin the eventualphysical propertiesvari-
ations,which provide additionalnonlinearitiesin theLMN model. As suggestedby
Gottliebet al. (1977)thediffusiontermis treatedexplicitly, anda stabilizingtermis
addedon bothsidesof theequationthatis treatedimplicitly on theleft-handsideand
explicitly in theright-handside. An optimalchoiceof this stabilizingtermmight be
ascloseaspossibleto the mostactive part of the diffusion term in orderto capture
its largestvariation. Then, in orderto obtain linear andtime independentoperators
andin orderto transferalgebraiccostinto pre-processing,we introducea densityde-
compositioninto two parts,asinitially proposedin 2D by Fröhlichet al. (1990)such
that,

ρ(x, y, z, t) = ρs(y, z) + (ρ(x, y, z, t) − ρs(y, z)) [6]

Multiplying all transportequationsby a factorρs/ρ = O(1) allows usto balancethe
densityfluctuationsin thesourcetermandinhibits thecouplingof Fouriermodesand
thetime variationof density.

3.2. Energy equation

Thanksto semi-implicit discretizationanddensity-pressuredecoupling,onecan
calculatedensityfield at time level (n + 1) by integratingtheenergy equationandby
usingtheequationof statebeforesolvingthedynamicfield. For instance,theprevious
procedureappliedto energy equationyields:

(σρs −∇2)θn+1 = Fθ [7]

Fθ = {ρs

ρ

γ − 1

γ
dtP0 − ρsV.∇θ + (

ρs

ρ
− 1)

1

Pr
√

Ra
∇2θ}n,n−1

+
σ

3
ρs(4θ

n − θn−1)

where{φ}n,n−1 = 2φn − φn−1 andσ = 3
2δt

, with δt the time step. Consequently,
the temperatureis obtainedby solving the linearHelmholtzproblem[ 7]. However,
becauseof tensorproducts,the matrix size grows like N4 for eachFourier mode
precludinganexplicit constructionof theoperator. Indeed,in our configuration,the
principal temperaturevariationsoccurin a privilegeddirection,thusit is convenient
to split the densityρs(y, z) into ρs(y) + ρs(z) and to recourseto diagonalization
techniques(Haidvogel et al., 1979), sincethe equationis henceforthsimplified as
Aφ + φBt = Fθ.

3.3. Density and thermodynamic pressure

Fromθn+1, thedensityρn+1 is obtainedby Equation[4], whichhowever requires
the knowledgeof Pn+1

0 . In the presentcase,the cavity is closed. The boundary
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conditionsappliedfor the velocity imposeconstantmassinside the computational
domainΩ. The total massat eachinstantM = const. henceis equalto its initial
valuewhich is calculatedfrom a referencetemperaturefield anda referencevaluefor
thethermodynamicpressure.Then,thethermodynamicpressureis givenby

Pn+1
0 =

M∫
Ω

1

θn+1 dΩ
[8]

For thereferencestatethepurelyconductingstatehasbeenchosen.For constant
conductivity thisyieldsalineartemperaturedistribution. Thethermodynamicpressure
is givenby

P0 = 2ε/ln(
1 + ε

1 − ε
) [9]

Taking into accounttheenergy Equation[3], themassconservationequationcan
bewrittenas

∇.V =
1

P0
(

1

Pr
√

Ra
∇2θ − 1

γ
dtP0) [10]

Consequently, time variationsof P0 mustensurecompatibilitywith boundarycondi-
tionsof velocity. IntegratingEquation[10] andimposingthepresentboundarycondi-
tionsyieldsEquation[5]. For reasonsof compatibilitydtP0 mustbedeterminedfrom
this equationratherthan,e.g.,from a finite differenceemploying Pn+1

0 , Pn
0 , Pn−1

0 as
shown in (Fröhlichetal., 1990).This is appliedin thepresentalgorithm.

