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ABSTRACT. A three-dimensional spectral method based on Chebyshev-Chebyshev-Fourier
discretizations is presented in the framework of the low Mach number approximation of
Navier-Stokes equations. The working fluid is assumed to be a perfect gas with constant
thermodynamic properties. The generalized Stokes problem, which arises from the time
discretization by a second-order semi-implicit scheme, is solved by a preconditioned iterative
Uzawa algorithm. Several validation results are presented in the case of steady and unsteady
flows. This model is also evaluated for natural convection flows with large density variations
in the case of a tall differentially heated cavity of aspect ratio 8. It is found that on contrary to
convection at small temperature differences (Boussinesq), the 2D unsteady solution at Ra =
3.4 x 10° is unstable to 3D perturbations.

RESUME. Dans ce travail nous présentons une méthode numérique basée sur une
approximation spectrale Chebyshev-Chebyshev-Fourier des équations de la convection dans
le cas de fortes variations de densité au moyen d’un modele faible nombre de Mach. Le
probleme de Stokes issu de la discrétisation temporelle des équations de Navier-Stokes par un
schéma semi-implicite du second ordre en temps, est résolu avec un algorithme itératif de
type Uzawa préconditionné. Le code est validé sur des résultats de la littérature en régime
stationnaire et instationnaire. Le modele a également été évalué dans le cas d’une cavité
différentiellement chauffée allongée de rapport de forme 8. Contrairement au cas Boussinesq,
la solution 2D instationnaire & Ra = 3.4 x 10° s’est montrée instable par rapport & une
perturbation 3D.
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1. Introduction

Thermalcorvectionin differentially heatedenclosurefiasbeenof interestsincea
long time, in orderto provide a goodscientificunderstandingnd satisactory quan-
titative predictedsimulationsfor engineeringpractices.Solvingthis problemalsoal-
lows testingandvalidatingnumericalmethodssincethe comparisorwith experiment
resultsprovesoftendelicatebecausef thedifficulty of carryingout adiabatidbound-
ary conditions(Leonget al., 1998). Most benchesf naturalcorvection deal with
the Boussines@pproximationBO) limited to smalltemperaturd@ifferencegGrayet
al., 1976). Non-Boussinesgffectsresultfrom the compressibilityand/orthe varia-
tion of the physical propertieswith the temperature.In this case,suitableformula-
tionsarerequired. Paolucci(1982)derivesa setof acousticwavesfiltered equations
of parabolicnaturesimilar to the incompressibleasefor the viscousflows. This so
calledlow Mach number(LMN) approximationauthorizesimportantvariationsof
temperatur@ndallows a betterdescriptionof the flow.

Spectralmethodshave beenshavn to perform extremely well for investigating
transitionto turbulencein enclosedaturalcorvectionflows underthe Boussines@p-
proximation,sincethey ensureanaccuratedescriptionof theinstability modesof the
thresholdsand of the bifurcationunderlarge heatgradients(Roux, 1990). For non-
Boussinescconvection, most of the numericalworks in enclosedcavity have been
limited to the bidimensionalspectralapproximationsdue to the numericaldifficul-
ties and the inherentcost of the three dimensionalcomputationsvhereasthe third
dimensionprovides a more realistic approximationof regimes coveredby cornvec-
tion or transitionto the turbulence.n particular asfar asthe authorsknow, only 2D
configurationsveretreateduntil now usingeitherwith Chebyshe/Fourier (Frohlich
etal., 1990)or Chebyshe/Chebyshe (LeQuéréetal., 1992)approximationin LMN
contt. Three-dimensionalasehave beenlimited to second-(Accargtal., 2006)or
fourth-(Nicoud,2000)orderspace-accurgcusingfinite volumeandfinite difference
schemestespectiely. In (Fréhlichetal., 1990),the useof a staggeredyrid implies
repetitive interpolationsbetweerthe grids, andin (LeQuéréet al., 1992)the deriva-
tive operatorsare tensorialand thus of large size. Consequentlythe 3D extension
from thesepreviousworkswasnot straightforvard.

