
A Special Finite Element for Static 
and Dynamic Study of Mechanical 
Systems under Large Motion, Part 2

Mircea Gh. Munteanu* — André Barraco**

* Université Transilvania de Brasov, Roumanie
29, B-dul Eroilor, 2200 Brasov, Roumanie
mmm@deltanet.ro

** LM2S, CNRS UPRES A 8007
ENSAM, 151 Bd de L’Hôpital
F-75013 Paris
barraco@paris.ensam.fr

ABSTRACT. In the first part of the paper the theory of the 3D dynamics of mechanical systems
composed by elastic beams, structures and mechanisms, was studied. These systems are
divided into so-called macro-elements and the movement equations of one macro-element
were established. Only the Euler-Rodrigues parameters are used to describe the global
motion of the system. In this second part of the paper a special finite element (SFET) having
four degrees of freedom per node, the Euler-Rodrigues parameters, is described in details.
The stiffness and mass matrices are expressed only in nodal Euler-Rodrigues parameters. The
most important aspect of the proposed approach is that the exact equations, written for the
deformed configuration, are solved. Therefore an extremely accurate and very fast
convergent method results. To validate the SFET finite element finally several 2D and 3D,
static and dynamic examples are presented and the accuracy of the results is discussed. 

RÉSUMÉ. Dans la première partie de ce papier nous présentions l’approche théorique de
l’étude dynamique de systèmes, structures ou mécanismes, composés de poutres élastiques.
Ces systèmes étaient décomposés en macro-éléments et les équations du mouvement d’un
macro-élément étaient établies. Dans cette seconde partie nous présentons, en détail, un
élément fini spécial (SFET) qui a quatre degrés de liberté par nœud, les paramètres d’Euler-
Rodrigues. Les matrices de raideur et de masse ne sont exprimées qu’en fonction de ces
degrés de liberté. Le point le plus important à souligner est que les équations exactes, écrites
sur la configuration déformée, sont résolues. Ainsi la méthode proposée est-elle très exacte et
rapidement convergente. Des exemples en 2D et 3D, statiques et dynamiques sont présentés
et démontrent la validité de l’élément SFET, la précision d’un tel élément est discutée et
validée.
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1. Introduction

In the first part of this paper, the equations describing the static and dynamic
elastic behaviour of a mechanical system were developed. In this work we consider
that “mechanical system” denotes a multi body system, in 2D or 3D, which may be
structures or mechanisms, both involving large displacements. 

The exact differential equations are written for the actual, deformed,
configuration of the mechanical system and the equations are exact in the limits of
the accepted hypotheses used to find out the constitutive equations. These equations
are written in the global axes of the mechanical system. The non-linearity is
provided mainly by the large displacements that could be so large that the initial
geometry of the system is completely changed (geometrical non-linearity). This
firstly means that the rotations are very large and they could not be considered as
vectors anymore as in small displacement mechanical systems. 

The basic idea of the method is that the actual configuration of any mechanical
system might be uniquely described only by the rotations of some points called
nodes, of course with the approximation of a rigid body motion. Because in 3D it is
very complicated to work in rotations, the authors defined the rotation by using the
quaternion or Euler-Rodrigues parameters. The constitutive equations and the
variation of the total potential energy were expressed in these Euler-Rodrigues
parameters. In the presented approach we try to find a quasi-exact solution of
constitutive equations (in static or dynamic analysis) or, that is the same thing, to
satisfy the variational principle, that is any geometrically admissible virtual variation
of the displacements must lead to a zero total potential energy variation. The
problem that we solve using a special finite element (called SFET in the paper) is the
dynamic of a Bernoulli-Euler beam, the macro-element shown in the Figure 4 of the
first part of this paper. In this second part the special finite element is described in
details and finally several examples are presented.

