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ABSTRACT. A numerical model of fluid-structure interaction has been developed. This numerical
model allowed us to find the resonance phenomenon of the movement of an aluminium plate
subjected to an eulerian supersonic flow on one of its faces. FFT of significant variables allow
us to give an estimation of critical Mach number and pulsation, validated by an analytical
model. Frequently neglected in the literature, an extension for the viscous fluid flow case is
proposed. Thus, the plate movement amplification due to boundary layer detachment has been
shown. An estimation of critical Mach number and pulsation has been given in this case, too.

RÉSUMÉ. Un modèle numérique d’interaction fluide-compressible-structure-élastique a été dé-
veloppé. Ce modèle numérique nous a permis de retrouver le phénomène de résonance du mou-
vement d’une plaque d’aluminium soumise à un écoulement supersonique eulerien sur une de
ses faces. Via des FFT de variables caractéristiques, un encadrement du Mach et de la pul-
sation critique a été proposé et validé par rapport à un modèle analytique. Souvent négligée
dans la littérature, une extension aux fluides visqueux est également proposée. Nous avons ainsi
mis en évidence une amplification du mouvement de la plaque provoqué par les décollements
de couche limite. Un encadrement du Mach et de la pulsation critique est également proposée
dans ce cas.
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1. Introduction

The purpose of this paper is the numerical study of fluid-structure interaction phe-
nomena in compressible flows. Indeed, structure vibrations may induce boundary
layer detachments, cause structure damages and significantly modify the fluid flow
(such as the location and the configuration of shock waves). This kind of problem
may occur at the atmospheric spacecraft re-entries, in presence of strong vibration of
planes wings or tail and more particularly on supersonic flights and on bending of
rocket nozzle, etc.

Although the study of these issues has already been treated with analytical models
(for example in [BIS 55] and [FUN 55]), but in a rather approximate way, the advent
of computational methods, in structural analyses as well as in fluid flows, allows a
new approach on the subject. Thus problems are studied more precisely by a better
description of the geometry domain as can be shown on the completely simulation of
a full F-16 on flight realized by Geuzaineet al. [GEU 01] or by using more sophis-
ticated physical models. In this way, taking into account the viscosity effects may
be a next step, more particularly in hyper-sonic flow. Indeed, with these flow cases,
only a Navier-Stokes (NS) modeling may simulate all shock waves configurations, as
Burtschell has shown in [BUR 02]. One can note that in transonic case there are more
study which have been achieved, particularly by Gordnier in [GOR 01].

In this article, we present the result of a NS modeling for the study of the 2D
movement of a flat panel in super-sonic flow, compared to inviscid flow. Dealing
with this problematic, Bisplinghoffet al. [BIS 55] proposed an analytical model
which describes the movement of the panel in the case of inviscid flow. This model
gives an estimation of the critical Mach number and critical frequency and commonly
serves as a reference to validate the numerical codes of fluid structure interaction.
Thus, Farhat and co-workers used this model to validate their numerical models in
[FAR 95], [FAR 96], [PIP 97] and [PIP 00]. Furthermore, the validation of the numer-
ical approach of Lefrancoiset al. is based on the critical Mach number determination
[LEF 98] and [LEF 00]. These references establish this problematics to be a test case
in an inviscid flow case.

Our numerical model is based on the coupling of two heterogeneous codes: a finite
volume code which describes reactive transient NS flows and a finite element code
which describes the structure dynamics. The coupling is carried out by the means of
a serial algorithm. This numerical strategy is frequently used and one can have an
overview of its application by the reading of [FEL 01].

After describing the various physical models and their corresponding numerical
counterparts, we shall present our approach in order to deal with the fluid-structure
interaction problems. A validation is presented in the case of inviscid fluid flow and
an extension is proposed in the case of viscous flow. We shall discuss the result in
both cases and we shall conclude.



FSI in supersonic regimes 813

2. Description of constitutive models

We present the different physical models and then we expose a brief description of
numerical models associated to each domain.

2.1. Physical models describing hyper-enthalpic fluid flows

We consider the following assumptions related to the fluid flow domain:

– the fluid is a continuous medium;

– its rheological behavior is Newtonian;

– it is compressible;

– gravity is neglected;

– the flow is laminar;

– it is a mixture ofNs perfect gases.