In the presentwork, a three-dimensionadpectraimethodhasbeendevelopedfor
Cartesiarenclosuredasedon a Chebyshe-Chebyshe-Fourier approximation.The
spectrakornvemgenceof theerroraswell asthesecond-ordeaccurag in time hasbeen
obtained Benchmarkvalidationshave beenthenperformedbothin the LMN approx-
imation in the caseof steadyregime (LeQuéréet al., 2005) andin the Boussinesq
limit for unsteadyegime (Christonetal., 2002).Finally, transitionto 2D and3D un-
steadyregimeshasbeeninvestigatedin naturalcorvectionflow within tall enclosure
of aspecratio 8.
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2. Modelling and problem formulation

A naturalcorvectionair flow is consideredwithin a differentially heatedcavity
depictedin Figure 1, where H is the height, L, the width and L,, the depthof the
enclosure Aspectratiosof the cavity aredefinedasA, = H/L, andA, = L,/L,.
The channelof the cavity consistsof two horizontalpassie adiabaticwalls and one
homogenouslirection;the verticalwalls in they-directionaremaintainedsothermal
ata hotanda cold temperature];, andT., respectrely. The buoyang force dueto
thegravity worksdownwardsandthetemperaturdifferencel}, — T, is assumedarge
enoughto frustratethe Boussines@pproximation.

Y /L

d

Figure 1. Geometriadescriptionof the cavity problem

Thephysicalgoverningequationg@rethosesuggestetdy Paolucci(Paolucci,1982)
describingheflow of athermallyexpandableperfectgasunderthe LMN assumption.
All thevariablesnvolvedin thecompleteNavier Stokesandthe enegy equationsare
expandedn termsof vM?2 powers, M < 1 beingthe Mach numberflow and~ the
ratio of specificheats. Pressurés thensplit into a thermodynamicspatially homo-
geneougart, a hydrostatictime-independenpart and a dynamicdensity-decoupled
part,allowing thefiltering of acoustiowaves. Theleadingof this expansionat lowest
order, thesetof dimensionlesgquationsvrittenin non-conserative form reads,

dp+V.(pV) = 0 (1]
— 1
: P = 1 S v 2
p(O,V +V.VV)+V 5Py (p—1)e. + %Rav T [2]
@0+vve) -1 "Lap - LR L 3]
PO 1o PrvRa
B
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p 7 [4]

Y 1/ 2
Py = — | V<0do 5
+Po AR (5]
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wherevariablesp, V, # and P denotedensity velocity, temperaturandthe dynamic
pressurecomponent.7 = u(VV + (VV)! — 2(V.V)I) beingthe viscousstress
tensor Thesystemhasbeenmadedimensionlessy introducingthereferencescaling
quantities: T* = (T, +T¢)/2, L* = Ly, t* = L*/V*, V* = vV Rav*/L*, and
P* = p*V*2, with Ra the Rayleighnumbergivenby Ra = (2e9*L*3)/(v*k*) and
the relative temperaturdifferenceis ¢ = (7}, — T..)/27*. Boundaryconditionsfor
the temperaturaref, = 1+¢, 6. = 1 — ¢ ando.f(z = FH/2) = 0. No-slip
conditionsareimposedfor the velocity andno boundaryconditionsare requiredfor
thepressureTheviscosityu andthethermalconductvity « aretakenconstanfor the
momentbut Sutherlandaws could be considered The PrandtinumberPr is always
fixed to 0.71 andthe specificheatratio is setto 1.4. It is known that the onsetof
unsteadycornvectioncanbeinfluencedby theinitial condition(LeQuéréetal., 1992).
In this work, anisothermalfluid initially at resthasbeenconsideredvith or without
additionalrandomperturbationghatwill be specifiedfurther.

