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1. Introduction

Classical finite elements are quite limited in dynamic crack propagation simulation
because of the evolution of the topology of the domain and thus the use of a projection
field on the updated discretization when the crack propagates. To adapt the standard
finite element method to fracture computation, the extended finite element method
(XFEM) has been developed, which completely avoids remeshing (Black et al., 1999;
Moës et al., 1999). Also Belytschko et al. (2001) and Stolarska et al. (2001) combined
this formulation with level sets. This XFEM method is based on the partition of unity
pioneered by Melenk et al. (1996), whereby specific functions are used to describe the
physical behavior in subdomains of the problem. Thus in (Moës et al., 1999; Moës et
al., 2002) the discontinuous enrichment function was used along the crack in order to
describe a discontinuous displacement. Réthoré et al. (2005) and Combescure et al.
(2008) ensure the energy conservation during the propagation. Dolbow et al. (2001)
and Khenous et al. (2006) dealt with contact in the XFEM formulation.

The well known explicit central difference method (Belytschko et al., 2000) is
usually used for dynamic crack propagation. For the XFEM formulation, Menouillard
et al. (2006b) developed a mass lumping strategy for the discontinuous enrichment
part. They found that the enrichment does not decrease the stability time step much;
indeed the XFEM critical time step is at least 70% of the finite element one. Then,
Menouillard et al. (2008) used another decomposition of the enriched shape function
developed by Hansbo et al. (2004) which is used in the phantom node method devel-
oped by Song et al. (2006), and extended for 3D by Duan et al. (2009). Menouillard
et al. (2009) have presented an enriched formulation, including a moving crack tip en-
richment to enhance the crack tip description. Substantial improvement was observed
in the results, but this formulation is more complex.

In this paper, we describe a method to deal with the description of the crack tip
element in term of stiffness relaxation without using any tip enrichment function. It
aims at characterizing the release of the crack tip element when the crack propagates
through. An additional correction force will be introduced in this crack tip element,
which leads the new additional degrees of freedom release continuously. Whereas no
tip enrichment is used to describe the crack tip vicinity, the releasing process reduces
spurious oscillatory stress waves.

The paper is organized as follows. Section 2 presents the governing equation of the
problem, the cohesive zone model used and the stress intensity factors computation.
Section 3 describes the space discretization of the XFEM formulation using only the
discontinuous enrichment. Section 4 describes the new method for releasing the crack
tip element by using correction force: it explains the relation between the correction
force and the position of the virtual crack tip in the element. Section 5 presents two
numerical examples to underline the effect of the correction force in the stress field in
the structure and in the computation of the stress intensity factors.
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2. General problem modeling

Consider an initial domain Ω0 and its boundary Γ0 as shown in Figure 1: ∂Ω0
u ∪

∂Ω0
F = Γ0 and ∂Ω0

u ∩ ∂Ω0
F = ∅. In the current domain, the image of Ω0 is denoted

Ω, and the motion is described by x = Φ(X, t), where t is the time, and X and x the
material and spatial coordinates, respectively. The displacement at the material point
X is denoted by u(X, t). Figure 1 describes the reference and the current domains,
and the different boundaries and their corresponding conditions.

Γ0
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∂Ω0
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Figure 1. A two dimensional body with a discontinuity and its representation in the
reference and the current domains

2.1. Updated lagrangian formulation

The momentum equation in the updated Lagrangian form is written as:

ρ ü = div
(
σ
)

+ fd in Ω [1]

where ρ is the density, and fd a body force vector on the current domain Ω, σ the
Cauchy stress tensor, and ü the acceleration. The global equation verified by the
displacement solution u ∈ U is (see e.g. Belytschko et al. (2000)):

∫

Ω/Γc

ρ ü · v dΩ +
∫

Ω/Γc

σ : ε(v) dΩ =
∫

Ω/Γc

fd · v dΩ

+
∫

∂ΩF

Fd · v dΓ +
∫

Γc

Fcoh · v dΓ [2]

where ε is the strain tensor, and v ∈ U0:

U = {u | u (x) = ud, ∀ x ∈ ∂Ωu, and regularity of u} [3]
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U0 = {u | u (x) = 0, ∀ x ∈ ∂Ωu, and regularity of u} [4]

The boundary of the current domain Ω is partitioned into ∂Ωu on which displace-
ments ud are prescribed, ∂ΩF on which tractions Fd are prescribed, and then Γc

which corresponds to the displacement discontinuity, i.e. crack. One can sum up by
writing:





u(x, t) = ud ∀ x ∈ ∂Ωu, ∀ t in [1, T ]
σ(x, t) · n = Fd ∀ x ∈ ∂ΩF , ∀ t in [1, T ]
σ(x, t) · n = Fcoh ∀ x ∈ Γc, ∀ t in [1, T ]

[5]

where n denotes outer normal of the boundary ∂Ω, T is the total time. Moreover, the
latter boundary Γc also depends on time as the crack propagates: Γc(t). Note that
∂Ω = ∂Ωu ∪ ∂ΩF ∪ Γc and ∂Ωu ∩ ∂ΩF = ∅, ∂Ωu ∩ Γc = ∅, ∂ΩF ∩ Γc = ∅.

2.2. Total lagrangian formulation

The momentum equation in the total Lagrangian form is written as:

ρ0 ü = div
(
P

)
+ f0

d in Ω0 [6]

where ρ0 is the initial density, and f0
d a body force vector on the initial domain Ω0, P

the nominal stress tensor, and ü the acceleration. The weak form of the momentum
equation is:

∫

Ω0/Γ0
c

ρ0 ü · v dΩ0 +
∫

Ω0/Γ0
c

P : F (v) dΩ0 =
∫

Ω0/Γ0
c

fd · v dΩ0

+
∫

∂Ω0
F

F0
d · v dΓ0 +

∫

Γ0
c

F0
coh · v dΓ0 [7]

where F is the deformation gradient, and v ∈ T0:

T =
{
u | u (x) = u0

d, ∀ x ∈ ∂Ω0
u, and regularity of u

}
[8]

T0 =
{
u | u (x) = 0, ∀ x ∈ ∂Ω0

u, and regularity of u
}

[9]

The boundary of the initial domain Ω0 is partitioned into ∂Ω0
u on which displace-

ments u0
d are prescribed, ∂Ω0

F on which tractions F0
d are prescribed, and then Γ0

c

which corresponds to the displacement discontinuity, i.e. crack in the initial domain.
The boundary conditions are summarized as





u(x, t) = u0
d ∀ x ∈ ∂Ω0

u, ∀ t ∈ [1, T ]
P (x, t) · n0 = F0

d ∀ x ∈ ∂Ω0
F , ∀ t ∈ [1, T ]

P (x, t) · n0 = F0
coh ∀ x ∈ Γ0

c , ∀ t ∈ [1, T ]
[10]
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where n0 denotes outer normal of the boundary ∂Ω0, T is the total time. Moreover,
the latter boundary Γ0

c also depends on time as the crack propagates: Γ0
c(t). Note that

∂Ω0 = ∂Ω0
u ∪ ∂Ω0

F ∪ Γ0
c and ∂Ω0

u ∩ ∂Ω0
F = ∅, ∂Ω0

u ∩ Γ0
c = ∅, ∂Ω0

F ∩ Γ0
c = ∅.

2.3. Cohesive law

An important issue when considering failure is the observation that most engi-
neering materials are not perfectly brittle in the Griffith theory, but become more
ductile after reaching the strength limit. This fracture process zone is located in
front of the crack tip, and its size characterizes a linear-elastic fracture, or a duc-
tile one. The cohesive forces that exist in this fracture zone needs to be taken into
account. A good way is to use cohesive-zone models, which were introduced first by
Barenblatt (1962) for elastic plastic fracture in ductile metals, and by Hillerborg et al.
(1976) for brittle materials. Several works recently focused on the cohesive crack law
(Benvenuti, 2008; Unger et al., 2007; Patzák et al., 2003). Figure 2 shows the crack
opening and the tensile stress linked with the position along the crack. It underlines
the closing effect near the crack tip with a limit opening δmax; above this opening,
there is no more tensile stress, because the crack after this point is completely open.

