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ABSTRACT ln this article we present a rea/ization of a three dimensional ductile damage anal
ysis. The ROUSSELIER mode/ is used in a finite strain fonnulation to represent the mate rial 
behavior, so that a threshold value of the damage parameter (J, which corresponds to an as
swned void volume fraction, can be defined as crack propagation criterion. We propose a 
new solution approach using a non local damage formulation in the scope of the fini te element 
method. This approach uses a set of constitutive equations with a BAZANT -type non local reg
ldarization and an iterative NEWTON-RAPHSON-scheme, which requires the detennination 
of the global stiffness mat rix and the residuum vector of the system by the assembling of lo
cal solutions in each integration point. For the spatial discretization 20-nodes-brick elements 
with 2 x 2 x 2-integration are used. A numerical example shows the applicability of the new 
solution algorithm. 

RÉSUMÉ. Dans cet article on présente une analyse tridimensionelle de l'endommagement duc
tile. Le modèle de ROUS SELlER est utilisé en grandes défonnations pour représenter le com
portement du matériau, de sorte qu'une valeur critique de la variable endommagement fJ est 
utilisée comme critère de propagation. On propose une nouvelle solution utilisant une fonnu
/ation non locale dans le cadre d'une modélisation par éléments finis. Cette approche utilise 
des équations constitutives avec une régularisation non locale de type BAZANT associée à une 
stratégie de résolution itérative par un schéma de NEWTON-RAPHSON. Celle-ci nécessite la 
détermination de la matrice globale tangente et du vecteur second-membre par assemblage de 
solutions locales en chaques points d'intégration. Pour la discrétisation spatiale des éléments 
octaédriques à 20 nœuds et 2 x 2 x 2 points d'intégration sont utilisés. Des exemples numériques 
illustrent les possibilités du nouvel algorithme. 

KEY WORDS: 3D-Fini te-Element-Simulation, Finite Strain P/asticity, Ductile Damage, Nonlo
cal Regularization 

MOTS-CLÉS : E/éments finis 3D, plasticité en grandes défonnations, endommagement ductile, 
regularisation non locale 
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1. Introduction 

Many structural parts of technical applications require a detailed computational 
anal y sis of the ir load carrying capacity either during the design phase or la ter on while 
operating in a larger system or in a machine. Today a computational evaluation and 
simulation of such structural parts is also able to consider the influence of damage and 
failure occurance by continuum damage models implemented in the framework of the 
FEM. A well-known disadvantagc in the numerical trcatmcnt of sol id mcchanics pro
blems, where softening material behavior occurs, is the so--callcd mesh-dependence 
of numcrical results. In a considerable number of investigations different methods 
have been proposed to overcomc the mesh--dependence of finite element results. The 
common idea is the introduction of a characteristic or internai length (scale) into 
the constitutive madel or its evaluation. We mention four different types of models. 
A type of COSSERAT models consider in addition to the displacement of a material 
point also its rotation as independent kinematic variable, see [EHL 98]. The internai 
length introduced by this was shawn to determine the width of shear bands especially 
in sail materials, wherc the additional rotational degrees of freedom are activated du
ring the deformation history. For such shear dominated problems this mcthod seems 
to be a suitablc regularization technique. Another advanced regularization method is 
the introduction of higher displacement gradients as additional degrees of frcedom. 
A consistent formulation in terms of small-strains is available, sec c.g. [BOR 99]. A 
totally different approach to madel the failure occurrence is the discrete representa
tion of the actual failure or damage mode. Such models are able to represent failure 
occurrence by special fini te elements either capable of showing displacement jumps 
internally within the element structure, see [OU 96], or between the element cdges 
through a specifie cohesive law defining the stress-strain behavior, see e.g. [HOH 96] 
or [BAA 97]. Another type of regularizing approaches is known as non-local, based 
on a spatial smoothing of certain quantities over the volume or structure of interest, 
see [BAZ 88]. The main goal of this type of madel is an additional evaluation of a vo
lume integral for the internai variables like plastic strain or damage, convoluted e.g. by 
a bell-like kemel function, see [PIJ 93]. Many authors used this smoothing technique 
like [LEB 94], [TVE 97] or [BAA 98]. They computed the smoothing of the damage 
parameter as an additional process applied on the actual result of the local solution of 
the constitutive equations. In this paper we describe a new approach of evaluating the 
volume integral for the increment of the damage parameter used. The idea is to com
pute the smoothing during the iteration of the set of constitutive equations, which is 
advantageous due to the iterative character of the equation sol ver applied. In this study 
20-noded brick 3D elements are used with quadratic shape functions along the ele
ment edges. [MAT 94] have found thal this element type weil represents localization 
in the 3D case. As constitutive madel we use the ductile damage madel of [ROU 89]. 
An ad van tage of this madel is the description of ma teri al softening behavior due toda
mage by the influence of just three material parameters. Nevertheless, there are only 
a few articles treating the calibration of the ROUSSELIER parameters to experimental 
data, see [ROU 89] and [LI 94]. A second advantage is relatcd to the numerical im
plementation of the constitutive law by means of an implicit integration scheme. The 
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type of constitutive equations Jeads to symmetric tangent material moduli, which is 
advantageous in computing and storing the matrix expressions. 