3. Numerical method
3.1. Space discretization and time integration

The spatialapproximatiormethodconsistsof truncatedseriesexpansionandten-
sorproduct.Eachdependenvariable¢ = (V, P, 6, p) is developedin a Fourierseries
with respecto z directionandChebyche polynomialsin the nonperiodicdirections
y andz suchthat:

pxNm (.Y, 2,1) Z Z Z Prom (1) Ty (2)el)

—K n=0m=0

whereK, N, M arethehighestdegreesof interpolatingpolynomialsin directionse, y
andz, respectrely. Spatialdiscreteequationsareobtainedusingthe Fourier Galerkin
/ Chebyche-collocationmethod.TheusualGauss-Lobattpointsareadoptedn both
non-homogeneoutirectionssuchthaty; = cos(32) andz; = cos(%) with 0 < ¢ <
M and0 < j < N for all quantitiesexceptthe pressure whichis calculatedwithin
thedomainonly. A Py — Py_» formulationis usedto satisfythe inf-sup condition
of the Stokesproblemandthusavoid spuriouspressurenodes(Madayet al., 1992).
Consequentlyno staggeredrid is needed.

Thetime integrationis carriedout with a second-ordesemi-implicitschemecor
respondingo acombinatiorof the second-ordebackwarddifferentiationformulafor
the viscousdiffusionterm andthe Adams-Bashforttschemeor the nonlinearterms
(Vaneletal., 1986)andreadsfor the above equations,

n+1l _ 4 n n—1
oy L(e) = 2M(6") — M)

where£ and M denotelinearandnon-linearoperatorgespectiely, andg = (V. 6).
Unlike the Boussines@pproximationthe non-linearitiesarenot only confinedin the
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corvective term, but alsoin the densityandin the eventualphysical propertiesvari-

ations,which provide additionalnonlinearitiesin the LMN model. As suggestedby

Gottliebetal. (1977)thediffusiontermis treatedexplicitly, anda stabilizingtermis

addedon bothsidesof the equationthatis treatedmplicitly ontheleft-handsideand

explicitly in theright-handside. An optimal choiceof this stabilizingterm might be

ascloseaspossibleto the mostactive part of the diffusiontermin orderto capture
its largestvariation. Then,in orderto obtainlinear andtime independenbperators
andin orderto transferalgebraiccostinto pre-processingye introducea densityde-

compositioninto two parts,asinitially proposedn 2D by Frohlichetal. (1990)such

that,

p(,y,2,t) = ps(y, 2) + (p(2,y, 2, 1) — ps(y, 2)) (6]

Multiplying all transportequationgdy afactorp,/p = O(1) allows usto balancethe
densityfluctuationsin the sourcetermandinhibits the couplingof Fouriermodesand
thetime variationof density

3.2. Energy equation

Thanksto semi-implicit discretizationand density-pressuréecoupling,one can
calculatedensityfield attime level (n + 1) by integratingthe enegy equationandby
usingtheequatiorof statebeforesolvingthedynamicfield. Forinstancetheprevious
procedureappliedto enegy equationyields:

(ops — VA" = F, [7]
Ps Y — 1 Ps 1 2y n,n—1
Fo= {— diPy — psV.VO+ (— —1 vgrm
’ P e ( P )Pr Ra J
+%ps(49n _ en—l)

where{¢}" "1 = 2¢" — ¢"~! ando = 53, with 6t thetime step. Consequently
the temperatures obtainedby solving the linear Helmholtz problem[ 7]. However,

becauseof tensorproducts,the matrix size grows like N* for eachFourier mode
precludingan explicit constructionof the operator Indeed,in our configuration the
principal temperaturesariationsoccurin a privilegeddirection,thusit is convenient
to split the density p,(y, ) into p,(y) + ps(z) andto recourseto diagonalization
techniqueqHaidwogel et al., 1979), sincethe equationis henceforthsimplified as
Ap + ¢Bt = Fy.

