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ABSTRACT.The paper describesour adaptative design and control platform for aerodynamiccon-
figurations. The aim is to analyze the impact of mesh discretization and connectivity changes on
the convergence of minimization algorithms applied to shape design and state control. Hence,
we are interested in analyzing the impact of these changes for unsteady configuration simula-
tions. We propose a transient fixed point approach for the set mesh-solution-gradient limiting
these effects.

RÉSUMÉ.Nous décrivons un algorithme d’optimisation et de contrôle adaptatif sur des mail-
lages non structurés à connectivité variable. On considère des applications aérodynamiques,
mais l’approche est générique. Le but est d’étudier l’impact du changement de discrétisation
et de connectivité du maillage sur la convergence des méthodes d’optimisation et de contrôle.
Ainsi, on s’intéresse aussi à l’impact de ces changements sur les configurations instationnaires.
On propose un algorithme de remaillage utilisant la solution d’un problème de point fixe insta-
tionnaire pour l’ensemble maillage-solution-gradient, tentant de limiter ces perturbations.
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1. Introduction

Mesh adaptation by metric control is a natural way for mesh generation and opti-
mization [GEO 98, HEC 97, BOR 96, CAS 00, BOR 96a, HAB 00]. In the past, we
have used these techniques for steady inviscid and viscous laminar and turbulent con-
figurations. This paper is to extend the application range to unsteadiness as well as
to optimization problems and in particular, to see the impact of this additional non-
differentiability in the simulation loop on the optimization. The needs for adaptivity
in unsteady configurations is even more crucial than for steady cases as often the un-
steadiness occupies the whole computational domain implying an uniformly fine mesh
everywhere.

For steady configurations, the adaptive algorithm consists in searching for a fixed
point for the couple formed by the mesh and the corresponding state. To get the fixed
point, we usually apply an iterative approach similar to multigrids with no restriction
operator (only keeping coarse to fine transfer). We show here how, for unsteady con-
figurations, to solve for the mesh and corresponding state couple a transient fixed point
problem. This is performed for both fixed and moving domains, where in case of mod-
ified mesh points distribution and connectivities, a classical ALE [DON 82, NKO 94]
approach cannot be used anymore.

To reduce the impact of mesh nodes and connectivity changes during adaptation,
we add to the Delaunay generation procedure a new constraint, keeping the new mesh
close to the background mesh, if the metric predicts negligible changes for the mesh
compared to the background one. From the metric definition point of view, we intro-
duce, in addition to the metric intersection performed for systems [HEC 97], a metric
intersection procedure in time for the mesh to be optimal for all intermediate states
between two adaptations.

As we use a dynamic formulation for optimization and control problems, these
problems can be seen as time dependent simulations and therefore what developed
for mesh adaptation for unsteady cases can be applied. In addition, this is done to-
gether with an approximate gradient approach for optimization problems. We used
this incomplete evaluation of gradients for shape design and state control for 2 and
3D, steady and unsteady configurations for fixed connectivities. The key idea in our
incomplete gradient evaluation is that the sensitivity with respect to the state can be
neglected for cost functions defined over the shape. This being often the case in appli-
cations, as cost functions are often based on boundary integrals [MOH 97, MOH 97b,
MOH 99, MED 99, MOH 99b]. One feature of incomplete sensitivity is that, due to
their definition over the shape, they are not affected by the non-differentiability intro-
duced by the connectivity changes.
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2. Dynamic shape optimization

Consider the following optimization or control problem:

min
x(t)

J(x(t); q(x); U (q)); E(x(t); q(x); U (q)) = 0;

g1(x(t)) � 0; g2(q) � 0; g3(q; U (q)) � 0;

9>=
>; [1]

wherex(t) 2 Rn describes a time dependent parameterization. This can be for op-
timization problems a geometrical CAD-based model or a CAD-free model [MOH 97]
and for control problems, the amount of the injection/suction velocity or a flap deflec-
tion [MOH 99, MOH 00]. For steady configurations, the time is fictitious and solving
this minimization problems is equivalent to capture fixed point for the dynamic system
below describing the evolution ofx(t). g1 defines the constraints on the parameteri-
zation,g2 those on geometrical quantities andg3 state constraints.E(x; q; U ) designs
the state equation. In this work, we consider as state equations, either the Euler or
the Navier-Stokes equations and thek � " model [MOH 94]. Details for this prob-
lem formulation and parameterization can be found in [MOPI 00]. We only recall
the dynamic minimization formulation and the incomplete sensitivity concept and its
validity domain. We need mesh adaptation in both the optimization and simulation
levels.