2. Nonlinear solution & nonlocal formulation 

2.1. Classical iterative solution procedure 

In order to approximate the real nonlinear behavior of a structure, the final Joad, 
Jeading to an unknown displacement result u, is usually divided into smaller Joad 
steps. Thus, for each Joad leve) the structural response is computed by finding the 
actual equilibrium, using an iterative solution procedure. The accumulation of the in
crementai solutions ~u of the displacement field results in the total answer u. 

Weak Form of Equilibrium 

g(u, ou) := J U' : gradou dv- J tboun ° ou da= 0 " ~ •-: l F ~ ;li '"; ,~ deŒ ~ g;: 

Consistent Linearization 

c. 
0 

j 

Vg(û, ou):= f J(t:.u + grad6.u · u): gradoudV 
Ba 

,- g(u, ou) ~ g(û, ou)+ Vg(û, ou) 6.u = 0 

where ll.u = u - û 

c .s: Vg(û, ou) 6.u = -g(û, ou) 
ë 
~ FEM : Discretization & Assembly 

10 solve 

K~u = -r 

Updalte : u = û + ll.u 

L___ ___ ___j 

Loop until convergence 

FIG. 1. Classical iterative FEM solution procedure for a given load leve[ 

Starting from the weak form of equilibrium g(u, Ju) = 0, where Ju indicates the 
vector of test functions which is identified with the virtual displacements, an iterative 
solution method can be constructed to determine for the unknown displacements u at 
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a given Joad, with prescribed boundary displacements ü. The displacements describe 
the difference between the current and the initial configuration by u = x - X. The 
representation of g(u, Ju) = 0 in terms of a TAYLOR-series from a known position 
û with ~u = u - û leads to a first order approximation of the weak form. This 
expression is the basis for the global iteration loop to fi nd the increments ~u and th us 
the new dis placements u. This procedure is schematically described in Fig. 1, where 
8 describes the considered body in the current configuration with the volume v and 
with tboun as traction vector applied on the boundary 8817 • ln the next Joad step the 
new solution of the system has to be determined by repeating this iteration. 

2.2. Nonlocalformulation 

In the usual iterative procedures ali quantities are stored locally on the leve! of 
integration points. However, the nonlocal approach which is proposed here, acts on 
the leve! of internai quantities on the integrations points. [BAZ 88] have shown that a 
nonlocal treatment of the damage quantities leads to mesh-insensitivity. For this pur
pose we apply the nonlocal smoothing integral to the increment ~(3 of ROUSSELIERs 
damage quantity 

!. ~(3/ocal(s) ip(S- X) dV(S) 
~(3nonloc (X) = _B::;.,o'---;;---------

{ ip(S- X) dV(S) 
} Ba 

where the kernel function, chosen as 

[1] 