3.3. Density and thermodynamic pressure

Fromd"+!, thedensityp™*! is obtainedoy Equation[4], which howeverrequires
the knovledgeof Pj"!. In the presentcase,the cavity is closed. The boundary
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conditionsappliedfor the velocity imposeconstantmassinside the computational
domain{). The total massat eachinstantM = const. henceis equalto its initial
valuewhichis calculatedrom areferencéemperaturdield andareferencevaluefor
thethermodynami@ressureThen,thethermodynami@ressures givenby

M
P(?Jrl = 1 (8]
Jo garrd®
For the referencestatethe purely conductingstatehasbeenchosen.For constant
conductvity thisyieldsalineartemperaturelistribution. Thethermodynamipressure
is givenby

1+¢
1—¢

Py = 2¢/In( ) [9]

Takinginto accountthe enegy Equation[3], the massconseration equationcan
bewrittenas

1 1
VV=—
(Pr\/Ra

Py
Consequentlytime variationsof P, mustensurecompatibility with boundarycondi-
tionsof velocity. IntegratingEquation[10] andimposingthe presenboundarycondi-
tionsyieldsEquation[5]. For reason®f compatibilityd; Py mustbedeterminedrom
this equatiorratherthan,e.g.,from afinite differenceemploying P, Py, Py~ as
shavnin (Fréhlichetal., 1990). Thisis appliedin the presenglgorithm.

1
V20 — ~d, Py) [10]
gl

3.4. Stokes problem

Thetime discretizatiorof motionequationsgcombinedo a similartechniqueasin
theenepy equation)eadsto thefollowing Stokesproblemattime level (n + 1):

vty Pogprit — gy [11]
p +
V.Vt = Fp [12]

where L is the velocity Helmholtz operator The sourceterms Fy, and F'r madeof
previousvelocity time extrapolationandof theknown following quantitiep™ 1, 97 +1
andd, Py, write as

1 s - -
Fy = {-p;V.VV + 7(%V.T — VQV)}n,n 1

VRa

o — Ps -1 n+1
= s VA VALI vl 1 n+1 _ 1 R

[13]
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1 1

-1
Frp=—(—dPy+ V20 14
" Po( v T PrvRa ) 4
with
- %awc + ayy + 8zz 0 O
0 0 Opx+ +0yy + 20..

With appropriatevelocity boundaryconditions,an expressionof the velocity field is
obtainedfrom Equation[11] by invertingthe operatorZ. Then,usingthis expression
in the continuity Equation[12], we obtainEquation[15]

VAT _v.zfl(%vp) +V.LFy [15]

It mustbenoticethatthe operator is invertedonceduringthe pre-processingequa-
tion[15] is alinearequatiorfor thepressurdield that,by omittingtime indexes,reads

A(P)=F [16]
ThesocalledUzawva operatoiis thendefinedby

A= v.z*l(%V)

and
F=—Fr+V.LT'Fy

The Uzawa’s iterative methodsolves at eachtime stepthe steadyproblem[ 16]
and doesnot refer to ary time sub-stepping.Neverthelessthe pressureoperatoris
bad-conditionneandrequiregpreconditionningn orderto improve theperformances
of themethod.As shavn by Frohlichet al. (1992)the useof afully implicit scheme
for the pressures highly recommendedor stability reasonsvhen large departures
from the Boussinesgegimeshave to be considered.The operatord = V.L71(V)
hasbeenchoseraspreconditionnesinceit is closeto .4 because,/p = o(1). Gau-
thier (1988) shaved that the convergencerate obtainedwith this preconditionneiis
satisfying. Due to the asymmetricand non definite natureof this large matrix A4, a
PCR(for Precondionne@onjucateResiduallalgorithmwaschoserfor theresolution
of theUzawa equation

