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ABSTRACT. We consider the problem of solving large-scale non-linear dynamic aeroelasticity
problems in the time-domain using a fluid-structure partitioned procedure. We present a mathe-
matical framework for assessing some important numerical properties of the chosen partitioned
procedure, and predicting its performance for realistic applications. Our analysis framework
is based on the estimation of the energy that is artificially introduced at the fluid-structure in-
terface by the staggering process that is inherent to most partitioned solution methods. This
[framework provides a powerful means for the construction of more accurate and stable parti-
tioned methods. Using two- and three-dimensional, transonic and supersonic, wing and panel
aeroelastic applications, we validate this framework and highlight its impact on the design and
selection of a staggering algorithm for the solution of coupled fluid-structure equations.

RESUME. Nous présentons une méthode qualitative d’évaluation d’algorithmes de couplage
pour la simulation numérique de systémes aéroélastiques non linéaires. Cette évaluation,
fondée sur la mesure de U’énergie artificiellement produite a I'interface fluide-structure, est un
outil puissant pour la construction de nouvelles méthodes plus efficaces. Nous en validons les
résultats et démontrons les possibilités sur des écoulements autour de structures déformables.
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1. Introduction

Wing flutter, fighter tail buffeting and flow induced pipe vibrations are examples
of fluid-structure interaction phenomena that are of great concern to aerospace, mech-
anical, and civil engineering. Since the underlying fluid system is represented by a
non-linear model (i.e. the Euler or Navier-Stokes equations), these problems are refer-
red to as non-linear transient aeroelastic problems.

A non-linear transient aeroelastic problem where the fluid domain boundaries un-
dergo a motion with a large amplitude can be formulated as a three-field problem
(fluid, structure, and pseudo-structural dynamic mesh) governed by the following cou-
pled semi-discrete equations [LES 93], [FAR 95b], [PIP 95]:

%(AWHFC(W,:E,&:) = R(W,z),

d2u du ext
ML+ DS s Ku = W (z,0),2), [
~d2 ~ dx —_—

where a dot denotes a time-derivative, x is the displacement or position vector of the
moving fluid grid points (depending on the context), W is the fluid state vector, u is
the structural displacement vector, M, D, and K denote respectively the finite ele-
ment mass, damping, and stiffness matrices of the structure, £¢** is the vector of exter-
nal forces acting on the structure, x is the grid displacement vector, M D, and K are
fictitious mass, damping, and stiffness matrices associated with the moving fluid grid
and constructed to control its motion, A results from the finite element/volume discre-
tization of the fluid equations, F* = F — W is the vector of Arbitrary Lagrangian
Eulerian (ALE) convective fluxes, F' denotes the vector of convective fluxes and R
the vector of diffusive fluxes. The first two equations of [1] express the equilibrium of
the fluid and structure subsystems, respectively. The third equation is a mathematical
representation of a fluid dynamic mesh (note that M = ﬁ = 0 includes as particu-
lar cases the spring analogy and continuum mechanics based mesh motion schemes
advocated by many investigators [BAT 90], [FAR 98a]).

For complex structural systems, the simultaneous solution of [1] by a monolithic
scheme (the three fields are combined in a single numerical formulation) is in gen-
eral computationally challenging, mathematically and economically suboptimal, and
software-wise unmanageable.

Alternatively, equations [1] can be solved by a partitioned procedure where the
fluid and structure subproblems are time-discretized by different methods tailored to
their different mathematical models, and the resulting discrete equations can be sol-
ved by a “staggered”, or “segregated”, or “time-lagged” algorithm (see for example
[FAR 95b}, [PIP 95], [STR 90], [MOU 96], [GUP 96]). Such a strategy simplifies ex-
plicit/implicit treatment, subcycling, load balancing, software modularity, and soft-
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ware replacements as better mathematical models and methods emerge in the fluid
and/or structure disciplines. The basic, most popular staggered algorithm, referred
to in this paper as the Conventional Serial Staggered (CSS) procedure, goes as fol-
lows:

(a) transfer the motion of the wet structural boundary to the fluid system,

(b) update the position of the moving fluid mesh accordingly,

(c) advance the fluid system and compute new pressure and fluid stress fields,
(d) convert the new fluid pressure and stress fields into a structural load,

(e) advance the structural system under the flow induced load.