3.4. Stokes problem

Thetimediscretizationof motionequations,combinedto asimilar techniqueasin
theenergy equation,leadsto thefollowing Stokesproblemat time level (n + 1):

LV n+1 +
ρs

ρn+1
∇Pn+1 = FV [11]

∇.V n+1 = FR [12]

whereL is the velocity Helmholtzoperator. The sourcetermsFV andFR madeof
previousvelocitytimeextrapolationandof theknown followingquantitiesρn+1, θn+1

anddtP
n+1
0 , write as

FV = {−ρsV.∇V +
1√
Ra

(
ρs

ρ
∇.τ − ∇̃2V )}n,n−1

+
σ

3
ρs(4V n − V n−1) +

ρs

ρn+1

−1

2εPr
(ρn+1 − 1)ez

[13]
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FR =
1

P0
(
−1

γ
dtP0 +

1

Pr
√

Ra
∇2θ) [14]

with

∇̃2 =




4
3∂xx + ∂yy + ∂zz 0 0

0 ∂xx + 4
3∂yy + ∂zz 0

0 0 ∂xx + +∂yy + 4
3∂zz




With appropriatevelocity boundaryconditions,anexpressionof thevelocity field is
obtainedfrom Equation[11] by invertingtheoperatorL. Then,usingthis expression
in thecontinuityEquation[12], weobtainEquation[15]

∇.V = −∇.L−1(
ρs

ρ
∇P ) + ∇.L−1FV [15]

It mustbenoticethattheoperatorL is invertedonceduringthepre-processing.Equa-
tion [15] is a linearequationfor thepressurefield that,by omittingtimeindexes,reads

A(P ) = F [16]

ThesocalledUzawaoperatoris thendefinedby

A = ∇.L−1(
ρs

ρ
∇)

and
F = −FR + ∇.L−1FV

The Uzawa’s iterative methodsolvesat eachtime stepthe steadyproblem[ 16]
anddoesnot refer to any time sub-stepping.Nevertheless,the pressureoperatoris
bad-conditionnedandrequirespreconditionningin orderto improvetheperformances
of themethod.As shown by Fröhlichet al. (1992)theuseof a fully implicit scheme
for the pressureis highly recommendedfor stability reasonswhen large departures
from the Boussinesqregimeshave to be considered.The operatorÃ = ∇.L−1(∇)
hasbeenchosenaspreconditionnersinceit is closetoA becauseρs/ρ = o(1). Gau-
thier (1988)showed that the convergencerateobtainedwith this preconditionneris
satisfying. Due to the asymmetricandnon definitenatureof this large matrixA, a
PCR(for PrecondionnedConjugateResidual)algorithmwaschosenfor theresolution
of theUzawaequation

3.5. Memory and preconditioning

In theory, the bestapproachwould be to calculateand to storeÃ−1 at the be-
ginning of the simulationonceand for all. In practicethis explicit constructionis
prohibitively large. In Dueto theFourierexpansionin onedirectionthematriceswere
one-dimensionalandhenceof reasonablesizein (Fröhlichet al., 1990). In (LeQuéré
et al., 1992),derivative operatorsweremuchlargerbecauseof tensorproductof the
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two Chebyshev directions. Memory requirementsquickly becomeexcessive in the
3D case.Hence,a directapproachis possibleonly whendealingwith relatively few
degreesof freedom,thememorydependingonthemeshis shown in Figure2. Despite
thesparsenatureof theHelmholtzoperators,theassemblingtheoperatorA leadsto
a full matrix. Technicsfor sparsematricescanhencenot beemployed. Dynamical-
locationof memoryfor all thematricesonly temporarlyusedwastestedbut reduced
memoryrequirementsonly by afactorof about4 with a64×49×49-grid. A sequential
readingfrom a file of matriceelementsalreadycalculatedis evenmoretime consum-
ing becauseof the datatransfer. The iterative alternative seemsthereforeto be the
bestway to avoid explicit matrix construction.Below N = 32, thereis no noticable
differencein memoryconsumptionandthetwo approachesseemequivalent.Beyond
N = 40, thedifferencequickly becomesexponentialshowing thedisadvantageof a
direct inversion(Figure2). indeed,with the ConjugateResidual(CR) algorithm,a
considerablegain in memoryrequirementwasobtainedeven for a small grids, e.g.
95.8% for N = 48. On theotherhand,thedirectapproachturnedout to bemoreac-
curateandfaster(no internaliterations),andwasthenpreconizedin thepresentpaper
with theconsideredmeshes.in this case,3 × 10−3s (for eachmode)wasneededin
thepreprocessingand2.33 × 10−6s for oneglobal iteration. Uzawa iterationsdon’t
exceed6 while the iterative algorithmrequiredat most10 internaliterationsin each
Uzawa iteration. Oneglobal iterationconsume1.6 × 10−4s andthe preprocessing
time is of 1.07 × 10−5s.
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Figure 2. Evolutionof thememoryconsumptionwith grid resolution