3.5. Memory and preconditioning

In theory the bestapproachwould be to calculateandto store A~! at the be-
ginning of the simulationonceandfor all. In practicethis explicit constructionis
prohibitively large. In Dueto the Fourierexpansionn onedirectionthe matriceswvere
one-dimensionandhenceof reasonablsizein (Frohlichetal., 1990).In (LeQuéré
etal., 1992),derivative operatorsvere muchlarger becausef tensorproductof the
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two Chebyshe directions. Memory requirementsjuickly becomeexcessie in the
3D case.Hence a directapproachs possibleonly whendealingwith relatively few
degreesof freedomthememorydependingnthemeshis shavn in Figure2. Despite
the sparsenatureof the Helmholtzoperatorsthe assemblinghe operatorA leadsto
afull matrix. Technicsfor sparsematricescanhencenot be employed. Dynamical-
locationof memoryfor all the matricesonly temporarlyusedwastestedbut reduced
memoryrequirementsnly by afactorof about4 with a64 x 49 x49-grid. A sequential
readingfrom afile of matriceelementslreadycalculateds evenmoretime consum-
ing becausef the datatransfer The iterative alternatve seemghereforeto be the
bestway to avoid explicit matrix construction.Below N = 32, thereis no noticable
differencein memoryconsumptiorandthetwo approacheseemequivalent. Beyond
N = 40, the differencequickly becomesxponentialshaving the disadwantageof a
directinversion(Figure 2). indeed,with the Conjugate Residual(CR) algorithm, a
considerableggain in memoryrequirementas obtainedeven for a small grids, e.g.
95.8% for N = 48. Ontheotherhand,thedirectapproachturnedoutto be moreac-
curateandfaster(no internaliterations),andwasthenpreconizedn the presenpaper
with the consideredneshesin this case3 x 10~3s (for eachmode)wasneededn
the preprocessingnd2.33 x 10~%s for oneglobaliteration. Uzawva iterationsdon't
exceed6 while the iterative algorithmrequiredat most10 internaliterationsin each
Uzawa iteration. One global iteration consumel.6 x 10~*s andthe preprocessing
timeis of 1.07 x 10~ ®s.

10* : : —
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I.’
010°%
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£ . e
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e ’ L
Q 2 I, -7 -
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10" ‘ : ‘ ‘
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Figure 2. Evolutionof the memoryconsumptiorwith grid resolution

3.6. Time marching procedure

Assumingtheflow is known uptotimelevel (n), thetimelevel (n+ 1) is obtained
by theiterative way describechereafter,
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— Computatiorof F andof 971,

— Computatiorof thethermodynami@ressurendits time derivative,
— Computatiorof thedensitythroughthe stateequation,

— Computatiorof the velocity field divergenceF 'y,

— Computatiorof Fy,,

—vi. Computatiorof the pressureandvelocity field by resolvingthe generalized
Stokesproblemusingthe PCRalgorithm.

4. Validation
4.1. Space and time accuracy: analytical solution

Thespaceandtime accurag have beenchecledusingtheanalyticalsolutiongiven
by Equationg17-22]. It shouldbe noticedherethat the thermodynamiqressurds
considereatonstanfor simplicity reasonsbut thatthevelocity field is not divergence
freeanddensityvariationsareconsideredThesolutionis

2

1
ug = (14 Bcos® mt) 5 sin” x sin 27y sin 272 [17]

1
ve = (14 Bcos? t) 1 sin 2 sin? 7y sin 272 [18]

wy = (14 Bcos? 7rt)7 sin 2z sin 27y sin® 7z [19]

P, = (1 + [ cos? t) cos x cos Ty cos Tz [20]
-1 1-—sinx T T
— 2 _ - - o o
pa = (14 Bcos” mt)[ps(y, z) + ( 5 2—cosx)COS2yCOSQZ] [21]
1
0, = — [22]
Pa

where is a parameteequalto zeroor one. From this exact solution, appropriate
forcing termsand boundaryconditionsare deduced. The testsreportedherewere
performedwith Ra = 103 ande = 0.3.

4.2. A steady state solution (3 = 0)

The spaceaccurayg is evaluatedusing the £,-errorsbetweenthe exact and the
numericalsolution. Steadysolutionis supposedo bereachedvhen,

H¢n+1 _ ¢”Hoo ~ 10—10

Testshave beencarriedoutfor 9 < N < 57 in eachdirection. Errorsin Figure3
illustratethe typical exponentialbehaiour of spectralmethods.For the temperature
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andthethreevelocity componentsthe spectrakornvergences obtainedandthe errors
decayto finally reachthe zero-machineThe exactsolutionis well representedrom
N = 32. Notethatthe pressureerrorremainssmall but it is however slightly larger
thanfor the othervariables becausehe pressureesolutionis relatedto aniterative
procedurewith a convergencecriterion of 10~. The slight stagnatiorof the errors
from N = 50 is aclassicphenomenomesultingfrom round-of error.