[2] 

for an arbitrary position vector p is responsible for the nonlocal smoothing of the lo
cal quantity ~f3Iocai with respect to the reference state X. Formally the characteristic 
iength le describes the standard deviation of the normal distribution. For a discus
sion of the factor k depending on the spatial dimension of the problem considered see 
[BAZ 88]. Following their arguments k = (6ft) 113 ::::: 2.2 for the 3D case conside
red here. For the numerical implementation the volume integral [ 1] is applied for each 
integration point considering just the surrounding by a sphere of radius 3lc, which is 
sufficient for a tolerable integration error in this application. A possible crossing of 
symmetry !ines or planes during the integration loop is respected by accounting for 
the virtual contributions of the volume integration. But the who le computation of the 
respective influence of the neighbourhood of each integration point can be caiculated 
once as a preprocessing procedure and takes just a few minutes for the considered pro
bi ems. The main issue of the new solution algorithm is the assembling of the global 
stiffness matrix and the global residual vector. In Fig. 1 the global equilibrium itera
tion is illustrated, with the use of the residual g(u, Ju) and the actual system stiffness 
Vg(û, Ju). In the FE representation the quantity g(u, Ju) results in the residual vector 
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and the system stiffness Vg(û, Ju) in the global stiffness matrix, respectively. During 
the assembling procedure for these terms the actual increments for the local descrip
tion of the constitutive behavior are computed. The numerical procedure for this kind 
of solution is described in the Appendix (see eqn. [23]), where the calculation of the 
local solution of the constitutive equations is demonstrated. In contrast, the new idea 
consists in a global computation of the increments ~x in [23] by a NEWTON-like ite
ration scheme. The specifie algorithmic treatment of this iteration is described short! y 
in Section [4.2] and in an earlier version in [BAA 00]. Due to the iterative character 
of the new solving scheme it is possible to modify the actual solution of the increment 
of the damage parameter j3 by a nonlocal approach. This modification is not possible 
in the traditional iterative solution procedure, where the evaluation of the constitutive 
equations is treated in each integration point violating the yield condition, without 
considering its spatial position. On the contrary with this new approach a "commu
nication" between the integration points is enabled due to eqn. [ 1], where the local 
increment of the damage parameter is modified depending on its location. The descri
bed nonlocal modification of the increment ~!3 of the damage parameter influences 
the solution convergence of the set of constitutive equations, but this intervention acts 
in a moderate way so that convergence is obtained. In contrast to the method described 
e.g. in [BAA 98], we here operate in small steps, which influences the solution of the 
constitutive equations by the nonlocal character, but guarantees the global quadratic 
convergence behavior. 

3. Finite strain plasticity and damage model 

3.1. Finite strain plasticity 

In elastic-plastic solids under sufficiently high Joad finite deformations occur, 
where the plastic part of the strains usually is large compared with the elastic part. 
The description of finite plastic deformations in conjunction with damage models 
is often done by using the additive decomposition of the elastic and plastic strains 
rates, [TVE 89]. Here however, we use the framework of multiplicative elastoplasti
city which is widely accepted in plasticity. Its kinematic key assumption is the multi
plicative split of the deformation gradient 

F = Fet · Fpt [3] 

into an elastic and a plastic part, providing the basis of a geometrically exact theory 
and avoiding linearization of any measure of deformation. As a further advantage, fast 
and numerically stable iterative algorithms, proposed and described by [SIM 92], can 
be used. In the following, only a brief summary of the algorithm in the context of a 
FE-implementation is given. 

An essen ti al aspect of [3] is the resulting additive structure of the current logarith
mic principal strains within the retum mapping scheme as 

[4] 
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Here, E; = ln À; (i = 1, 2, 3) and ÀT are the eigenvalues of an elastic trial state, 
described by the Ieft CAUCHY-GREEN tensor b!~- The elastic strains Ed are defined 
by HOOKE's law and the plastic strain corrector f:l.EP1 can be derived by the norrnality 
rule of plastic flow. The elastic left CAUCHY-GREEN tensor can be specified with the 
decomposition [3] as 

[5] 

which clearly shows the "connection" between the elastic and plastic deformation 
measure by the occurance of the plastic right CAUCHY-GREEN tensor Cpl = F~ · F pl· 

By means of the relative deformation gradient (see [SIM 92]) 

ax -1 
f = -8-- = F. Fn-1 ' 

Xn-1 
[6] 

which relates the current configuration x to the configuration belonging to the previous 
ti me step at tn- 1 , an el as tic trial-s tate is calculated for the current configuration at 
time tn 

[7] 

with frozen internai variables at state tn_ 1 . If the condition <I> ~ 0 (see eqn. [ 10]) is 
fulfilled by the current stress state r, this state is possible and is the solution. If, on 
the other hand, <I> ~ 0 is violated by the trial-state, the trial stresses must be projected 
back on the yield surface <I> = 0 in an additional step. This "return mapping" procedure 
is used as the integration algorithm for the constitutive equations described in Section 
3.2. It should be mentioned that the algorithmic treatment in terms of principal axes 
has sorne advantages concerning computational aspects like time and memory saving. 
Based on this, the integration procedure of the constitutive equations for large and for 
small deformations is very similar, [ARA 87]. 