The different conservation laws are:

– mass equation:
∂ρes

∂t
+

∂ρesues i

∂xi
= ωes [1]

in which xi is the cartesian coordinate in thei direction,t the time,ρes the density
of the specieses, ues i the velocity of the species in thei space direction andωes its
production rate due to chemical reactions. In this article, frozen cases are considered
thusωes is equal to zero.

– momentum equation:

∂ρuj

∂t
+

∂ (ρujui + pδij − τij)
∂xi

= 0 [2]

in which p is the mixture pressure,τij the tensor of shear stresses andδij the Kro-
necker symbol;

– energy equation:

∂ρe

∂t
+

∂ (ρuie + uip− uiτij + qi)
∂xi

= 0 [3]

in whiche is the energy andqi the heat flow in the directioni.

2.2. Numerical models for hyper-enthalpic flows simulation

2.2.1. Fixed grid case

In the previous section we have given Navier-Stokes’s equations governing the
fluid domain for aNs mixture of perfect reactive gases. This equations set can also be
written as following



814 Revue européenne des éléments finis. Volume 13 - n◦ 8/2004

∂U
∂t

+ div [F(U)] = Ωc [4]

with

– U is the conservative variables vector:

U = (ρY1, ..., ρYNs , ρu, ρv, ρw, ρe)T [5]

– Ωc is the chemical source term:

Ωc = (ω1, ..., ωNsc , 0, ..., 0)T [6]

for frozen gazesΩc = −→0
–
−→F (U) is the sum of the fluxes vector in the 2 space directions which may be

decomposed by a diffusive part and a convective part, for example in the direction−→ex:
F−→ex = (Fc + Fd)−→ex

A discretization of these equations by a finite volume method enables to get the
following form:

∂Ui

∂t

∫

Ci

dV +
faces∑

k=1

((−→Fk

) ∫

∂Ck
i

−→n dS
)

= Ωc
i

∫

Ci

dV [7]

The solution of this set of equation is made by a second order scheme, both in
space and time. For this study a Van-Leer slope limiter has been used.

Moreover, we distinguish the calculation of the convective fluxes from the diffu-
sive ones. Convective fluxes are calculated by the solution of a Riemann problem on
each interfaces. This solution may be performed by an exact solver or an approached
one (HLLE, HLLC, ROE, AUSM, etc.). For its accuracy and efficiency solution a
HLLC solver has been used. Diffusive fluxes are estimated by the means of a finite
differences method. Toro, [TOR 97], deals with a complete review of these problems.

2.2.2. Moving grid case

In the case of a fluid-structure interaction problem, the domain of fluid may change
with the time, and so may the mesh. A eulerian kinematics description may induce
significant errors, which may compel us to use anArbitrary Lagrangian Eulerian
description. So the equation [7] becomes:

∂

∂t

(
Ui

∫

Ci

dV(t)
)

+
faces∑

k=1

((−→Fk −−→wkUk

) ∫

∂Ck
i

−→n dS
)

= Ωc
i

∫

Ci

dV(t) [8]

in which−→wk is the velocity vector of cell frontiers.
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2.3. Error induced with a purely eulerian formulation

Although a non-ALE modeling of the fluid flow, in the case of moving domain, is
theoretically wrong, we wanted to estimate the error generated by this simplification.
Our purpose is to know if this simplification can be made; if so, we will obtain a faster
simulation.

To quantify this error, we have simulated the evolution of the fluid flow in a1D
shock tube of the test case of Sod [SOD 78], for a fixed and a moving grid with non-
ALE and ALE description. The velocity of the cells are imposed as described on the
figure 1

Velocity of cell frontier

t t +dt

Fixed velocity

Frontier of cell i velocity

Figure 1.Velocity of cells

The maximum of the velocity is imposed at100 m/s, 20 m/s, 10 m/s.

We have compared the evolution of the physical velocity and density of fluid at
time t = 55 ms, given by a HLLC solver for the three cases: fixed domain, moving
domain with non-ALE description and moving domain with ALE description.
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Figure 3.Density profile

We may conclude that for low cells velocity a non-ALE description does not gen-
erate large disturbances. The extension of this conclusion to the multidimensional
cases may be discussed. Indeed if the fluid flow has a particular space direction and
the mesh is moving into another direction, the cells velocity will be of the same order
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as the physical fluid velocity. In this case the disturbance of a non-ALE description is
more difficult to estimate.