4\‘ -e- U
N -e-V
. a;:< e
107 ¥ e W
- = p
-«- P
210 ]
L
10—157 |
10" 10°

Figure 3. Spaceaccuiacyfor a 3D steadyexactsolution. Evolutionof £,-errors for
thevelocity thetempeature andthe pressue versusthe polynomialsdegree N

4.3. Unsteady solution (6 = 1)

The analyticalsolutionis 2-periodic. The time evolution of the L,-errors( 23) is
shavn in Figure4 for varioustime stepsandpointsin eachdirection.We evaluatethe
time accurayg of the schemeon the exact solutionwith 5 = 1 which is 2-periodic.
Varioustime stepsareconsideredor a grid with N = 24. Figure 4 shows thetime
evolution of theerrors

B(t,0t) = ||ox"" — ¢al|, [23]

After a transienttime, the errorsoscillatearounda value which decreasesvith
the time stepfrom around10— to 10~°. The computationshow the stability of the
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Figure 4. Time evolution of the L,-error of the v-velocity for a 3D unsteadyexact
solutionfor several timestepsand N = 24

numericalsolutionover time. Figure 5 shows the secondordertime accurag of the
schemdor all variables.lt representshelargesttime errordefinedby

E(t) = max E(t,dt)

wherethe maximumin time is estimatedvhenthe periodic stateis reached.For the
smallestt, the errorssaturatedueto the spatialerrorsaccumulatiorover time.

4.4. Benchmark Tests

The methodis evaluatedby calculatinglaminarsteadyandunsteadynaturalcon-
vection benchmarkproblemsboth within a squareand within a 8:1 tall cavity. All
the computationsare two-dimensional. The calculateddatahave beenthe thermo-
dynamicpressuraogetherwith the averagedNusseltnumber Following resultsare
madedimensionlessollowing the referencegLeQuéréet al., 2005)and(Christonet
al., 2002).Two grid testshave beencarriedout for completeness.

4.4.1. LMN benchmark

The two-dimensionakteadybenchmarktestin a squarecavity (LeQuéréet al.,
2005) hasbeenfirstly consideredrestrictedto the caseof constanthermodynamic
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Figure 5. Time accuiacy of the algorithm. Evolution of the £,-errors of variables
versusthetime stepfor an unsteadyexactsolutionand N = 24

Table 1. Comparisorof characteristicquantitiesfor thedifferentially heatedair-filled
squae cavityLMN-bentimarkproblemate = 0.6 andconstanthermodynamiprop-
erties

Ra = 10° Ra =10

Nu By Nu By
N =48 4.5513 | 0.85180 8.220 0.85570
N =80 4.5517 | 0.85177 || 8.85977 | 0.85637
(Accaryetal., 2006) N = 120 4.5542 | 0.85181 8.8581 0.85685
(Becleretal., 2002) N = 2050 - - 8.8597 | 0.85634
(Heuweline,2003) N = 925 — — 8.8598 0.85634

(Paillereetal., 2000) N = 160 | 4.5631 | 0.85160 — —
(LeQuéréetal., 2005)reference — — 8.85978 | 0.856338

propertieof thefluid andfor Ra = 10¢. Additional calculationshave beenperformed
for Ra = 10°. For bothvaluesof Rayleighnumber the agreementith the literature
isverygoodasshovnin Table 4.4.1.Calculationshave beenassumedo becorverged
atthe samedigits of referencesolutions.The structureof the flows is not shavn here
but it is completelysimilar to thoseobtainedby (Paillereetal., 2000).