3.2. The Rousse lier damage modeZ 

First, sorne notations and characters, which will be used in this description of the 
constitutive law and later on in the algorithmic setting, are specified. Following the 
ideas of [ARA 87] we decompose the stress and strain tensors in scalar values, which 
is of great advantage for the numerical implementation. Thus, we write the KIRCH
HOFF stress tensor r as weighted CAUCHY stress tensor as follows 

2 
T = J (j = -p} + 3QDT' [8] 

where J := det F = ~~ = 2ff and p = - ~TijC5ij defines the hydrostatic pres

sure, q = J~t;jtij the equivalent stress and t;j = Tij + p8;i are the components of 

the stress deviator. In this notation an additional important quantity is the norrnalized 
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stress deviator nT = 2
3
q t. The second order identity tensor 1 is defined as the KRONE

CKER symbol by its components r5;j in the cartesian frame. In an analogous way the 
plastic strain rate can be written as 

~P~-~~ 1 ~ T E - 3 ép + éqD , [9] 

where ~ép and ~éq describe scalar rate quantities which are defined later on. The 
constitutive mode! used in this study is the damage mode! proposed by [ROU 89]. 
Here, the yield function taking ductile damage processes into account may is written 
as 

é~ v p 
[ 

l ]1/N 
<I> = q- O"o _q E + 1 +B((J)Dexp(--) = 0, 

O"o 0"1 
[10] 

where O"* represents the material hardening in terms of a power law, and the last part 
of [lü] describes the damage (softening) behavior by the function B(/3) and an expo
nential assumption. Furthermore, E is YOUNGs modulus, O"o the initial yield stress, N 
the material hardening exponent, and D and 0"1 are damage material parameters. Note 
that the formulation of [ 1 0] in quantities p and q as functions of the KIRCHHOFF stress 
tensor T is comparable to the original formulation F = "T + ... = 0 in [ROU 89], 

because we can write "•qv = "•qv J = !l..0:l = q for Po = 1 in the case of f3 = 0, 
P Po Po 

see also comments of the authors to eqn. (17) in [ROU 89]. The function B(/3) is the 
conjugateforce to the damage parameter (3, defined by 

B(/3) = O"do exp(/3) 
1 - Jo + Jo exp(/3) 

[ 11] 

Here, the initial void volume fraction Jo is the third damage depending material 
parameter used in this constitutive set of equations. The set of constitutive equations 
is complemented by the evolution equations for the plastic strain é~~v and the damage 

parameter f3. The macroscopic plastic strain rate i_P
1 is determined by the classical 

associated flow rule 

[12] 

Note that i_P
1 coïncides with the plastic increment ~EP1 for the algorithmic setting 

in [4] written in principal axes. The last bracket on the right hand side of [12] shows 
a further advantage of this formulation following [ARA 87], since it is very easy to 
determine the derivatives of <I> with respect to the scalar quantities q and p. One can 
see with [9] and [12] that 

·Ô<I> 
~é =-À-

p Ôp 
[13] 
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These two equations allow the algebraic elimination of,\ if 

8<1> 8<1> 
6.cp oq + él.cq op = 0 [14] 

is fulfilled. Th us, the increment of the plastic strain can be expressed by the two scalar 
quantities 6.cp and 6.cq. Then the equivalent plastic strain c~~v can be incremented 
directly by 6.cq· The evolution equation for the damage parameter (J is given by 

[15] 

which is obviously dependent on the deviatoric part of the strain rate 6.cq and the 
actual hydrostatic pressure p. With this the whole set of constitutive equations is com
pleted. 

The evaluation of the material mode! for a given Joad leve! requires the solution 
of the three equations [10], [14] and [15] for the unknowns 6.cp, él.cq and 6.(3, res
pectively. Classically this evaluation would be done pointwise in the local leve! of the 
integrations points by an implicit EULER backward integration rule, which is descri
bed in the Appendix. In Section 2.2 we discussed a new approach, which allows for 
nonlocal formulation; its algorithmic treatment is shown in Section 4.2. 