3.6. Time marching procedure

Assumingtheflow is known upto timelevel (n), thetimelevel (n+1) is obtained
by theiterativewaydescribedhereafter,
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– Computationof Fθ andof θn+1,

– Computationof thethermodynamicpressureandits time derivative,

– Computationof thedensitythroughthestateequation,

– Computationof thevelocity field divergenceFR,

– Computationof FV ,

– vi. Computationof thepressureandvelocity field by resolvingthegeneralized
StokesproblemusingthePCRalgorithm.

4. Validation

4.1. Space and time accuracy: analytical solution

Thespaceandtimeaccuracy havebeencheckedusingtheanalyticalsolutiongiven
by Equations[17-22]. It shouldbe noticedherethat the thermodynamicpressureis
consideredconstantfor simplicity reasons,but thatthevelocityfield is notdivergence
freeanddensityvariationsareconsidered.Thesolutionis

ua = (1 + β cos2 πt)
1

2
sin2 x sin 2πy sin 2πz [17]

va = (1 + β cos2 πt)
1

4
sin 2x sin2 πy sin 2πz [18]

wa = (1 + β cos2 πt)
−1

2
sin 2x sin 2πy sin2 πz [19]

Pa = (1 + β cos2 πt) cos x cosπy cosπz [20]

ρa = (1 + β cos2 πt)[ρs(y, z) + (
−1

2
+

1 − sinx

2 − cos x
) cos

π

2
y cos

π

2
z] [21]

θa =
1

ρa

[22]

whereβ is a parameterequalto zeroor one. From this exact solution,appropriate
forcing termsand boundaryconditionsare deduced. The testsreportedherewere
performedwith Ra = 103 andε = 0.3.

4.2. A steady state solution (β = 0)

The spaceaccuracy is evaluatedusing theL2-errorsbetweenthe exact and the
numericalsolution.Steadysolutionis supposedto bereachedwhen,

∥∥φn+1 − φn
∥∥
∞

≈ 10−10

Testshave beencarriedout for 9 ≤ N ≤ 57 in eachdirection.Errorsin Figure3
illustratethe typical exponentialbehaviour of spectralmethods.For the temperature
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andthethreevelocitycomponents,thespectralconvergenceis obtainedandtheerrors
decayto finally reachthezero-machine.Theexactsolutionis well representedfrom
N = 32. Note that thepressureerror remainssmall but it is however slightly larger
thanfor the othervariables,becausethe pressureresolutionis relatedto an iterative
procedurewith a convergencecriterion of 10−6. The slight stagnationof the errors
from N = 50 is a classicphenomenonresultingfrom round-off error.
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Figure 3. Spaceaccuracyfor a 3D steadyexactsolution. EvolutionofL2-errors for
thevelocity, thetemperatureandthepressureversusthepolynomialsdegreeN