4.4.2. BO limit

TheBO limit of theLMN codehasbeeninvesticatedin the oscillatoryregime of
convectionwithin the 8:1 tall cavity (Christonetal., 2002). Computationdave been
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Table 2. Data at point-1 (y = 0.181,z = 7.370) inside a 8:1 cavity bencimark
problem(Christonetal., 2002)in the BO approximation.For eat quantityandfrom
top to bottom: currentresultswith N = 25 x 91, Guoetal. (2002)with a grid
N =40 x 120 andXin etal. (2002)with agrid N = 48 x 180
Quantity | Average Amplitude period
0.056000 0.053900 3.4120
vy 0.056110 0.052940 3.4220
0.056356 0.054829 3.4115
0.46382 0.075800 3.4120
w1y 0.46200 0.075120 3.4220
0.46188 0.077206 3.4115
0.26500 0.040000 3.4120
0, 0.26540 0.041340 3.4250
0.26548 0.042735 3.4115
4.58000 | 0.69230 x 10~2 | 3.4305
Nul 4.57950 | 0.68920 x 1072 | 3.4220
457946 | 0.71000 x 1072 | 3.4115
4.58000 | 0.69230 x 10~2 | 3.4305
Nuc 457950 | 0.68900 x 1072 | 3.4220
457946 | 0.70995 x 1072 | 3.4115

performedfor Ra = 3.4 x 105, e = 0.01, in the caseof a perfectgaswith constant
transportcoeficients . andx. The grid usedhereis a 25 x 91-meshin both (y, z)
directions.All thedataarereportedin Table 4.4.2andshav a very goodagreement
with thereferenceesultsof Xin etal. (2002).Indeed thesolutionis oscillatorywith a
periodof around3.42,similar to theoneobtainedn BO results.The Nusselnumber
the averagevaluesof the flow field variablesaswell astheir amplitudesarealsovery
closeto the onesobtainedby Xin etal. (2002). Moreover, heattransferdistributions
aresymmetricalon the hotandcold walls asexpectedn the BO case.

5. Results

The ability of the numericalmethodto dealwith 2D and 3D naturalcorvection
problemswith large temperaturalifferences = 0.6 (non-Boussinesgonvection)is
shawn in this section. The stability of a two-dimensionalow Machnumbersolution
with respecto 3D perturbationsn thez-directionhasbeeninvesticgatedata supercrit-
ical Rayleighnumberandwithin atall cavity of aspectatiosA4, = 8 andA, = 2.017.
Thereis noticeabledifferencebetweenwo- andthree-dimensionalesultsaccording
to Saeidetal. (2005)wheredifferentialheatingandspeciesoncentratiorwereinves-
tigated.It wasfoundthatfreesurfaceyieldshigherrateof heatandmasdransfer The
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effect of lateralaspecratio on the heat,mass andmomentuntransferwasexamined
in (Mohamadetal., 2004)in theframework of a binaryfluid filled cavity.

0.03 . !
90 1‘
[
i
80 :
i
nor :
i
Q 60 :
° I
=] I
2 = st [
g |
g
'
30[ :
t
-0.01j| 2t H
'
0 ’If'

_002 L L L L JL

0 200 400 600 800 1000 o 02 04 06 08 1 12 14 16 18
Time Dimensionless frequency
(a) (b)

Figure6. w-velocityat Ra = 3.4 x 10° in 2D case (a) Timehistoryand(b) Spectrum
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Figure 10. 3D natural convectionat Ra = 3.4 x 10° usingthe LMN approximation.
(a) Iso-surfacesf the U-componenbf the velocity (b,c) Isosurfaceof the modesl
and 2 of U, respectively (d,e) Isosurfaceof the modesl and 2 of the fluctuatingU,
respectively

Firstly, a2D cavity hasbeenconsideredvith ameshof 25 x 91 grid pointsin both
(y, z) directions. Increasingstepby stepthe Rayleighnumber an oscillatory two-
dimensionakolutionof period2.8 is obtainedat a critical Rayleighnumberevaluated
betweer2.8 x 10° and2.9 x 10°. Thereis no directcomparisorwith valuesin the
literatureasthemodelsaredifferent.Indeed n thesamecavity but with variablether
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modynamicpropertiesof the fluid (Sutherlandaws) LeQuéréetal. (1992)estimated
asmallercritical Rayleighnumberbetweerl .8 x 10° and2 x 10°. In asmallercavity
of aspectatio 4, Weismanet al. (2001) estimatedhe transitionat a larger value of
Rayleighbetweers.2 x 10° and3.4 x 10°. In spiteof thesedifferencesthe present
valueis neverthelesoherensincefor examplethe larger confinemenin the cavity
of aspecratio 4 stabilizesthe flow.