The exact linearization of the set of equations follows the description in [ARA 87]. 
At this point we just mention the starting point of the linearization 

r- C · (€tr- ~6.c 1- 6.c nr) - . 3 p q , [16] 

where C is the elastic modulus defined by the LAMÉ constants. The variational ex
pression for [ 16] is found as 

Sr= C: (s€tr- ~Sél.cpl- Sél.cqnr- él.cq ~~ :Sr) . [17] 

Sorne extended algebraic manipulations on [17], as described in [ARA 87], 1ead to the 
expressions Sél.cp and Sél.cq and finally to 

D _(or) 
- O€ t+6.t , 

[18] 

which is the material modulus for the implicit integration procedure at the end of the 
considered time interval [t, t + 6.t]. 

4. Finite element formulation 

4.1. 3D-element 

Starting pointis the weak form of equilibrium g(u, Su), see Fig. 1, formu1ated 
in the current configuration, where u is the displacement and tL are the prescribed 
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tractions acting on the loaded boundary 8Bu of the body in the current configuration 
B. Linearization with respect to the current deformation state, and rearrangement leads 
(with dv = J dV) to the following representation of the element stiffness 

Dgelmt(û, Ju) = J J (~u + grad~u ·u): gradJu dVelmt 

Bo 

[19] 

where J = det F and 8 0 denotes the reference configuration. As for the global resi-

FIG. 2. 20-noded solid element 

duum vector resulting from g(u, Ju) the elementwise results from [19] are assembled 
to the global stiffness matrix K. For further explanations on the implementation of the 
consistent linearization of the used algorithm see [SIM 92] and the modifications in 
[REE 97] conceming the determination of the eigenvalue decomposition. 

The discretization chosen in this paper is based on a 20-node-displacement ele
ment formulation with shape functions N;, (i = 1, 2, ... , 20), so that quadratic func
tions describe the element edges. Fig. 2 shows such an element in an arbitrary confi
guration. As in [MAT 94] we use a 2 x 2 x 2-integration scheme, which means an 
underintegration with respect to the quadratic shape functions N;. It shall be pointed 
out that again no hourglassing modes were detected like in the case of an 8-node
displacement element formulation and a 1 x 1 x !-integration scheme, see [BAA 98]. 

4.2. The algorithmic treatment of the new approach 

As described above, the iterative solution procedure used for solving nonlinear 
problems by the fini te element method requires an evaluation of the constitutive equa
tions on the leve! of integration points. This is known as the lowest leve! of iteration 
in contrast to the globalload/time incrementation and the subsequent global iteration 
fulfilling the weak form of equilibrium. 

In our new approach the originally local evaluation of the set of constitutive equa
tions on each integration point is shifted from the lowest leve! to a global solution 
while assembling the system stiffness matrix and the right band side residual vector. 
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Instead of solving iteratively for each integration point on the element level, we as
semble a large system of equations where the set of equations from each integration 
point enters blockwise along the main diagonal of the new system matrix, see also 
[BAA 00]. 

The global iteration scheme to find the current equilibrium requires in every itera
tion Joop the assembling of the (global) system matrix and the right hand side vector. 
Parallel to this assembling procedure we solve the new global system of constitutive 
equations by an NEWTON-Iike iteration scheme. Due to the blockwise structure of 
the resulting system matrix it is possible to invert this matrix block-by-block and 
reassemble the resulting 3 x 3-submatrices for the use in the NEWTON-Jike itera
tion scheme. The character of a full JACOBI AN matrix for a real NEWTON scheme is 
lost bec a use of the coup ling of the quantities ~Ep, ~Eq and ~(3 through [ 1 ]. But this 
coupling is very weak in comparison to the dependence of the constitutive equations 
[20]-[22] in the local evaluation. So the rate of convergence is nearly quadratic as 
assumed for a full NEWTON scheme, see also time consumption in Table 2. Having 
determined the nonlocal results, the global stiffness and right hand side for the global 
equilibrium iteration can be assembled following the same scheme as for the classical 
solution technique. 