2.4. Physical models describing the structural dynamics

We use the following assumptions for this domain:

– the solid is considered as isotropic and homogeneous;

– the gravity is neglected;

– the structure remains in small strains and in its elastic domain (linear range);

– we consider no material-damping.

According to these hypotheses, the strain tensorε is defined by:

ε =
1
2

(
gradξ(M, t) + gradtξ(M, t)

)
[9]

with
−−−−→
ξ(M, t) the displacement vector ofM at the momentt.

– The behaviour law is the Hooke’s relation for the multidimensional cases:

σ(M, t) = Hε(M, t) + σ0 [10]

with σ is the strain tensor andH the Hooke’s tensor.

– The local equation of the structural dynamics is:

−→
divσ(M, t) +−→

fv = ρs
∂2ξ(M, t)

∂t2
[11]

with
−→
fv the body forces andρs the material density.

To this equation, two boundary conditions are associated

– kinematic type: −→
ξ (∀M ∈ ∂1S, t) = −→

ξd [12]

with ∂1S the part of structure boundaryS where displacement
−→
ξd are imposed;

– stress type:
σ(∀M ∈ ∂2S, t) ◦ −→n = −→

Fd [13]

with ∂2S the part of structure boundaryS where stress
−→
Fd are imposed and−→n the

outward normal at the considered point.

2.5. Numerical model of structural dynamics

We use a finite element method to discretize this equation in space, whereas the
temporal time integration is achieved with the Newmark’s algorithms which leads to
the following discretized equation
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(M + γ∆tC + β∆t2K)ẍn+1 = Fn+1 −C˜̇xn+1 + Kx̃n+1 [14]

˜̇xn+1 = ẋn + (1− γ)∆tẍn [15]

x̃n+1 = xn + ∆tẋn +
∆t2

2
(1− 2β)ẍn [16]

M is the mass matrix,C the damping matrix (which is equal to zero if the struc-
tural damping is neglected),K the stiffness matrix. These matrix are the result of
space finite element discretization of the equation 11. This discretization is performed
by a quadrangle with four nodes (C0 class and bi-linear [BAT ]) .

The acceleration, velocity and location of the vector variables at the time(t = tn)
are respectively:̈xn, ẋn, xn . The parametersβ andγ determine the stability and the
accuracy characteristics of the algorithm under consideration. Stability is achieved for
1
2 ≤ γ ≤ 2β andin this study the first scheme of table 1 is used. Numerical properties
of some classical methods are summarized in the table 1 [HUG 87].

Method Type β γ Orderof accuracy

Average acceleration (trapezoidal rule)Implicit 1
4

1
2 2

Linearacceleration Implicit 1
6

1
2 2

Fox-Goodwin (royal road) Implicit 1
12

1
2 2

Centraldifference Explicit 0 1
2 2

Table 1.The Newmark family

3. Numerical strategy of coupling

The numerical coupling between the fluid flow and the structural dynamics models
is performed through boundary conditions. The fluid flow imposes a pressure distri-
bution on the structure boundary which in return imposes a new geometry to the fluid
domain. Communications between the two codes result in a staggered serial algorithm
as described on figure 4.

For the load and motion transfer a matching interface is used as it is shown on the
figure 5.
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Fluid flow computation

Structural dynamics 
computation

new pressure 

new geometry

t = t + dt

Initialization

End of simulation

t < tmax

t = tmax

Figure 4.Coupling algorithm

If the viscosity is neglected in the terms of loading, fluid flow pressure loads the
structure along the interface as follows:

σ(∀M ∈ ∂2S, t) ◦ −→n = −p ◦ −→n [17]

σ(∀M ∈ ∂2S, t) ◦ −→t = −→0 [18]

The structure, in return, imposes a velocity to the interface nodes. For non-
matching interfaces, interpolation methods have been developed in [FAR 98].

3.1. Description of the study case

We consider a clamped flat aluminium panel whose dimensions are: length
L = 500 mm and thicknessh = 1.35 mm of unit width. One of its faces is sub-
jected to a supersonic fluid flow, characterized by the inlet conditions: the pressure
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Matching 

Fluid domain

Structure domain

Pressure

dS

Nodal
force

Nodal
velocity

Mechanical boundary 
condition of the structure

Kinematical boundary 
condition of the fluid flow.