4.3. Unsteady solution (β = 1)

Theanalyticalsolutionis 2-periodic.Thetime evolution of theL2-errors( 23) is
shown in Figure4 for varioustimestepsandpointsin eachdirection.We evaluatethe
time accuracy of the schemeon the exact solutionwith β = 1 which is 2-periodic.
Varioustime stepsareconsideredfor a grid with N = 24. Figure 4 shows the time
evolutionof theerrors

E(t, δt) =
∥∥φn+1

N − φa

∥∥
2

[23]

After a transienttime, the errorsoscillatearounda valuewhich decreaseswith
thetime stepfrom around10−4 to 10−9. Thecomputationsshow thestability of the
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Figure 4. Time evolution of theL2-error of the v-velocity for a 3D unsteadyexact
solutionfor several timestepsandN = 24

numericalsolutionover time. Figure 5 shows thesecondordertime accuracy of the
schemefor all variables.It representsthelargesttime errordefinedby

E(t) = max
t

E(t, δt)

wherethemaximumin time is estimatedwhentheperiodicstateis reached.For the
smallestδt, theerrorssaturatedueto thespatialerrorsaccumulationover time.

4.4. Benchmark Tests

Themethodis evaluatedby calculatinglaminarsteadyandunsteadynaturalcon-
vectionbenchmarkproblemsboth within a squareandwithin a 8:1 tall cavity. All
the computationsare two-dimensional.The calculateddatahave beenthe thermo-
dynamicpressuretogetherwith the averagedNusseltnumber. Following resultsare
madedimensionlessfollowing thereferences(LeQuéréet al., 2005)and(Christonet
al., 2002).Two grid testshavebeencarriedout for completeness.

4.4.1. LMN benchmark

The two-dimensionalsteadybenchmarktest in a squarecavity (LeQuéréet al.,
2005)hasbeenfirstly considered,restrictedto the caseof constantthermodynamic
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Figure 5. Time accuracy of the algorithm. Evolutionof theL2-errors of variables
versusthetimestepfor anunsteadyexactsolutionandN = 24

Table 1. Comparisonof characteristicquantitiesfor thedifferentiallyheatedair-filled
squarecavityLMN-benchmarkproblematε = 0.6 andconstantthermodynamicprop-
erties

Ra = 105 Ra = 106

Nu Pn
0 Nu Pn

0

N = 48 4.5513 0.85180 8.220 0.85570
N = 80 4.5517 0.85177 8.85977 0.85637

(Accaryet al., 2006)N = 120 4.5542 0.85181 8.8581 0.85685
(Beckeretal., 2002)N = 2050 − − 8.8597 0.85634

(Heuveline,2003)N = 925 − − 8.8598 0.85634
(Paillereet al., 2000)N = 160 4.5631 0.85160 − −
(LeQuéréetal., 2005)reference − − 8.85978 0.856338

propertiesof thefluid andfor Ra = 106. Additionalcalculationshavebeenperformed
for Ra = 105. For bothvaluesof Rayleighnumber, theagreementwith theliterature
is verygoodasshown in Table 4.4.1.Calculationshavebeenassumedto beconverged
at thesamedigits of referencesolutions.Thestructureof theflows is not shown here
but it is completelysimilar to thoseobtainedby (Paillereet al., 2000).

4.4.2. BO limit

TheBO limit of theLMN codehasbeeninvestigatedin theoscillatoryregimeof
convectionwithin the8:1 tall cavity (Christonet al., 2002).Computationshave been
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Table 2. Data at point-1 (y = 0.181, z = 7.370) inside a 8:1 cavity benchmark
problem(Christonet al., 2002)in theBO approximation.For each quantityandfrom
top to bottom: current resultswith N = 25 × 91, Guo et al. (2002) with a grid
N = 40 × 120 andXin et al. (2002)with a grid N = 48 × 180

Quantity Average Amplitude period
0.056000 0.053900 3.4120

v1 0.056110 0.052940 3.4220
0.056356 0.054829 3.4115
0.46382 0.075800 3.4120

w1 0.46200 0.075120 3.4220
0.46188 0.077206 3.4115
0.26500 0.040000 3.4120

θ1 0.26540 0.041340 3.4250
0.26548 0.042735 3.4115
4.58000 0.69230 × 10−2 3.4305

Nuh 4.57950 0.68920 × 10−2 3.4220
4.57946 0.71000 × 10−2 3.4115
4.58000 0.69230 × 10−2 3.4305