2.1. Closure equation forx(t)

In our approach, minimization algorithms are seen as closure equations for the
parameterization. In other words, we introduce a new time dependent problem for
x(t). This can also be seen as an equation for the structure when using the elastic
CAD-Free parameterization [MOH 00]. We can show that most linear or quadratic
gradient based minimization algorithms can be written under the following form :

_x+ � �x = �F (P;M�1; (rxxJ)
�1;rxJ); [2]

whereF is a function of the exact or incomplete gradient and of the inverse of the
Hessian of the cost function. It also takes into account the projectionP over the
admissible space and the smoothing operator we use when using the CAD-Free pa-
rameterization [MOH 97, MOPI 00, MOH 00, MOH 99]. To advance in time [2], we
use a central difference scheme for the second order operator and a forward difference
scheme for the first order one. Denotes byÆxp the shape deformation at stepp, the
discretized heavy ball method [ATT 99, ATT 96] reads :

(
�

�2
+

1

�
)Æxp+1 =

�

�2
Æxp � F (Pp; (Mp)�1; (rxxJ

p)�1;rxpJ
p): [3]

Usually,P does not depend onp except when using mesh adaptation [HEC 97, BOR 96a,
CAS 00, MOH 97, MOPI 00].
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2.2. Incomplete sensitivities

Consider the general simulation loop, involved in [1], leading from shape parame-
terization to the cost function :

J(x) : x! q(x)! U (q(x))! J(x; q(x); U (q(x))):

The gradient ofJ involves different contributions:

dJ

dx
=

@J

@x
+
@J

@q

@q

@x
+

@J

@U

@U

@q

@q

@x
: [4]

In most applications, the cost function is, or can be reformulated, in such a way to
have the following characteristics:

– The cost functionJ and the parameterizationx are defined on the shape (or a
same part of it),

– J is of the form

J(x) =

Z
�S

f(x; q)g(u)d
; [5]

where�S is the shape or a part of the shape.J means that it involves a product of
geometrical and state based functions,

We showed that for such cost functions, the sensitivity with respect to the state
can be neglected. But this only in regions where the curvature of the shape is not too
large [MOH 97, MOH 99, MOPI 00]. This means for instance away from leading and
trailing edge points.

The incomplete sensitivity approach means that we can drop the last term in [4]:

dJ

dx
�

@J

@x
+

@J

@q

@q

@x
: [6]

We can illustrate this idea on the following simple example. Consider as cost
functionJ = aux(a) and as state equation the following advection-diffusionequation:

ux � Pe�1 uxx = 0; on ]a; 1[; u(a) = 0; u(1) = 1:

We are in the domain of application of the incomplete sensitivities, where the cost
function is product of state and geometrical quantities and is defined at the boundary.

Ja(a) = ux (a)

�
1 + a

Pe�1 exp(Pe�1 a)

exp(Pe�1 a)� exp(Pe�1)

�
: [7]

The second term in the parenthesis is the state linearization contribution which is
negligible for large Peclet number. In all case, the sign of the sensitivity is always
correct.
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This approximation has other interesting features. In particular, when using mesh
adaptation, only the shape discretization impacts the sensitivity evaluation. There-
fore, the impact of the non-differentiability of unstructured mesh generations is re-
duced. Indeed, incomplete sensitivities only require for the evaluation of geometrical
sensitivities around the shape. However, these sensitivities require anaccurate eval-
uation of the state in space for optimization problems, but also in time when target-
ing control problems by control laws based on instantaneous incomplete gradients.
Finally, incomplete sensitivities are used together with CAD-Free parameterization
[MOH 97, MOPI 00], with interfaces with CAD tools in both ends of the optimization
loop (i.e. CAD to initial surface mesh and final surface mesh to CAD). This point
enables the optimization platform to be generic and not to depend on a given CAD pa-
rameterization, which is often application-dependent. Another interesting feature in
this parameterization is the possibility for an easy change of the scalar product used to
define the Hilbert space in which optimization is performed (space of deformations).
This is done introducing appropriate smoothers which also have preconditioning ef-
fects [MOPI 00].