5. Example and results 

5.1. Mode/ of a CT specimen 

As example we examine a three dimensional mode) of a CT specimen discreti
zed by 20-node solid elements as shown in Fig. 3. Due to symmetry just a quarter of 

FIG. 3. Mode! of CT specimen 

the structure is modeled, where the used edge lengths are shown in the right part of 
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Tab. 1. The loading is applied by the displacement UF of the marked nodes and the 
respective nodes located in the middle of each element edge length, see Fig. 2 and 
Fig. 3. For simplicity applying an uniform numerical postprocessing procedure and 
for getting easier comparable results we just take the results of the marked nodes into 
account and sum up their reaction force to get a global answer of the structure. This 
proceeding can also be justified by the long distance between the loaded nodes and 
the zone of interest in front of the crack tip. So the resulting reaction forces on the 
loaded nodes are uniformly distributed and just scaled by a factor resulting from the 
quadratic shape functions along the loaded element edges. Here, we distinguish two 
different mesh types named by the typical element edge length e in front of the crack 
tip. The first mesh is characterized by e = 1.0 mm, the other one by e = 0.5 mm. 
The set of material parameters used is shown in Tab. 1, where the first four parameters 

TAB. 1. Material parameters, stress dimension [MPa], and geometry in [mm] 

can be obtained by simple tensile tests, and D, 0'1 and Jo are responsible for the da
mage representation of the constitutive mode!. Ductile crack growth is represented by 
reaching the threshold value of fF = 0.19 by the local value of the volume fraction 

f expressed in terms of the damage parameter (3 by f = 8j~l, see Eqn. [Il], in any 
integration point. This final value h as threshold for the evolution off is not urgent 
in this formulation using the ROUSSELIER damage mode! and its damage parameter 
(3, but in order to get comparable results to the use of e.g. the GURSON damage mo
del, see e.g. [BAA 98], it is very attractive. The maximum distance of the respective 
integration points from the initial crack tip defines the actual crack growth 6.a. To 
show the effect of the nonlocal regularization technique introduced here, the charac
teristic length scale is fixed to le = 1.0 mm for the two different mesh types. So le 
corresponds to the coarse discretization with e = 1.0 mm. 

5.2. Results 

The response of the nodal reaction force vs. the applied dis placement u F is plotted 
in Fig. 4. It can be seen from the curves (1) and (3) that the 3D mode! behaves in 
the usual way depending on the discretization for the traditionallocal approach with 
le = 0.0 mm. The finer the used FE mesh is, the earlier the onset of strain localization 
is reached. Afterwards the negative slope of the respective curves gets steeper with 
increasing re finement of the discretization. 

In contrast to these classical mesh sensitive results, the responses of the nonlocal 
approaches show a different behavior for the two types of discretization. Although the 
typical element edge length e is varied from e = 0.5 mm to e = 1.0 mm, the curves 
(2) and (4) characterizes nearly the same behavior of the regularized calculations with 
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FIG. 4. Reaction force vs. end displacement for different discretization 

the identical internai length le = 1.0 mm, while the onset of global softening can be 
observed for ali curves at a displacement of about UF = 0.38 mm on the loaded 
nodes. Fig. 5 represents the maximum values for the void volume fraction f in the 
first integration point in front of the initial crack tip in the center of the specimen 
vs. the number of Joad steps. These values are plotted for the cases (2), (3) and (4) 
to show the effect of the regularization technique. In addition, the threshold value of 
!F = 0.19 is marked by a dashed line indicating the transition of this value by the 
different calculations at different Joad steps. The crack advance ~a, which corres
ponds to this maximal value off in the front of the crack tip, is marked by dots in the 
plot. This shows that the local analysis (3) responses with a larger crack advance of 
~a ~ 1. 7 mm at Joad step 90, while the nonlocal representations (2) and ( 4) for both 
discretization result in a crack growth of about ~a ~ 0.8 mm (the accurate position 
of the respective integration points varies due to the different element edge lengths in 
front of the crack tip) at this Joad step 90. So, these regularized results show nearly 
the same crack advance, although different discretizations are used. Tab. 2 shows 

DOF Time : Equiv. lnv. Time : gbl. NLoc 
e = 1.0 mm 850 0.08 secs. 0.61 secs. 
e = 0.5 mm 7545 8.5 secs. 10.1 secs. 