Nuc 4.57950 0.68900 × 10−2 3.4220
4.57946 0.70995 × 10−2 3.4115

performedfor Ra = 3.4 × 105, ε = 0.01, in thecaseof a perfectgaswith constant
transportcoefficientsµ andκ. The grid usedhereis a 25 × 91-meshin both (y, z)
directions.All thedataarereportedin Table 4.4.2andshow a very goodagreement
with thereferenceresultsof Xin etal. (2002).Indeed,thesolutionis oscillatorywith a
periodof around3.42,similar to theoneobtainedin BO results.TheNusseltnumber,
theaveragevaluesof theflow field variablesaswell astheir amplitudesarealsovery
closeto theonesobtainedby Xin et al. (2002). Moreover, heattransferdistributions
aresymmetricalon thehotandcoldwallsasexpectedin theBO case.

5. Results

The ability of the numericalmethodto dealwith 2D and3D naturalconvection
problemswith large temperaturedifferenceε = 0.6 (non-Boussinesqconvection)is
shown in this section.Thestability of a two-dimensionallow Machnumbersolution
with respectto 3D perturbationsin thex-directionhasbeeninvestigatedatasupercrit-
ical Rayleighnumberandwithin atall cavity of aspectratiosAy = 8 andAx = 2.017.
Thereis noticeabledifferencebetweentwo- andthree-dimensionalresultsaccording
to Saeidetal. (2005)wheredifferentialheatingandspeciesconcentrationwereinves-
tigated.It wasfoundthatfreesurfaceyieldshigherrateof heatandmasstransfer. The



620 EJCM– 18/2009.High-performancecomputing

effect of lateralaspectratio on theheat,mass,andmomentumtransferwasexamined
in (Mohamadetal., 2004)in theframework of a binaryfluid filled cavity.
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Figure 6. w-velocityat Ra = 3.4×105 in 2D case, (a) Timehistoryand(b) Spectrum
frequencyof asymptoticsolution
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Figure 7. 2D natural convectionin LMN approximationat Ra = 3.4 × 105. (a)
Horizontalprofilesin they-directionat half cavityheightof thetemperature andthe
velocity, (b) Fluctuatingtemperaturefield in the(y, z) plan
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Figure 8. Temporal behaviourof thesolutionin the3D caseat Ra = 3.4 × 105. (a)
Timeevolutionof thew-velocitycomponentat thecavitycentre, (b) Powerspectrum
of thew-velocity
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Figure 9. 3D natural convectionat Ra = 3.4 × 105 usingtheLMN approximation.
(a) InstantaneousFourier spectrumin spaceof the kinetic energy at t=15, (b) Time
evolutionof theenergyof theFourier-modesk = 1 . . . 8
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Figure 10. 3D natural convectionat Ra = 3.4 × 105 usingtheLMN approximation.
(a) Iso-surfacesof the U-componentof the velocity. (b,c) Isosurfaceof the modes1
and 2 of U, respectively. (d,e) Isosurfaceof the modes1 and 2 of the fluctuatingU,
respectively

Firstly, a2D cavity hasbeenconsideredwith ameshof 25×91 grid pointsin both
(y, z) directions. Increasingstepby stepthe Rayleighnumber, an oscillatory two-
dimensionalsolutionof period2.8 is obtainedatacritical Rayleighnumberevaluated
between2.8 × 105 and2.9 × 105. Thereis no direct comparisonwith valuesin the
literatureasthemodelsaredifferent.Indeed,in thesamecavity but with variablether-
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modynamicpropertiesof thefluid (Sutherlandlaws) LeQuéréet al. (1992)estimated
asmallercritical Rayleighnumberbetween1.8×105 and2×105. In asmallercavity
of aspectratio 4, Weismanet al. (2001)estimatedthe transitionat a larger valueof
Rayleighbetween3.2 × 105 and3.4 × 105. In spiteof thesedifferences,thepresent
valueis neverthelesscoherentsincefor examplethe largerconfinementin thecavity
of aspectratio4 stabilizestheflow.