3. Metric definition

Details on the ingredients used in the metric definition for inviscid and viscous
laminar and turbulent flows involving shocks and boundary layers can be found in
[BOR 96, CAS 00, BOR 96a, HEC 97, FRE 99, GEO 91, MOPI 00]. We only de-
scribe the metric intersection procedure which is useful for systems and also for time
dependent phenomena, where the mesh is adapted to be optimal for the capture of the
various solution states in time between two adaptations.

The key idea in mesh adaptation by metric control is to modify the scalar product
used in the mesh generator for distance and volume evaluations. Therefore, the aim,
using an automatic mesh generation method is to construct equilateral elements ac-
cording to a new adequate metric. The scalar product is based on the evaluation of the
HessianH of the variables of the problem. Indeed, for aP 1 Lagrange discretization
of a variableu, the interpolation error is bounded by:

E = ju��huj0 � c sup
T2Th

sup
x;y;z2T

jH(x)j(y � z):(y � z) [8]

where�hu is theP 1 interpolate ofu, jH(x)j is the Hessian ofu at pointx after being
made positive definite, and where: is the dot product. Now, if we generate, using
a Delaunay procedure as a mesh generation method a mesh with edges close to unit
length in the metricM =

jHj
(cE) , the interpolation errorE is equi-distributed over the

edgesai of the mesh. More precisely, we have

1

cE
aTiMai � 1: [9]

For systems, the previous approach leads to a metric for each variable. For two
metricsM1 andM2, we define an metric intersectionM =M1\M2, such that the
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unit ball ofM is include in the intersection of the two unit balls of metricM2 and
M1 with the procedure defined in [FRE 99, chap 10.3.3] for example.

For time dependent problems, this metric intersection is applied in time, for each
variable, between the metrics defined by this variable at two successive iterations:

M̂
n+1 = M̂n \M

n+1; [10]

wheren denotes the time integration iteration. Once, the intersection in time per-
formed, the procedure above is applied for the intersection between the metrics of the
different variables.

4. Mesh generation and adaptation

We use the mesh generation tools developed at INRIA-Gamma project [FRE 99,
GEO 91]. One novelty introduced however in this work in the Delaunay mesh gen-
eration part is to introduce an extra criteria keeping the new mesh nodes and connec-
tivities unchanged as much as possible compared to the previous mesh where the pre-
scribed mesh by the metric is similar to the previous mesh. This is suitable of course
for time dependent simulations and reduces the perturbation introduced by remeshing
and solution interpolation from the background over the new mesh.

The algorithm of adapted mesh generation is a Delaunay-like method ( [FRE 99,
Sec. 7.3.1]) where the insert point procedure is fully describe in [FRE 99, Sec. 7.6.1].
This algorithm can be resume as:

1. Create a bounding box mesh.

2. Discretize the boundary with respect of metric, we callSB the set of boundary
points.

3. Insert one by one the points ofSB .

4. Enforce the boundary mesh.

5. Remove outside triangles.

6. DO: far field point creationS = ;.

– Split all the too long edges such that the lengths of sub-edges ’in the metric’ are
close to one. Add the new splitting points inS.

– Insert all the points ofS,if they are not too close ’in the metric’ to an existing
point.

7. UntilS is empty

8. Do some small regularization by moving vertices and swapping edges to im-
prove the mesh quality.

To introduce the idea above, we need to use the points of the background mesh.
The algorithm becomes:

1. Create a bounding box mesh.
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2. Discretize the boundary with respect to the metric, Let beP a set equalSB the
set of boundary point.

3. Sequentially add the internal points of the background mesh toP, if a point is
not too close (distance in the metric less than1p

2
) to a point ofP.

4. Insert one by one the points ofP.

5. In-force the boundary mesh.

6. Remove outside triangles.

7. DO: far field point creationS = ;.

– Split all the too long edges such that the lengths of sub-edges ’in the metric’ are
close to one. Add the new splitting points inS.

– Insert all the points ofS,if they are not too close ’in the metric’ to an existing
point.

8. if S is not empty, repeat 7.

9. Do some small regularization.

, see above.

5. Mesh adaptation for unsteady simulations

The following algorithm shows the classical fixed point algorithm applied to the
couple of mesh and corresponding state for an unsteady simulation.