2. Finite element approach

The proposed solution is based on the finite element method in space and the
finite difference method in the time domain. An original special curvilinear finite
element type (SFET) was elaborated with 4 degrees of freedom per node in 3D, the
four component of Euler-Rodrigues quaternion, and only one degree of freedom per
node in plane as the vector n is known (perpendicular to the plane of the problem).
The finite element is a curvilinear one and may have several nodes, but very good
results were obtained using a two-nodes finite element and, especially, a 3-nodes
element (Figure 1). The two-node finite element (SFET2) is very easy to use, but the
three-node finite element (SFET3) is extremely accurate even if it is more difficult to
program. The stiffness and mass matrices are found out starting from the variation of
the total potential energy written for the actual configuration.
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Figure 1. Two-node and three-node finite elements
The shape function of the finite element is:
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where el̂ represents the column matrix of nodal unknowns having a number of
elements equal to four times the number of element nodes, that is 8 for SFET2 and
12 for SFET3. 

SFET2, Figure 1, has the shape function for each Euler-Rodrigues parameter:
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that is:
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with the nodal unknowns matrix
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For SFET3, Figure 1, we can write:
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and in this case N(S1) matrix has the dimension 4x12: 
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The nodal unknowns of one finite element are grouped in the column matrix:
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Now we have to establish a relation between the nodal unknowns êl and the

column matrix ll ˆ
ds
dˆ ��  starting from the above shape functions:
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For SFET2 we get:
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and then for SFET3:

1ii h
s)

h
s1()s(

�
������

where :

)
h2

1
h
S

()S(N
h
S2

)S(N
h2
1

h
S

)S(N
2
1

132
1

122
1

11 ������
�
�

�

�

�
�

	



��� ;;

For a finite element, it is possible to write the variation of the curvature along the
finite element:
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Or more simply:
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where κi, i=1…3, represents the i-th element of the matrix κ. The matrices:
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are symmetrical. For SFET2 the dimensions of the Ti matrices are 8x8 and its terms
are polynomials of first degree in S1. For SFET3 the dimensions are 12x12 and the
terms of Ti matrices are polynomials of second degree in S1. Obviously we have:
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The problem of replacing the distributed moment and distributed forces by nodal
concentrated ones is discussed below. Firstly, let consider one finite element loaded
with a distributed moment c(S1). The following condition must be fulfilled:
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where Le is the length of one finite element (h for SFET2 and 2h for the SFET3) and
n is the number of the element nodes. Considering that the above relation must be
true for any virtual Euler-Rodrigues parameters we get:
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It is useless to find out the “true” nodal concentrated moments Cj , since the moment
reduced to the nodal Euler-Rodrigues degrees of freedom:
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can be directly introduced into the expression of the total potential energy.

Now let’s consider that the macro-element beam is loaded with a distributed
force f. We will replace it by nodal concentrated moments Cf imposing the condition
that the two force systems perform the same virtual work for any virtual
displacement field l̂� :
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The sum in the right hand member of the above equation is performed for all ns

nodes of the macro-element, starting with the point 0. Introducing the shape function
we get:
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which obviously must be true for any field of virtual nodal Euler-Rodrigues
parameters. In the Equation [10] “nm” is the number of finite elements on the current
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curvilinear co-ordinate S1 and therefore � �h,h)1m(Sminhs 1 ���� , m being the
number of the current finite element. Thus the moments reduced to the Euler-
Rodrigues nodal parameters, Cl,j, are found out which could be assembled directly to
the force vector of the finite element discretisation. The above relation was written
for the two-nodes finite element, but it easy to extend it to the three-node finite
element. If concentrated moments and forces act on one element, but not in a node,
they are replaced with nodal concentrated moments in a similar manner as already
shown. Is essential to notice that the presented special finite element type transform
any external forces, concentrated or distributed, in nodal moments (see Eq. [9]). 

Now we substitute the Relations [1], [6] and [8] into variational form of the
constitutive equations and take into consideration that distributed moments and
forces were replaced by concentrated forces and moments. For the finite element
assembly, which replaces the real structure, we get:
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where nel is the number of the finite elements of the discretization, 

j

means the

sum for all concentrated forces or moments acting on the macro-element, nel,j is the
number of elements between the origin O and the node in which the concentrated
force acts and ĵl� is the vector of the virtual Euler-Rodrigues parameters

corresponding to the node j having the curvilinear co-ordinate S1j, in which the
concentrated moment acts, and Di was denoted the i-th diagonal element of the
matrix D.