Figure 3 presents a linear cohesive law (Ortiz et al., 1999; Remmers et al., 2003;
Rabczuk et al., 2009); the area under the curve represents the fracture energy GF ,
defined by:

GF =
∫ δmax

0

τ(δ) dδ =
1
2

τmax δmax [11]

where τ denotes the tensile stress along the crack, and τmax, δmax define the linear
cohesive law described in Figure 3.

x

δ

δmax

τ

δ(x)

Figure 2. Cohesive law described with the crack opening δ as a function of the posi-
tion x along the crack

2.4. Stress intensity factors

The main step consists in relating the propagation of the crack to the state of the
structure, in order to evaluate the direction and velocity of the crack as functions of
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time, denoted respectively by θc(t) and ȧ(t). The initial value a(0) = a0 is the initial
crack length, and the knowledge of the two functions a(t) and θc(t) are sufficient to
describe the whole history of the crack geometry in the structure. As we assume that
the material is homogeneous with linear isotropic behavior, the problem falls within
the framework of the linear dynamic fracture mechanics in which the energy release
rate denoted by G, can be defined. The dynamic stress intensity factors K1 and K2 are
defined by the asymptotic behavior of the stress near crack tip as (Bui, 1978) (local
coordinates system near crack tip):

K1 = lim
r→0

√
2πr σyy [12]

K2 = lim
r→0

√
2πr σxy [13]
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Figure 3. Linear cohesive law: the area in gry under the curve represents the fracture
energy GF

The relation between the energy release rate and the stress intensity factors is given
by Freund (Freund, 1990) and Bui (Bui, 1978) as:

G =
1− ν2

E

(
β1(ȧ)K2

1 + β2(ȧ)K2
2

)
[14]
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where E denotes the Young’s modulus, ν the Poisson’s ratio, ȧ the crack velocity, and
βi are the universal functions defined by:

βi(ȧ) =
4αi

(
1− α2

2

)

(κ + 1)D(ȧ)
i ∈ {1, 2} [15]

αi =

√
1−

(
ȧ

ci

)2

i ∈ {1, 2} [16]

D(ȧ) = 4α1α2 −
(
1 + α2

2

)2
[17]

c1 and c2 are respectively the dilatational and shear velocities, and are given as a

function of the Lamé coefficients and the density as c1 =
√

λ+2µ
ρ and c2 =

√
µ
ρ . The

Kolosov coefficient κ is 3− 4ν for the plane strain, and (3− ν)/(1 + ν) for the plane
stress. D is a function whose zero defines the Rayleigh wave celerity denoted by cr.
The dynamic energy release rate predicts a propagation by comparing its value to the
critical one Gc, whereas the knowledge of the stress intensity factors inform about the
direction of the propagation. The knowledge of the two stress intensity factors K1 and
K2 is necessary to evaluate the importance of each mode (Bui, 1978), and so the new
crack direction. The computation of the different stress intensity factors is based on
the auxiliary fields near the crack tip and the interaction integral which allows to write
two scalar equations, and determine the two unknown stress intensity factors K1 and
K2. Further developments of the interaction integral are presented by Freund (1990),
Réthoré et al. (2005).