TAB. 2. Comparison of computational costs iterating the global equilibrium at load 
levet 71 

a comparison of time consumption for calculations with two different discretizations 
e = 1.0 mm ande= 0.5 mm and the resu!tingDegrees Of Freedom. The third column 
shows the time for inverting the FE system matrix by an advanced GAUSS elimination 
during the iteration of the equilibrium state on an IBM RS6000/397 workstation. Wi-
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thin the considered Joad leve! of step 71 about seven iteration steps are needed to reach 
a converged situation. This time consumption is independent from the local or nonlo
cal evaluation procedure. The last column represents the duration for solving the set of 
constitutive equations on the global leve! within the proposed nonlocal approach. The 
classicaly local solution needs -in contrast to that- a vanishing time to assemble 
the FE stiffness matrix, indeed without nonlocal smoothing. So one can see, that the 
time consumption for solving the nonlocal system increases obviously with increasing 
number of integration points, but the amount of time is in tolerable limits respecting 
the profit of a nonlocal evaluation. These first results for the application of a new non
local solution approach demonstrate the capability of this technique in smoothing the 
classically local results on the level of integration points to a nonlocal distribution of 
the damage parameter /3, which is responsible for the softening behavior of a structure. 
In this sense it can be seen, that the applied modification of the classical FE solution 
approach, shifting the level of iteration of the constitutive equations to a more global, 
spatially dependent one, effects the structural response of a loaded specimen. Keeping 
these results in mind, an attractive future work could be a modification of the classical 
FE solution approach with respect to a useful possibility to enable a "communication" 
between the integration points depending on their spatial position. 

6. Summary 

In this contribution we show a study of a 3D simulation of CT specimen using the 
ROUSSELIER damage model combined with a 3-dimensional finite element formula
tion based on 20-node-solid elements. The main attention is put to a new algorithmic 
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approach to the iteration of the constitutive equations applying a nonlocal regulariza
tion to avoid mesh sensitive results. 

The first results for this treatment are shown here and underline the algorithmic 
applicability of the new approach. The additional time consumption for the nonlo
cal evaluation is in tolerable limits, although sorne further investigation conceming 
a faster realization of the new approach have to follow. Studies especially about the 
calibration of the mode! to experimental data are in preparation. 

7. Bibliography 

[ARA 87] ARA VAS N ., <<On the numerical Integration of a Class of pressure-dependent Plas
ticity Models >>, International Journal for Numerical Methods in Engineering, vol. 24, 
1987, p. 1395-1416. 

[BAA 97] BAAS ER H., HOHE J ., GROSS D., <<Ductile crack growth analysis using the Gurson 
damage mode!>>, KOSINSKI W., DE BOER R., GROSS D., Eds., Problems of Environmental 
and Damage Mechanics, n° ISBN 83-906354-1-0, Warszawa, Poland, 1997, p. 139-147. 

[BAA 00] BAASER H., TVERGAARD V.,<< A New Algorithmic Approach treating Nonlocal 
Effects at Finite Rate-independent Deformation using the ROUSSELIER Damage Mode! >>, 
submitted to Computer Methods in Applied Mechanics and Engineering, , 2000, see also 
DCAMM Report 647, TU Denmark, Lyngby. 

[BAA 98] BAASER H., GROSS D., <<Damage and Strain Localisation during Crack Propaga
tion in Thin-Walled Shells >>, BERTRAM A., SIDOROFF F., Eds., Mechanics of Mate rials 
with lntrinsic Length Scale, n° ISBN 2-86883-388-8, Magdeburg, Germany, 1998A, EDP 
Sciences, p. 13-17, Journal de Physique IV, 8. 

[BAZ 88] BAZANT Z., PIJAUDIER-CABOT G., << Nonlocal Continuum Damage, Localisation 
Instability and Convergence >>, Journal of Applied Mechanics, vol. 55, 1988, p. 287-293. 

[BOR 99] DE BORST R., PAMIN J., GEERS M., <<On coupled gradient-dependent plasticity 
and damage theories with a view to localization analysis >>, European Journal of Mechanics 
-A/Solids, vol. 18, 1999, p. 939-962. 

[EHL 98] EHLERS W., DIEBELS S., VOLK W.,<< Deformation and Compatibility for Elasto
plastic Micropolar Materials with Applications to Geomechanical Problems >>, BERTRAM 
A., FOREST S., SIDOROFF F., Eds., Mechanics of Materials with lntrinsic Length Scale, 
Magdeburg, Germany, 1998, p. 120-127. 