At step i of adaptation, we denote the mesh, the state and the metric byHi, Si,
Mi. �t = �

Nadap

, where� is the smallest time scale of the phenomena we want to
capture. Hence, performing two adaptive simulations forNadap and2Nadap permits
to evaluate the mesh independence of unsteadiness. The adaptive loop reads:

initialisation : i = 0; t = 0 H0;S0;�t given,
While (t < tmax), Do
compute the metric : (Hi;Si)!Mi;

generate the new mesh using this metric : (Hi;Mi)!Hi+1;

interpolate the previous solution over the new mesh :(Hi;Si;Hi+1)! Si+1;

advance in time by�t the solution over this mesh : (Hi+1;Si+1)! Si+1;
i+ + Done

This algorithm introduces perturbations due to non-consistent interpolation of the
solution between meshes for both steady and unsteady computations. This leads in
particular to smoothing effects when applied to unsteady configurations [CAS 00].
We propose the following corrections to the algorithm:

– to replace the metric by the intersection in time of the metrics as defined above,

– to look for a transient fixed point for the mesh-state couple makingNFIX

internal fixed point iterations.
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H0;S0;�t; NFIX given, i = 0; t = 0

While (t < tmax), Do j = 0

While (j < NFIX or jj(
@S

@t
)j+1i )j � j(

@S

@t
)ji ) > TOL);Do

If (j = 0)Then

initialize the intersected
metric over time with an
isotropic coarse metric:

M̂
j
i = (I( 1

h2
max

));

Else If (j > 0) Then

generate the new mesh us-
ing the time intersected
metric:

(Hj
i ;M̂

j
i )!H

j+1
i ;

interpolate the previous
solution and its time
derivative over the new
mesh :

(Hj+1
i ;S0i ; (

@S
@t
)0i ;H

j
i )! (S

j+1
i ; (@S

@t
)
j+1

i
);

End If

advance in time by�t

the solution over this mesh
and compute the inter-
sected metric over time:

(Hj+1
i ;S

j+1
i ; (@S

@t
)
j+1

i
)! (Sj+1i ; (@S

@t
)j+1i ;M̂

j
i);

perform metric intersec-
tion.

j ++ Done:

(H0
i+1;S

0
i+1; (

@S
@t
)0i ) (H

j
i ;S

j
i ; (

@S
@t
)ji );

i ++ Done :

6. Mesh Adaptation in optimization and control

We show how to couple shape optimization or control tools and mesh adaptation by
metric control. When mesh adaptation is used, not only the mesh in the computational
domain, but also the number and positions of the discretization points over the shape
will change during optimization. This means that the shape and unstructured mesh
deformation tools should take into account these transformations. In addition, in the
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CAD-Free framework, a change in shape discretization implies a change in the design
space which we should avoid so as to keep solving the initial optimization problem.

6.1. Adaptive optimization algorithm

The following algorithm shows how to couple shape optimization based on in-
complete sensitivities and mesh adaptation. we define an exhaustive control spaceX

suitable for a good description of any shape deformations. This can be defined by a
fine surface mesh giving a good representation of the shape.

At step i of the adaptive optimization algorithm, we denote the mesh, the solu-
tion, the metric and the costJ(xi; U (xi)) byHi, Si,Mi andJ(xi). The adaptative
optimization loop reads:

H0;S0; X given,

Adaptation loop : Do i = 0; ::; iadapt

1. identify the wall nodes : Hi ! xi;

2. compute the incomplete gradient : (xi; @Hi;Sij@Hi
)! dJ(xi)

dxi
;

3. interpolate the gradient : dJ
dX

= �i(
dJ(xi)
dxi

);

4. define the deformation usingP: ~X;

5. interpolate back the deformation: ~xi = ��1i ( ~X);

6. deforme the mesh : (~xi;Hi)! ~Hi;

7. update the solution over the deformed
mesh :

( ~Hi;Si)! ~Si;

8. compute the metric : ( ~Hi; ~Si)!Mi;

9. generate the new mesh using this met-
ric :

( ~Hi;Mi)!Hi+1;

10. interpolate the previous solution over
the new mesh :

( ~Hi; ~Si;Hi+1)! Si+1;

11. advance in pseudo-time the solution
over this mesh:

(Hi+1;Si+1)! Si+1;

End Do:
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Here the projectionP is defined once for all, but the interpolation operator�i is
changing during adaptation and is available as the trace of the interpolation operator
defined between the new and the background mesh, where the local metric is defined.