TheRayleighnumberhasbeenagainincreasedfrom2.9×105 andthesolutionhas
remainedoscillatoryto Ra = 3.4×105 (Figure6) with aslightdecreaseof theperiod
to 2.5. This valueof Rayleighnumbercorrespondsto theonepreviously investigated
by Xin et al. (2002)in theBO approximation.Thefluctuatingtemperaturefield (Fig-
ure 7-b) shows a similar patternthanthosereportedby LeQuéréet al. (1992)using
Sutherlandlaws at Ra = 2 × 105. Indeed,thefield is madeof 11 wavelengths(one
wavelengthbeingdefinedby two consecutivesstructuresof alternative sign)of vari-
ablelengthwhich travel aroundthecavity in thedirectionof theprimarycirculation.
Themaximumamplitudeof thefluctuatingtemperatureis reachedalongthevertical
sidewalls within the upper(lower) part along the hot (cold) wall like in boundary
layer typeinstabilities.As alreadymentionedby LeQuéréet al. (1992),this solution
at large valueof ε, ε = 0.6, becomesstronglydissymmetricdueto compressibility
effects.Thesolutionshowsthatfluctuationsarealmostconstantlyamplifiedalongthe
hot wall anddampedasthey travel downward alongthe cold wall. Finally, onecan
alsonotethat the thermalboundarylayer is thicker thanthevelocity boundarylayer
asshown on theprofilesin Figure7-a.

The 2D finite amplitudetime periodicsolutionobtainedat Ra = 3.4 × 105 has
beeninterpolatedin thethird directionwith 48Fouriermodes.Thissolutionis shown
to be unstableto an initial 3D perturbation. Indeed,the 2D solution becomes3D,
characterizedby larger amplitudesof the velocity anda multi-frequenciesspectrum
(Figure8).

The dominantfrequenciesarerelatedto differentmodesof instability of Fourier
wavenumbersin therange1 to 14 (Figure9). Over thecomputationaltime, themode
m=1 is globally dominantbut them=2 is ableto becomedominantduringshorttime.
Theflow is characterizedby theoccurrenceof large3D structuresin thex-direction
undertheform of elongatedvorticesin thez-direction(Figure10).

By decreasingRayleighnumberstepby step,thecritical RayleighnumberRac for
convectionwasfoundto betwiceweakerthanin the2D caseataboutRa = 1.4×105.
Consequently, oncontraryto theBO approximationthe2D solutionis unstableto 3D
perturbations,andnaturalconvectionat largetemperaturedifferencesin 3D cavity is
muchmoreunstablethanin the2D one.

6. Conclusion

In thispaper, ahighordermethodhasbeenproposedfor solvingthree-dimensional
equationsin a low Machnumberapproximation.Thenumericalapproachis carried
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out with a spectralChebyshev-Chebyshev-Fouriersolver. Suchapproachis extended
for the time to investigate naturalconvection with large temperaturedifferencesin
closedcavity. Thenumericalcodehasbeenoptimizedon a vectorcomputerandal-
lows the investigation of 3D unsteadysolutions.As an illustration, the 2D-3D tran-
sition hasbeenstudiedin a tall differentially heatedcavity of aspectratio 8. On
contraryto naturalconvection in Boussinesqconvectionwherethe transitionto 3D
doesnotoccurredbeforebeingfar from theonsetof timedependenceof 2D flow (Xin
etal., 2002),the2D solutionsherewerefoundmoreunstableto 3D perturbationsthat
suggestthe2D assumptionis not valid for naturalconvectionwith largetemperature
differencein closedcavity.
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