The stress intensity factors K1 and K2 are computed using a domain independent
integral Iint and a virtual crack extension q by:

Iint = −
∫

Ω

(
σaux : ∇u− ρu̇u̇aux

)
div(q)dΩ

+
∫

Ω

σaux : (∇u∇q) + σ : (∇uaux∇q)dΩ

+
∫

Ω

div(σaux)∇u(q) + ρü∇uauxdΩ

+
∫

Ω

ρu̇aux∇u̇(q) + ρu̇∇u̇aux(q)dΩ [18]

where σaux, uaux are auxiliary stress and displacement fields. The vector q, parallel
to the crack, is defined by:

q =





0 outside the surface S1 ∪ S2

‖q‖ = 1 inside the surface S1

‖q‖ linear inside the surface S2

[19]
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where S1 and S2 are surfaces defined near crack tip. Figure 4 shows the surfaces S1

and S2, and presents the direction and the norm of the virtual extension field q near
crack tip. Note that the shape of the surfaces S1 and S2 can be circular too. Then this
integral is:

Iint =
2(1− ν2)

E
(β1(ȧ)K1K

aux
1 + β2(ȧ)K2K

aux
2 ) [20]

S1S2

Crack

S1

S2

Figure 4. Direction and norm of the virtual extension field q

The different stress intensity factors are estimated through an appropriate choice
of uaux: i.e. Kaux

1 = 1 and Kaux
2 = 0 for the determination of K1, and Kaux

1 = 0
and Kaux

2 = 1 for the determination of K2. Two equations are needed to compute the
two stress intensity factors (Menouillard et al., 2006a).

The equivalent dynamic stress intensity factor Kθθ is defined by:

Kθθ = cos3
(

θc

2

)
K1 − 3

2
cos

(
θc

2

)
sin θc K2 [21]

Freund (1972) develops a relation between the dynamic energy release rate and the
crack velocity. Freund et al. (1982) and Rosakis et al. (1982) have linked experimen-
tally, the crack velocity to the stress intensity factors through the relation explained by
Freund (1972):

ȧ =





0 if Kθθ < K1c,

cr

(
1−

(
K1c

Kθθ

)2
)

otherwise. [22]

In addition, the maximum hoop stress criterion drives the direction of the crack.
So a crack increment in the explicit algorithm is defined by ∆a = ȧ ∆t, where ∆t is
the time step size.
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3. Space discretization and kinematics

In XFEM, the enrichments are added to the conventional finite element approx-
imation according to the partition of unity method. The function, denoted by H in
this paper, takes into account the physical phenomenon. This discontinuous func-
tion H is typically used to describe a displacement discontinuity across the crack; its
value, through the level set f , is +1 on one side of the crack and −1 on the other (see
(Belytschko et al., 2001)). Thus, the discretized displacement ũ is written using an
enriched basis as:

ũ(x, t) =
∑

I∈N
NI(x) uI +

∑

J∈Ncut

H (f(x))NJ(x) bJ [23]

where N is the set of all nodes of the mesh, Ncut the set of nodes belonging to the el-
ements completely cut by the crack. The standard shape functions are denoted by NI ,
and H denotes the discontinuous Heaviside function. The standard degrees of free-
dom are denoted by uI ; bJ corresponds to the enriched degrees of freedom associated
with the function H .

4. Correction force: releasing crack tip element

In this section we aim at developing a method intended to deal with the release of
the crack tip element when the crack propagates through it. It is done in order to avoid
sudden element relaxation near the crack tip during propagation, and thus the creation
of non physical stress waves.

Figure 5a shows the crack tip element with the associated phantom nodes. The
discrete momentum equation associated is:

M · Ü = f ext − f int + f coh [24]

where M is the mass matrix, Ü the nodal acceleration, f int the internal force, f ext

the external force, and f coh the cohesive force. When the crack tip reaches the next
element, the new crack tip element is suddenly released (see the sudden passage from
Figure 5a to 5d); even with the cohesive force the corresponding internal force takes a
significant value when the phantom nodes are injected (i.e. f int

a is non zero in Figure
5d).