6.2. Adaptive control algorithm

In our approach, control is seen as unsteady shape optimization and the time in the
dynamic minimization approach becomes real. To provide mass injection velocity, we
use the Hadamard equivalent boundary condition which enables to account for small
deformations on the non deformed shape and therefore permits to use a dynamic shape
optimization algorithm to define control laws [MOPI 00, MOH 99b, MOH 99] for in-
jection devices. Once the locations of control devices (mass injection or piezo-electric
devices) on the exhaustive parameterization defined, we use the previous adaptative
optimization algorithm after changing step 6 by the two following steps defining the
equivalent injection velocity:

6a. Define the normals to the deformed shape and
the shape speed in the fixed reference:(npm; V

p
m);

6b.define the new injection velocity:up:nf = up(nf � npm) + V p
m:n

p
m;

where subscriptm denotes the deformed andf the non deformed geometry. The
projection operator for control configurations accounts for the maximum injection/suc-
tion velocity or equivalent deformation allowed by the control device. Indeed, for a
control law to be efficiently realizable by a piezo-electric or an injection/suction de-
vice, the amount of the required deformation or injection/suction has to be small. For
instance, it should not exceed one percent of the flow speed.

Finally, to improve the coupling between mesh adaptation and control, we combine
the transient adaptative fixed point algorithm for unsteady simulation presented above
with the previous adaptative control algorithm.

7. Numerical Experiences

We consider the impact of mesh adaptation on different types of applications:

– Time dependent compressible flow simulations,

– Constrained drag reduction for steady transonic aerodynamic flows,

– Flow control for unsteady transonic aerodynamic flows.

7.1. Unsteady simulation

We present the application of the algorithms presented above to three configura-
tions:
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1. Sod shock tube, treated as a full 2D case and where the adaptive solutions are
compared to a reference solution computed on a fixed fine mesh. The aim is to show
through this simple example how the mesh can be late over the solution in an unsteady
simulation leading to a phase error for the solution. This is improved by the transient
fixed point approach.

2. Transonic inviscid flow over a Naca airfoil at Mach 0.8 with a limit steady state
solution. We show the impact of the transient fixed point approach on the evolution of
aerodynamic lift and drag coefficients.

3. Oscillating airfoil in a transonic flow. The aim is to show the impact of a suitable
time dependent adaptation on the evolution of aerodynamic coefficients. This case is
presented bellow with and without our control algorithm applied.
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0.035
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0.045

0.05

0 0.2 0.4 0.6 0.8 1

Figure 1. Sod shock tube: impact of the transient fixed point algorithm with four
internal iterations for adaptation compared to the classical algorithm. Mesh and
corresponding iso-Mach contours att = 0:25. Two successive adaptations are distant
of�t = 0:025. Left: reference mesh and solution, middle: classical fixed point, right:
transient fixed point with 4 inner fixed point iterations. The minimum mesh size is
identical for all three meshes.

7.2. Adaptation and optimization

This is a drag reduction problem for a transonic inviscid and viscous turbulent flow
with constraints on the lift and volume treated by penalty. The cost function is given
by:

J(x) = Cd + �jCl � C0
l j+ �jV ol � V ol0j;

where� and� are penalty parameters,Cd is the drag coefficient,Cl andC0
l are the

actual and initial lift coefficients andV ol andV ol0 the actual and initial volumes. The
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Figure 2. Sod shock tube: Velocity distribution on the lower wall. The classical ap-
proach leads to a phase error for all variables. In addition, there are less spurious
oscillations when mesh generation is consistent with the time integration scheme.

initial airfoil is either the NACA0012 or the RAE2822. The state equations are either
the Euler system in conservation variables or the Navier-Stokes andk � " equations
with wall functions [MOH 94]. The aim is to show the impact of mesh adaptation on
optimization seen as time dependent simulation. For the first case, mesh adaptation
introduces perturbations in the control space (CAD-Free parameterization changes at
each adaptation) and the convergence is not monotonic, while for the second case,
despite a more complex physic for the problem and finer meshes near the wall to
capture the boundary layer, the convergence history is almost not perturbed compared
to an optimization for a fixed fine mesh.

Notice that, for the first case, from one mesh to the next there is a jump in the
histories of the cost function and gradient norm due to the fact that this optimization
has been done with the control changing ateach iteration of adaptation. This is to
show the importance for the adaptation not to pollute the control space structure.