From the first term of the Equation [11] it results the secant stiffness matrix of
one finite element:
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In the Relation [11], the sum 

eln

of the first term indicates the conventional

assembling process of the elemental stiffness matrices into the stiffness matrix of the
macro-element. For SFET2 the stiffness matrix has the dimensions 8x8 and the
integrand is constant and so, the integration is easy to perform. For STET3 the
stiffness matrix is 12x12 and the integrand contains polynomials of forth degree in
S1. To compute the integral the Newton-Côtes numerical method was chosen
because thus the integration points coincide with the nodes. The Newton-Côtes
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numerical integration method is exact for the polynomials of third degree or smaller,
but very good results were obtained as will be shown later.

3. Static problem

The assembly process of the elemental stiffness matrices, kel into the macro-
element stiffness matrix, K, follows the standard procedure. For the static problem
the Equation [11] leads to:
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which has to be true for the any virtual values of nodal unknowns sl� geometrically
admissible, that is the non-linear system of equations E is got:
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The force vector F, which in fact contains concentrated moments reduced to the
nodal Euler-Rodrigues parameters, is obtained from the last two terms in the
Equation [11] and follows the standard procedure of assembling, too. In the above
relation the vector of nodal unknowns for the whole macro-element was denoted ŝl .

It is interesting to notice that the elements of the stiffness matrix K are quadratic
polynomials in the nodal unknowns ŝl .

The four nodal unknown for each node are not independent and therefore the
secant stiffness matrix K is singular. We have to impose the following condition for
each node, that is:
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we express j3,l�  from the Equation [16] and we replace it in the above equation:
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One equation among each four equations was thus eliminated. Because to eliminate
one nodal unknown, too, is quite impossible, we preferred to add the Equation [15].
Thus for each node we get the following four non-linear equations:
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In order to avoid the singularities which could occur when l3,j=0, in the Equations
[18], at every iteration cycle and for every node, the maximum absolute value

component of the nodal unknowns jl̂ is searched and the corresponding equation is

eliminated as shown above and then replaced by the Equation [15].

The boundary conditions for the clamped end of the macro-element, point 0, are:
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and are imposed in the usual conventional way.

A special mention has to be done for the 2D case. In this case
2

cos0
�

�l and,

because the normal n is perpendicular to the plane, it results that

2
sin,0,0 321

�
��� lll . So, we could chose two ways to elaborate the finite

element: (I) either to consider two degrees of freedom per nodes, 0l and 3l , and all
we presented above it is easy to particularise for the 2D case, or (II) we can chose an
unique function that can describe completely the configuration of the deformed
beam, the angle θ(S1) which in this case is the slope of the tangent to the actual
configuration in the point of curvilinear co-ordination S1. Therefore the finite
element will have only one degree of freedom. The first way has the advantage that
avoids the calculation of trigonometric functions and use polynomials instead, but
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leads to two degrees of freedom per node. In addition, it is easy to modify for 2D
case the computer code written for the 3D case simply by eliminating the columns
and rows corresponding to the 1l and 2l nodal unknowns that are known to be zero.
The authors followed the two approaches and the results were identical.

To solve the non-linear system [14] the iterative Newton-Raphson method is
applied:
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l

J
ŝd
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unknowns. The method has proved to be extremely rapid convergent. It is rather easy
to compute the Jacobian as the expressions E are polynomials in the nodal unknowns

(i)
ŝl .

In the static domain the finite element type elaborated by the authors is a non-
incremental one, usually only one load step is sufficient to reach the final value, but
in any case the accuracy of the results does not depend on the number of load steps.
This happens because the exact equations (obviously in the limits of the beam
theory) were solved and they are written for the actual deformed configuration of the
beam system, which is not possible for the classic beam finite element. The accuracy
and the very rapid convergence might be explicated by the fact that using only Euler-
Rodrigues parameters as nodal unknown the constitutive differential equations
become simpler and their order smaller. In addition the obtained finite element
equations are polynomials in the nodal unknowns ŝl .