TheRayleighnumberhasbeenagainincreasedrom 2.9 x 10° andthesolutionhas
remainedscillatoryto Ra = 3.4 x 10° (Figure6) with aslightdecreasef the period
to 2.5. Thisvalueof Rayleighnumbercorrespond$o the onepreviously investigated
by Xin etal. (2002)in the BO approximation.Thefluctuatingtemperaturdield (Fig-
ure 7-b) shavs a similar patternthanthosereportedby LeQuéréet al. (1992)using
Sutherlandaws at Ra = 2 x 10°. Indeed thefield is madeof 11 wavelengths(one
wavelengthbeingdefinedby two consecutiesstructuresof alternatie sign) of vari-
ablelengthwhich travel aroundthe cavity in the directionof the primary circulation.
The maximumamplitudeof the fluctuatingtemperatureés reachedalongthe vertical
side walls within the upper (lower) part along the hot (cold) wall like in boundary
layertypeinstabilities. As alreadymentionedby LeQuéréet al. (1992),this solution
at large valueof ¢, ¢ = 0.6, becomesstrongly dissymmetricdueto compressibility
effects. Thesolutionshows thatfluctuationsarealmostconstantlyamplifiedalongthe
hot wall anddampedasthey travel dovnward alongthe cold wall. Finally, onecan
alsonotethatthe thermalboundarylayeris thicker thanthe velocity boundarylayer
asshavn ontheprofilesin Figure7-a.

The 2D finite amplitudetime periodicsolutionobtainedat Ra = 3.4 x 10° has
beeninterpolatedn thethird directionwith 48 Fouriermodes.This solutionis shavn
to be unstableto aninitial 3D perturbation. Indeed,the 2D solution becomes3D,
characterizedy larger amplitudesof the velocity and a multi-frequenciespectrum
(Figure8).

The dominantfrequenciesarerelatedto differentmodesof instability of Fourier
wavenumbersn therangel to 14 (Figure9). Over the computationatime, themode
m=1is globally dominantbut the m=2is ableto becomedominantduring shorttime.
Theflow is characterizedby the occurrenceof large 3D structuresn the x-direction
undertheform of elongatedvorticesin the z-direction(Figure10).

By decreasindrayleighnumberstepby step thecritical RayleighnumberRa, for
corvectionwasfoundto betwice wealerthanin the2D caseataboutRa = 1.4 x 10°.
Consequentlyon contraryto the BO approximatiorthe 2D solutionis unstableo 3D
perturbationsandnaturalconvectionat large temperaturalifferencesn 3D cavity is
muchmoreunstableghanin the2D one.

6. Conclusion

In this paperahighordermethodhasbeenproposedor solvingthree-dimensional
equationsn alow Mach numberapproximation.The numericalapproachs carried
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outwith a spectralChebyshe-Chebyshe-Fourier solver. Suchapproachs extended
for the time to investicate natural corvection with large temperaturaifferencesin
closedcavity. The numericalcodehasbeenoptimizedon a vectorcomputerandal-
lows the investigation of 3D unsteadysolutions. As anillustration, the 2D-3D tran-
sition hasbeenstudiedin a tall differentially heatedcavity of aspectratio 8. On
contraryto naturalcorvectionin Boussinesgornvectionwherethe transitionto 3D
doesnotoccurredbeforebeingfar from the onsetof time dependencef 2D flow (Xin
etal., 2002),the 2D solutionsherewerefound moreunstableo 3D perturbationghat
suggesthe 2D assumptionis not valid for naturalconvectionwith largetemperature
differencen closedcavity.
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