Figure 5.Load and motion transfer at the fluid structure interface

P∞, the densityρ∞ = 0.4 and the Mach numberMach∞. On the other face there is
a motionless fluid domain at the constant pressureP∞ = 13000 Pa. The modeling is
made in2 dimensions and we will describe the movement of the flat panel for differ-
ent Mach number ranging from1.3 et2.8 to find the critical Mach number and critical
circular frequency which lead to the unstable aeroelastic mode.

Inlet

Panel

Constant pressure 
and no velocity.

Outlet

1 m

0,
5 

m

Figure 6.Geometry of the problem

In the case of inviscid fluid flow, the analytical model proposed by R. L. Bis-
plinghoff [BIS 55] allows a description of the movement of the panel. The left hand
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side of [ 19 ] is the equation of the free movement of a plate and the right one is the
modeling of the pressure, so we have

ρsh
∂2w(x)

∂t2
+

Eh3

12(1− ν2)
∂4w(x)

∂x4
= − ρ∞u2

∞√
M2∞ − 1

∂w(x)
∂x

−ρ∞u∞(M2
∞ − 2)

(M2∞ − 1)
3
2

∂w(x)
∂x
[19]

In which ρs = 2710 kg.m−3, E = 77.28 GPa. The model evaluates the crit-
ical Mach number atMachcritical = 2.1 and the circular frequency atωcritical =
460 rad.s−1.

3.2. description of the meshes and the time step used

Two meshes have been used for the fluid flow problem: one for the inviscid case
(M1) and another one for the viscous case (M2). M1 is made up of200 × 100 equal
spacing nodes. For the viscous fluid flow case, the same nodes number has been used,
but the dimension of the wall cell is fixed at1. 10−5 m and ratio of the first and last
cell is C1

C100
= 2. 10−3 in order to capture the boundary layer. The structure mesh in

the panel is constituted of100× 1.

For the determination of the time step, one can note that various types of algorithms
were studied by C. Farhat et S. Piperno [PIP 97] and they have explained the different
problems induced by large time steps (problems of energy conservation, etc.). We
present the convergence of the period value function of the coupling step on the fig 8.

In this article we have chosen to use small time step with respect of fluid structure
dynamics (≈ Period

100 ≈ 10−4 s) to preserve conservative couplings. The Geometric
Conservation law is checked with small time steps, as it is shown by Lesoinne in
[LES 95].

We are only focusing on the established periodic mode of the phenomenon: we
do not consider the transient response of the flat panel to a shock wave passage. So,
owing to this consideration, the panel is initially deformed and we are waiting for a
converged fluid flow on this geometry. This is the first step of the numerical simulation
of the fluid structure interaction problem. From this configuration, the structure is free
and the flow imposed by the inlet conditions.

4. Results

4.1. Inviscid flow case

To determine the velocity of the fluid flow which leads to the unstable aeroelastic
mode, we have compared the evolution of three parameters: the liftCp and the dis-
placement of two points, the first one at0.25 m, the middle of the flat panel, and the
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Interface

Fluid domain

Structure domain

Fluid domain

M1

M2

Figure 7.Zoomed mesh for fluid flow

second one at0.35 m. A Fast Fourier Transform (FFT) of the time series associated
with each variable allows an optimal reading of results. In a first time, we have ex-
plored a large range of fluid flow velocity, included between Mach1.3 and Mach2.8
but on short exploration time≈ 0.1 s. We observe that the period of the panel move-
ment is always included between[ 0.0135 s ; 0.0140 s ], it corresponds to circular
frequency included in[ 449 rad.s−1 ; 465 rad.s−1 ]. We also see that the evolution
of the lift is not a real sinusoid, as it is shown on the figure 9.

To explain this evolution, we have superposed the position of the flat panel on the
curve of the lift during one period (fig. 10).

So we can say that:

– theCp increases when:

- the panel is inside the fluid domain and is going far from it;

- the panel is outside the fluid domain and is going towards it.
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Figure 10.time evolution of the lift coefficient and corresponding movement of the
panel during one period

– Conversely theCp decreases when:

- the panel is outside the fluid domain and is going far from it;

- the panel is inside the fluid domain and is going towards it.

This description is available in the case of a flat panel on the top of fluid domain.
We verify also that theCp is lower when the deformation is weak, but the structure
convexity does not modify the sign of the lift.