4. Dynamic problem

In order to simplify the explanations we will consider that the masses are lumped
at the nodes. Let’s consider the mass at node j, mj. On this mass, in the actual
configuration, the inertia force jjj,i m RF ����  acts and therefore we get:
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We can write successively:
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with:
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It is obvious that in a similar way as Relation [20] we can write:
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Hence the first variation of the potential of the inertia force of the mass mj is:
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where S1,j is the curvilinear co-ordinate of the mass mj, or in a simpler form:
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Now we will apply the Relation [23] to the finite element assembly, that is we will
introduce the shape functions N, Relation [1]. We get:
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where nj is the number of elements from the point 0 until the mass mj. We could put
the above relation written for a concentrated mass mj into a simpler form: 
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[24]

with:
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In Relation [24] T
ŝl
� and T

ŝl
�� are the column vectors of the nodal speeds and nodal

accelerations for the whole macro-element. The topology of the matrices Mj and Mv,j

are represented in the Figure 2. For all nodal masses we get:
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4*ns  

4*ns  

4*nj  

4*nj  
ns – total number of the structure 
nj – the node of the mass mj 

Figure 2. Topology of the matrices Mj and Mv,j
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Some concentrated rotational inertia may exist in node, too. For instance in this
way we could take into account the transversal dimension of the beam. 

For instance let’s consider that in the node j we have to add the rotational mass
inertia given by:
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The above tensor is written in local reference frame RB(G,Bi). The concentrated
rotational inertia is converted to the nodal unknowns, in the global axes system Re(O,
e1, e2, e3), according the relation:

jj,Bb
T

j,Bb
T
j 00

GJGJ l ���

and then assembled to the mass matrix in the conventional way.

Relations [25] and [26] seem to be very complicated, but from programming
point of view it is very simply to write a code to compute the two mass matrices. 

The variational formulation becomes for the finite element assembly:
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for any geometrically admissible virtual Euler-Rodrigues nodal parameters. In order
to impose the conditions [15] for every node, we will use a similar approach to that
in the static case. Thus we will replace the virtual “displacement” column matrix

ŝl� by those given by the following relation:

ss
ˆˆ lHl ���

H is a 4ns x 4ns quasi-diagonal matrix, ns being the total number of nodes:
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where we could consider that 3l is the absolute maximum of the four Euler-
Rodrigues parameters for each node and found out at each iteration cycle. Thus all
matrices, M, Mv, C, K and F become:
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FHFK;HKC;HC;MHMM;HM TTT
v

T
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and will have one zero row at each node corresponding to absolute maximum of the
four Euler-Rodrigues parameters of every node. Only in the matrix K instead of this
zero row we add the condition [15] for each node. Finally the non-linear system of
equations describing the movement of the assembly of SFET becomes:

� � FlKlMClM ���� ssvs
ˆˆˆ ��� [28]

where C is the damping matrix which will not be discussed in this work. The column
matrix F is found out in the same manner as in the case of static analysis. 

The five matrices M, Mv, C, K and F depend on the configuration of the macro-
element. In other words the mentioned matrices depend on the time t. Moreover,
the square matrices M, Mv, C and K of the macro-element are full and non-
symmetrical, but this is not necessarily a disadvantage because the number of the
finite elements for each macro-element is rather small.

To solve the non-linear system [28] the well-known Newmark method was
adopted. At every iteration cycle the following conditions are imposed for each
node: 

0ˆˆˆˆ;0ˆˆ
j

T
jj

T
jj

T
j ��� llllll �����

If the studied macro-element is not clamped, that is the beam can perform
translation movements, up to three extra degrees of freedom and their corresponding
equations are to be added to the non-linear system [28]. These supplementary
degrees of freedom represent the translation displacement of the point 0. Only the
mass matrices M and Mv are modified. The matrix F is modified only if external
concentrated forces act on the beam, in the node 0.