Our proposed method makes a progressive release of the crack tip element. Thus,
Figures 5b and 5c show the crack tip element on a dotted line and the additional
correction force acting in the momentum equation, which aims at relaxing smoothly
the element when the crack tip travels through from one edge of the element to the
next one. Thus the modified discrete momentum equation becomes

M · Ü = f ext − f int + f coh + f correct [25]

where ‖f correct‖ tends to zero when the crack tip reaches the new edge, and thus the
element becomes completely cut by the discontinuity (see Figure 5d).
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Figure 5. Evolution from the state (a) to (d) through the intermediate states (b) and
(c) where the correction force decreases. Mu denotes the mass matrix related to the
standard degrees of freedom u, Mb to the existing discontinuous ones b, and Ma to
the new discontinuous degrees of freedom a. fext denotes the external force, f coh the
cohesive force and f int the internal force related to the different kinds of degrees of
freedom (i.e. u, b and a are respectively denoted by a cross, a continuous circle and
a dotted circle)

The initial value of the correction force (when the crack tip is on the previous
edge) is such that the sum of the four forces in the equation above is zero as shown
in Figure 5b. At this point, the correction force is the same than the internal force,
and thus no acceleration occurs yet on the new additional degrees of freedom, denoted
by a in Figure 5. The evolution of the correction force is shown in Figure 6 which
describes the magnitude of the correction force as a function of the crack tip position
in the tip element. Indeed the correction force goes from the initial internal force to
zero when the crack tip travels from one edge to the next one. Between these two
crack tip positions, the correction force is taken to be linear in our method. However
there is no restriction to use a linear law. The continuity of the internal force related
to the new additional degrees of freedom, gives the same property to the acceleration
through the momentum equation. Therefore, the velocity and displacement remains
quite continuous in time when additional degrees of freedom are injected, and thus
the property of continuity in time remains in the strain and stress field too, and a
continuous progressive release of the tip element occurs.
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Figure 6. Law of the correction force as a function of the fracture ratio of the crack
tip element (i.e. the position of the crack tip in the element)

5. Numerical applications

Two numerical examples are illustrated: the first one aims at showing the improve-
ment in term of accuracy in stress intensity factors computation, and the second one
verifies that the correction force does not modify the energy conservation during com-
putation.

5.1. Moving semi-infinite mode 1 crack

L

2h

0

a

Figure 7. Geometry and loading of the semi-infinite plate example

The example considered in this paragraph is an infinite plate with a semi-infinite
crack (Ravi-Chandar, 2004) loaded as shown in Figure 7. A theoretical solution of
this problem for a given crack velocity is given in Freund (Freund, 1990). Since this
analytical solution was obtained under the assumptions of infinite plate with a semi-
infinite crack and a given speed of the crack’s tip, according to the geometry described
in Figure 7, those could be compared for time t ≤ 3tc = 3h/c1 (where c1 is the
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dilatational wave speed). Beyond that, the reflected stress wave reaches the crack’s tip
and the analytical solution is no longer valid. The dimensions of the structure are the
following: the length is L = 10 m, the initial crack length a = 5 m, and the vertical
position of the crack is h = 2 m. Two regular meshes are used: 78x39 and 120x59
4-node elements. The material properties of the linear elastic media are given in Table
1. The tensile stress applied on the top surface is σ0 = 500 MPa. The crack velocity
is imposed to be zero until 1.5 tc, and 1, 500 m/s after. The mode 1 stress intensity
factor is normalized by the factor σ0

√
h.

Table 1. Material properties for the moving crack experiment in pure mode 1
Material property Symbol Value
Young’s modulus E 210 GPa
Poisson’s ratio ν 0.3
Density ρ 8, 000 kg/m3

Let us study the effect of a moving crack on the accuracy of the stress intensity
factor using or not the correction force described previously. So, one has the analytical
relation between the stress intensity factor K1 and the velocity ȧ of the crack (Freund,
1990):

K1(ȧ, t) =





0 if t < tc
2σ0
1−ν

√
c1(t−tc)(1−2ν)

π if tc ≤ t < 1.5tc

2σ0
1−ν

√
c1(t−tc)(1−2ν)

π

1− ȧ
cr

1− ȧ
2cr

if 1.5 tc ≤ t

[26]

where the Rayleigh wave speed is cr = 2, 947 m/s and the dilatational wave speed is
c1 = 5, 944 m/s.