The FFT of each time series allows to find the characteristic frequency of the
phenomenon. Thus, we can see the primary frequencyfp, which is included in
[ 71 Hz ; 74 Hz ] and its higher orders:2fp, 3fp...

On the figure 12 are represented the FFT of theCp at the fourth order for different
inlet fluid flow velocities and for a time exploration of0.09 s.

Considering the magnitude and the width of the plots, we can say that configu-
rations belonging to the[2.2 ; 2.3] range are closer to the unstable aeroelastic mode
than the other ones. Now, we perform more detailed computations only for these Mach
number, for a longer exploration time.

On the figure 13 are represented the FFT ofCp for an exploration time of0.6 s.
This new simulation allows us to estimate more precisely the most unstable mode,
indeed Mach2.1 and2.3 curves are opened whereas the curve of Mach2.2 does not.
Thus, the unstable mode may be estimated close to Mach2.2, it is corresponding to a
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Figure 11.FFT of the displacement atx = 0.35 m
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Figure 12.FFT ofCp at 4fp, eulerian modeling,0.09 s time of exploration

circular frequency ofωcritical ≈ 455 rad.s−1. This result is in good agreement with
the analytical model [19] and confirmed by a deviation of about1% of the circular
frequency.

4.2. Viscous flow case

In this part, the viscosity is taken into account, and the boundary layer detachment
as a consequence. These phenomena appear in expansion zones as represented on
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figure 14. To have a good view of the boundary layer detachment, theY scale is
magnified by a factor10, the maximal deviation of the plate, about2 cm, respects the
small strain assumption.

X (m)
0.4 0 .5 0 .6

- 0.01

0

0.01

0.02

0.03

0.04

Y
 (

m
) 

sc
al

e 
x 

10

Boundary layer 
detachment

Figure 14.Iso-value of the density, boundary layer detachment
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This boundary layer detachment induces an increase of the pressure by a modifi-
cation of the expansion zone as represented on figure 15. This detachment plays the
role of a fictitious wall for the fluid flow.

a>0

a < 0

a = 0

Boundary layer 
detachment

Boundary layer 

Schematic pressure evolution 

Viscous case

Inviscid case (where detachment 
does not exist)

Fictitious wall

Physical
 wall

Figure 15.Pressure evolution along the expansion zone

Thus, in NS fluid flow the pressure is more important than in the eulerian case and
the structure acceleration as a consequence. For the same reason the magnitude ofCp

is greater in NS case than in the eulerian one the figure 16.

These consequences are very important, although we may have thought that the
viscosity induces dissipative effects, there is an increase in the magnitude of the move-
ment of the flat panel. So, even if in this study case the consequences on structure
damages are not considered, taking into account the viscosity is essential to study the
fluid-structure interactions problems, since the interaction takes place in the fluid flow
boundary layers.

For this viscous case, we have also estimated the unstable mode. On the figure 17
are represented the ninth order FFT of the displacement at point at0.35 m for an
exploration time of0.45 s. Through the comparison to the magnitude and the width of
curves, we may estimate the unstable mode to be included between Mach2.2 and2.3.
While theCp magnitude significantly differs between NS than Euler configuration,
the circular frequency is quite unchanged. The value of the critical circular frequency
is ωcritical ≈ 457 rad.s−1, less than1% of variation compared to the eulerian result.
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5. Conclusion

This study deals with the modeling of fluid-structure interaction in the case of the
movement of a flat panel in a supersonic fluid flow. A numerical model, based on
the coupling of two heterogeneous codes, was developed and allows us to study the
unstable aeroelastic mode. In the case of inviscid fluid flow, we have compared our
computed critical Mach number and circular frequency to those provided by an ana-
lytical model: Machcritique ≈ 2.2 et ωcritical ≈ 455 rad.s−1. After validating our
approach in the eulerian case, we have extended the study to the viscous case. Tak-
ing into account of viscosity induces an amplification of the movement of the panel.
This amplification arises owing to the higher pressure gradient in the boundary layer
detachment. In this viscous case we have also estimated the critical Mach number and
the critical circular frequency:Machcritical ∈ [2.2 ; 2.3] etωcritical ≈ 457 rad.s−1.
This study was a first step in our more global approach which aims to deal with more
complex fluid-structure interaction taking place in hyper-enthalpic fluid flows.
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