5. Examples

Firstly it is interesting to point out that SFET3 is exact for small displacement of
straight beams loaded statically with concentrated forces. In 2D case, for small

displacements, we have
22

sin3
�

�
�

�l , where θ is the slope of the beam. According

to the Equation [4] the slope θ is a polynomial of second degree in the curved co-
ordinate S1 that is exact following the Euler-Bernoulli beam theory. For instance a
cantilever beam loaded with the concentrated force F on the free end has:

1ii h
s)

h
s1()s(

�
������

the free end displacement and slope, respectively. As we expected, only one SFET3
leads to the exact value for the slope. The accuracy for the displacement depends on
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the numerical method used to compute the displacements starting from nodal
unknowns, the slopes, not on SFET finite element, and it could be as small as we
want. 

To illustrate the performances of the special finite element type (SFET) we
present several examples, in static and dynamic regime, in 2D and 3D. The first one
is the 2D post-buckling static behaviour of the Euler beam problem. This example
was chosen to check the proposed solution to the exact solution given by
Timoshenko, [TIM 61]. The number of finite elements was chosen in order to get the
displacements for the free end of the beam with a relative error of 10-4. The
cantilever beam is represented on Figure 3. Figure 4 shows the various positions of
the reference lines when the ratio of F over the Euler load Fcr is increasing from
1.015 to 9.116. It can be observed that the displacement along the x-axis is almost
twice the length of the beam and that the angle of rotation of the final cross section is
about π. This example indicates that with space decomposition into 10 finite
elements SFET3 (21 nodes) we obtain the exact solution for the free end rotation
with a relative precision of 10-4. Table 1 gives some numerical results for
displacements.

e1

e2

O
(L )

(l) b1

b2

B1B2

F

Figure 3. Post-buckling static behaviour of a cantilever
The computing of the buckling force is an eigenvalue problem that could be

solved by SFET, too. For instance the exact Euler buckling force and the
corresponding values computed using 10 or 20 SFET3 are respectively:

1ii h
s)

h
s1()s(

�
������

F/Fcr 1.015 1.152 1.518 1.884 2.541 4.029 9.116
α 20 60 100 120 140 160 176

Timoshenk
o

u/L 0.0300 0.259 0.651 0.877 1.107 1.1340 1.577
v/L 0.220 0.593 0.792 0.803 0.750 0.625 0.421

10 SFET3
21 nodes

u/L 0.0292 0.2585 0.6504 0.8763 1.1066 1.3403 1.5774
v/L 0.2157 0.5928 0.7914 0.8032 0.7504 0.6244 0.4209
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20 SFET3
41 nodes

u/L 0.0302 0.2592 0.6506 0.8764 1.1066 1.3402 1.5772

v/L 0.2190 0.5934 0.7915 0.8032 0.7505 0.6246 0.4213

Table 1. Comparison between analytical and numerical SFET results

-0.6 -0.4 -0.2 0.2 0.4 0.6 0.8 1.00
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F/Fcr=1.518F/Fcr=1.884
F/Fcr=2.541

F/Fcr=4.029

F/Fcr=9.116

u/L

v/L

Figure 4. Several post-buckling equilibrium configuration
The next example is shown in Figure 5, the cantilever loaded with a force and a

moment on the free end. All the data are given in figure. The results were checked
using the COSMOS 2.0 finite element code. The tolerance was 1e-5 for both, SFET3
program and COSMOS program. COSMOS could reach only 40% of the final load
in 231 load steps, with several iteration cycles being done for each load step, Figure
6a. AUTOSTEP command was activated. For this load the results got by SFET3 and
COSMOS are practically the same. On the contrary, SFET3 needed only one load
step for 40% of the final load and 3 load steps and 25 iteration cycles for the final
load. The final configuration of the beam is given in the Figure 6b. In order to verify
the results, the sectional efforts (moments) are computed following two ways. Using
the static equation applied on the deformed beam we can write:
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h
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where RF is the position vector of the force applied on the free end of the beam and
� � � �Tz1

T
z1 C00and;F00 �� CF . Using the physical relation we obtain:
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where the curvature vector χ(s) is computed by means of the nodal Euler-Rodrigues
parameters, ls, found out after solving the FE problem. The average relative error is
computed with the formulas:

1ii h
s)

h
s1()s(

�
������

[29]

L=100 
GJ=2000/2.6= 769.23 
EI2=EIy=1500 
EI3=EIz=1000
A=5(cross section
area)
ρ=10-6 (mass density)
0.1.20  SFET3
Fz=0.25 
Cz=120

 

x F z L 

z 
C z 

y 

Figure 5. Cantilever beam loaded with a force and a moment
The moments were computed in local axis system RB(G,Bi). For the above

example and for the final load these errors are ε1=0.06% and  ε2=0.5%. The error ε2

might seem too big, but we have to consider that the beam is highly distorted, the
torsion angle included. 

The third statical example is shown in the Figure 7, a helicoidal spring, an initial
3D curved beam subjected to a concentrated force. All the data, the initial
configuration and the final one are shown in the Figure 7. Remarkable is that to
reach the final value of the load only one load step and 9 iterations were needed, for
an absolute tolerance of 10-5 for the Euler-Rodrigues parameters. In this case the
errors computed accordingly the Relations [29] are ε1=0.6% and ε2=0.8%
respectively, that is an extremely good accuracy for stresses (not for displacements). 
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Figure 6. Deformed configuration of the cantilever
 R=10 (spring radius)
Thread=10
n=2 (number of  threads)
F=10 (vertical direction)
GJ=2000/2.6=769.23 
EI2=1500 
EI3=1000
40 SFET3
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Figure 7. 3D curved beam
Figures 8 and 9 present the accuracy of the method. In Figure 8, the strong non-
linear dependence of force versus displacement at the point of application of the
force is represented and shows that very good results are got with only 10 SFET3.
Figure 9 shows how fast the accuracy increases with the number of iterations for 40
SFET3 model: at each iteration step the error diminishes over ten times.
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Figure 8. Force-displacement
dependence

Figure 9. Error versus number of
iterations plot

The first dynamic example is a very simple one, the eigenfrequencies and
eigenmodes of the straight cantilever represented in Figure 5. This problem was
solved in the small displacements hypothesis, the stiffness and mass matrices were
computed as shown in this work. The problem was solved as 3D one, the numerical
results using SFET3 being compared to the analytical ones. The results are given in
the Table 2 and a extremely good concordance might be noticed. Figure 10 contains
the first 6 eigenmodes in the xy plane.

Mode #1 #2 #3 #4 #5 #6 #7 #8 #9 #10

Anal. 4.972 6.090 31.16 38.17 87.24 106.8 171.0 209.4 282.6 346.1

SFET3 4.971 6.089 31.15 38.15 87.24 106.9 171.0 209.5 283.1 346.6

Table 2. Comparison between eigenfrequencies computed numerically (SFET3) and
analytically

Figure 11 shows one example extracted from the paper [SIM 86], the “flying
spaghetti”. All the data are presented in the Figure 11. Firstly the problem was
solved exactly like in the work [SIM 86]. The problem is a 2D one as the load
consists only in the force F and the moment Tz. The comparison between the results
from the work [SIM 86] and those obtained using SFET2 is exposed in Figure 12. A
very good concordance might be noticed. To get a 3D problem the moment Ty was
added to the load, Figure 11, and the results are shown in Figures 13 and 14.
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Figure 10. First eigenmodes ot the cantilever beam computed using SFET3
The last example was studied in [SHA 98] and [TAK 99], the free falling of a
flexible pendulum. The pendulum is assumed to fall under the effect of gravity,
Figure 15. The beam has a length of 1.2 m, a cross sectional area of 0.0018 m2, a
mass density of 5540 Kg/m3, a modulus of elasticity of 0.700x106 N/m2 and the
moment of inertia of 1.215x10-6 m4. 
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Figure 11. The “flying spaghetti”
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 10 finite elements [SIM 86] 

20 SFET2 

� 15 successive 
deformed positions 

� Time step: 0.5 s 

Figure 12. The first 7.5 s of the movement of the “flying spaghetti” in 2D
The pendulum was studied firstly as a 2D problem and divided into 20 SFET2
finite elements (21 nodes) with only one degree of freedom per node, the slope.
Then the pendulum was considered a 3D problem and was divided into 10
SFET3 finite elements (21 nodes) with four degree of freedom per node. The two
results are practically identical and extremely close to those obtained in the
above-mentioned papers. Figure15a shows 12 successive positions of the
pendulum during 1.1 seconds with a time step of 0.1s. 