[HOH 96] HOHE J ., BAAS ER H., GROSS D., << Analysis of ductile crack growth by means of 
a cohesive damage mode! >>, International Journal of Fracture, vol. 81, 1996, p. 99-112. 

[LEB 94] LEBLOND J., PERRIN G., DEVAUX J., <<Bifurcation Effects in Ductile Metals with 
Nonlocal Damage >>, ASME Journal of Applied Mechanics, vol. 61, 1994, p. 236--242. 

[LI 94] LI Z., BILBY B., HOWARD I., <<A study of the internai parameters of ductile damage 
theory >>, Fatigue & Fracture of Engineering Mate rials & Structures, vol. 17, n° 9, 1994, 

p. 1075-1087. 

[MAT 94] MA THUR K., NEEDLEMAN A., TVERGAARD V.,<< Ductile failure analyses on mas
sive! y parallel computers >>, Computer Methods in Applied Mechanics and Engineering, 
vol. 119,1994,p. 283-309. 



Simulation of ductile crack growth 367 

[OLI 96] OLIVER J ., « Modelling strong Discontinuities in Solid Mechanics via Strain Softe
ning Constitutive Equations : Part 1 and II », International Journal for Numerical Methods 
in Engineering, vol. 39, 1996, p. 3575-3623. 

[PIJ 93] PIJAUDIER-CABOT G., BENALLAL A.,<< Strain localization and bifurcation in a non
local continuum >>, International Journal of Solids and Structures, vol. 30, n° 13, 1993, 
p. 1761-1775. 

[REE 97] REESE S., WRIGGERS P.,<< A material mode! for rubber-like polymers exhibiting 
plastic defom1ation : computational aspects and a comparison with experimental results », 
Computer Methods in Applied Mechanics and Engineering, vol. 148, 1997, p. 279-298. 

[ROU 89] ROUSSELIER G., DEVAUX J.-C., MOTTET G., DEVESA G., << A Methodology 
for Ductile Fracture Analysis based on Damage Mechanics : An Illustration of a Local 
Approach of Fracture», Nonlinear Fracture Mechanics, vol. 2, 1989, p. 332-354. 

[SIM 92] SIMO J ., << Algorithms for Static and Dynamic Multiplicative Plasticity that preserve 
the classical Return Mapping Schemes of the infinitesimal Theory », Computer Methods in 
Applied Mechanics and Engineering, vol. 99, 1992, p. 61-112. 

[TVE 89] TVERGAARD V.,<< Material Failure by Void Growth to Coalescence», Advances in 
Applied Mechanics, vol. 27, 1989, p. 83-151. 

[TVE 97] TVERGAARD V., NEEDLEMAN A., << Nonlocal Effects on Localization in a Void
Sheet », International Journal of Solids and Structures, vol. 34, n° 18, 1997, p. 2221-
2238. 

Appendix : Iteration of the set of constitutive equations 

The unknowns ~ép, ~éq and ~(3 are determined by a NEWTON-like iteration scheme. The 
el as tic trial-stress state is determined as described in Section 3.1, where also the quantities p1r 

and q1
r are obtained as described below (8]. The "retum mapping" iteration described here is 

carried out for integration points violating the yield condition [10], either on the local leve! or 
as shown in Sections 2.2 and 4.2 with the new global algorithm. 

_!_ {q-ao [é~~v E+l]l/N +B((3locfnonl)Dexp(-E._)} [20] 
E ao a1 

à<I> à<I> 
~ép àq + ~éq àp = 0 [21] 

~(3Iocfnonl _ ~éqD exp(_ E._) = o [22] 
O"j 

For having a better condition of the iteration system the function r 1 is weighted by YOUNGs 
modulus, so that a dimensionless expression results as for r 2 and r 3 • 

Evaluate for i, j = 1, 2, 3 

[23] 

where ~x is either calculated directly on each integration point by ~x; = l;j 1 TJ or calculated 
using a global iteration scheme where the non local smoothing [ 1] is applied after every iteration 
step as described in the previous sections. So one gets [x 1 , x2 , x3r = [~ép, ~éq, ~f3]T. The 
quantities é~~~r and (3 1

r are used to store the accumulated his tory of the actual integration point 
in addition to the tensorial quantity needed in [7]. 