7.3. Adaptation and control

The previous example was the first step toward control, as we consider control
problems as generalized optimization problems for time dependent cost functions.
This is illustrated by the following problem of control of the unsteadiness created
by the oscillating airfoil presented above. We would like also to see the impact of
the transient fixed point algorithm for the ensemble given by: simulation, sensitiv-
ity analysis, closed loop control law definition and adaptive mesh generation. The
lift and drag histories shows that the efficiency of the control increases with the ac-
curacy of the time dependent adaptive simulations. Indeed, the control is based on
incomplete instantaneous sensitivities with theiraccuracy depending on the accuracy
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Figure 3. Impact of the transient fixed point algorithm with four internal iterations
(lower pictures) for adaptation compared to the classical algorithm. Snapshots of the
mesh and the corresponding iso-Mach contours attU �1=Chord = 0:3; 0:6; 0:9.
Two successive adaptations are distant of�tU1=Chord = 0:05.
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Figure 4. Lift vs. drag coefficients histories with the classical and using the transient
fixed point algorithm. The final solution being steady, all simulations recover the same
values. This justifies the use of the classical approach for steady configurations. But
the history obtained with the classical approach is quite different.
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Figure 5. Cost function and norm of gradients for the airfoil optimization (left) and
the initial and final forms (right). In this case, the control space changes at each
adaptation.

of the unsteady state. The airfoil oscillates, with a reduced frequency of 10, in a range
of 0.1 degree, around its equilibrium position at 2 degrees of incidence. The inflow
Mach number is 0.75. This is a high frequency case which might be interesting for
noise reduction due to induced aerodynamic fluctuations. The aim is to reduce the
instantaneous aerodynamic drag coefficient. The instantaneous cost function to be
minimized isJ(t; x(t)) = jCd(t)�C

target
d j, where target denotes a target value (here

C
target

d = 0:013).
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Figure 6. Pressure contours before and after optimization. Notice the disappearance
of the shock.
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Figure 7. Shape optimizationat transonic viscous turbulent regime: cost function and
norm of gradients for the airfoil optimization for the optimization alone and when
combined with adaptation (left) and the initial and final shapes for each approaches
(right). With adaptation, we can be confident that the mesh is always adequate for
intermediate states. The jumps in the convergence histories are much less important
than for the previous case.

8. Concluding Remarks

The application of our control and optimization platform combining instantaneous
and incomplete sensitivities with dynamic minimization algorithms has been pre-
sented. The platform has been coupled with mesh adaptation techniques designed
to capture unsteadiness. This has been made possible, over both fixed or moving do-
mains, introducing a transient fixed point approach. In this technique we look for so-
lutions of a fixed point problem for the ensemble {mesh, solution, sensitivity} linked
together through the state and sensitivity equations, the minimization dynamic system
and a local metric based Delaunay mesh generator.
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Figure 8. Shape optimization at transonic viscous turbulent regime: Initial and final
meshes when using adaptation during optimization.

Figure 9. Shape optimization at transonic viscous turbulent regime: Initial and final
iso-Mach contours for the previous meshes.

Our main goal was to make the cost of control and simulation problems similar,
and this without a loss ofaccuracy due to coarser meshes, usually used for sensi-
tivity analysis for instance. This is particularly true for unsteady configurations. In-
deed, when unsteadiness occupies a large part of the computational domain, its capture
would imply a fine mesh everywhere. Something which is out of reach. On the other
hand, classical adaptation methods are not suitable for unsteadiness capture as they
introduce uncertainties due to adaptation and interpolation between meshes.

This global approach enables to propose adaptive real time control tools based on
sensitivities as an alternative to black-box control tools using filtering approach.
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Figure 10. Oscillating airfoil (upper pictures:control off - lower pictures: on): im-
pact of the transient fixed point algorithm with four internal iterations for adaptation
compared to the classical algorithm with the control on and off. Snapshots of the mesh
and corresponding solution attU1=Chord = 0:2. Two successive adaptations are
distant of�tU1=Chord = 0:04. The lift and drag histories show that only two inter-
nal iterations quite improves the prediction. In addition, they show that the efficiency
of the control increases with the accuracy of the time dependent adaptive simulations.
The transient fixed point algorithm together with time metric intersection procedure
makes the mesh to be finer over the region the state varies in the time interval between
two adaptations.
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