Figure 8, respectively 10, presents the normalized stress intensity factor as a func-
tion of time for the coarse mesh, respectively fine mesh, with and without the correc-
tion force. Both figures underline that the correction force improves the result during
propagation by decreasing the magnitude of the oscillations due to the released crack
tip element. Indeed the number of oscillations are directly related to the number of
newly cracked elements. To evaluate the improvement, Figures 9 and 11 show the rel-
ative error between the computations using the correction force and not for the coarse
and fine meshes. The error is decreased from 20% to 5% just by adding the correction
force. Figure 12 shows the stress state in the structure at the end of the computation,
for the two cases: with and without the correction force. One can notice the correction
force makes the stress smoother in the structure when the crack propagation occurs,
and erases all the release stress waves due to the injected phantom node as shown in
the upper part.
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Figure 8. Normalized stress intensity factor as a function of time in the coarse mesh:
analytical, numerical with and without correction force
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Figure 9. Relative error on stress intensity factor as a function of time in the coarse
mesh with and without correction force
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Figure 10. Normalized stress intensity factor as a function of time in the fine mesh:
analytical, numerical with and without correction force
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Figure 11. Relative error on stress intensity factor as a function of time in the fine
mesh with and without correction force
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Figure 12. Stress field in the fine mesh: upper without correction and with correction
at the bottom
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Figure 13. Geometry and loading

5.2. Infinite strip in mode 1

We consider a mode 1 crack propagation as shown in Figure 13. The bottom of
the specimen is fixed, whereas the top is constrained to a vertical displacement. The
initial crack is horizontal; thus a mode 1 crack propagation occurs. The dimensions
of the specimen shown in Figure 13 are the following: length L = 2 mm, height
h = 0.2 mm, and the initial crack length a = 0.09 mm. The imposed displacement
U0 is equal to 0.007mm. The material model is linear elastic. The material properties
are presented in Table 2. A cohesive law is used for the crack propagation; the frac-
ture energy is Gf = 352.3 Pa.m. The specimen is discretized with 90 by 9 4-node
elements. Two computations are run: with or without correction force. As expected,
the crack path is strictly straight.
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Table 2. Material properties for the pure mode 1 test
Material property Symbol Value
Young’s modulus E 3.24 GPa
Poisson’s ratio ν 0.35
Density ρ 1, 090 kg/m3

Cohesive law GF 352.3 Pa.m

Figure 14 presents the crack lengths and the mode 1 stress intensity factors as a
function of time for both computations: with or without correction force. One notices
that both results are similar in time in term of stress intensity factors and crack length.
Figure 15 presents the different energies (kinetic, deformation and fracture) as a func-
tion of time. Both simulations give similar results in term of energy, and only one
curve is seen in Figure 15 instead of two. Moreover, Figure 15 presents the sum of all
different energies as a function of time during the crack propagation. Both curves are
similar, and show a constant total energy during the propagation. This result is impor-
tant to underline the energy conservation in this simulation, even with the correction
force.
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6. Conclusion

We have proposed a method to describe the release of the crack tip element
in methods just a discontinuous enrichment in XFEM. This method is based on
the continuity of the internal forces corresponding to the newly added degrees
of freedom; indeed it makes the corresponding acceleration continuous, and thus
velocity and displacement through the explicit Newmark scheme. The control of the
acceleration is performed through the use of a correction force and the position of the
virtual crack tip in the element. The restriction is that the crack has to be driven by a
criterion related to the crack velocity; e.g. the stress intensity factors. However, we
have shown that the use of this correction force improves the accuracy of the stress
intensity factors during propagation because it significantly decreases the nonphysical
stress oscillation near crack tip.
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