Figure 13. 3D “flying spaghetti”: the first 15 s of the movement
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a) The first 7.5 s in xy plane
projection

b) The first 7.5 s in xz plane
projection

Figure 14. 3D “flying spaghetti”: the projection of the successive positions
In order to verify the accuracy of SFET two methods were applied. First the total
energy of the pendulum was computed at each time step. It comprises three
components: the elastic energy, the potential energy and the kinetic energy. Their
sum, the total energy, has to be constant during the motion. Figure 15b shows the
variation of all these energies with the time. The error was estimated using the
relation:

� � maxkminmax E/EE ���
where E is the total energy and Ek is the kinetic energy. Its value depends on the time
step and for this example we got 2.65% for 220 time steps, 1.05% for 550 time steps
and 0.688% when 1100 time steps were used. The second method for computing the
error uses the relations [29], but this time to compute the bending moment the
gravity distributed force as well as the inertia forces were considered. 
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0.0 s 

 

Kinetic Energy 

PotentialEnergy 

Total Energy 

Elastic Energy 

Figure 15. Flexible pendulum
The errors ε1 and ε2 were evaluated at each time step. The maximum error do not
exceed 1…2 % which is a very good accuracy taking into account that the error was
computed for the bending moment.
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6. Conclusions

A special finite element (SFET), which has four degrees of freedom per node, the
nodal values of the Euler-Rodrigues parameters, was presented in this paper. The
main advantage of SFET is that it allows without many complications to solve
the exact movement equations of the mechanical systems composed by elastic
beams. The proposed finite element may have several nodes, but SFET3 proved
to be extremely accurate and simple enough from the programming point of
view.

The method is very accurate and very rapidly convergent. This might be
explained essentially by the following factors: (I) the exact equations are solved,
(II) the unknowns are not the linear displacements, but their derivatives, and also
(III) the stiffness and mass matrices are polynomials in Euler-Rodrigues
parameters, thus avoiding to use trigonometric functions.

The accuracy for the displacement depends on the numerical method used to
compute the displacements starting from nodal unknowns, the Euler-Rodrigues
parameters. To compute the displacements the Relation [12] of the first part of the
paper has to be used. This integration might be done introducing the shape functions
[2] or [4] in the above mentioned relation and then using as many integration points
as the accuracy requires. The accuracy for displacement was assessed directly by
computing efforts considering both internal and external equilibrium of the beam
(See the Relations [29]), and extremely good accuracy was again obtained.

The finite element formulation is written in the global coordinate system, the
same for each macro-element in the mechanical system. This approach has several
advantages one of the most important is that a simple expression for inertia forces is
obtained. In addition due to the good accuracy and convergence of the method, the
computer codes elaborated by the authors are very fast, a computer time of several
minutes are enough for all 3D examples presented in the work. All the computer
codes used in this paper and applying SFET were written by the authors in
MATLAB 5.3. 

Several examples are presented in this paper and they confirm the accuracy of
the SFET. It is important to notice that the computed errors concern the efforts
(bending and/or torsion moments) and not the nodal unknowns. The bending and
torsion moments are expressed in derivatives of Euler-Rodrigues parameters. The
errors for derivatives are much bigger than the errors for the functions, as it is known!

In the static domain the finite element type elaborated by the authors is a non-
incremental one, usually only one load step is sufficient to reach the final value, but
in any case the accuracy of the results does not depend on the number of load steps.
This happens because the exact equations (obviously in the limits of the beam
theory) were solved and they are written the actual deformed configuration for of
the beam system. This is not possible for the classic beam finite element. 
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