Such a staggered procedure, which can be described as a loosely coupled solution al-
gorithm, can also be equipped with a subcycling strategy where the fluid and structure
subsystems are advanced using different time-steps Aty and Atg [PIP 95]. Usually,
one has Atp < Atg.

Unfortunately, it is well-known that the time-accuracy of the CSS procedure is in
general at least one order lower than that of its underlying flow and structure time-
integrators, and its stability limit can be much more restrictive than that of the flow
and/or structure solvers. For this reason, several ad-hoc strategies have been publi-
shed in the literature for improving the time-accuracy and stability properties of the
CSS procedure. Most of them consist essentially in inserting some type of predic-
tor/corrector iterations within each cycle of the CSS procedure, in order to compensate
for the time-lag between the fluid and structure solvers [STR 90], [PRA 94].

The mathematical analysis of the time-accuracy and numerical stability of parti-
tioned procedures constructed for the solution of equations [1] has been at center of
many works, including those of the authors, for years. However, because the depend-
ence of the structure equations of equilibrium on the motion of the fluid dynamic
mesh is implicit rather than explicit, and the fluid equations of motion can be strongly
non-linear, our previous investigations were limited to a one-dimensional aeroelastic
model problem [PIP 95). This analysis yielded guidelines for exchanging aerodyna-
mic and elastodynamic data (possibly in the presence of subcycling) in a manner that
preserves the unconditional stability and order of time-accuracy of a given partitio-
ned procedure. We were able to apply some but not all of these ideas to the realistic
problem represented by equations [1] [PIP 97]. However, the formal analysis of stag-
gered algorithms remains a formidable challenge, because of the same reasons that
previously incited us to consider a representative model problem.

For this reason, we sum up in this paper our previous contributions, including a
very promising criterion for assessing the suitability of a given partitioned procedure
for the solution of the non-linear transient aeroelastic equations [1], and we give new
perspectives for the construction of more efficient partitioned procedures, based on
the designed criterion [PIP 99a]. This criterion is essentially based on the evaluation
of the energy that is numerically — and hence, artificially — created at the fluid-structure
interface by the staggering process and typically dictates the choice of the predictor,
and/or the time-discretization of the transfer of the fluid pressure and stress fields to
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the structure subsystem. Since it is very effective at discriminating between staggered
algorithms as well as improving them, we apply this criterion to the analysis of new
partitioned procedures constructed with enhanced parallel features, in the case of two-
and three-dimensional, transonic and supersonic, wing and panel flutter problems.

2. An energy-based analysis

The global system defined by the union of the fluid and structure subsystems being
a closed system, it follows that at each time ¢, the reaction of the structure is equal to
the action of the fluid and the works performed by the structural forces and by the fluid
pressure and stress fields at the fluid-structure interface I' r; s must be opposite.

In [LES 95], [LES 96], [PIP 97], it was argued and shown that the loss in time-
accuracy and numerical stability induced by staggering can be traced to a lack of
conservation of the momentum and energy at the fluid-structure interface. It was also
argued in [PIP 97] that the time-accuracy and stability properties of a given partitioned
procedure can be improved by controlling the unbalance of energy at I'r 5.

In view of the above remarks, we have proposed a framework for analyzing par-
titioned procedures designed for the solution of equations [1] that is based on the
evaluation of the works performed at the fluid-structure interface. More specifically,
given the fluid and structure responses predicted by a staggered algorithm at each
time ¢t — where n designates the n-th time-station — we propose to evaluate a parti-
tion procedure by assessing the order of the difference between the work performed
by the fluid pressure and stress fields, and that performed by the structural forces, at
the fluid-structure interface, as a function of the computational time-step. Not only
such a criterion can discriminate between different partitioned procedures designed
for the solution of non-linear transient aeroelastic problems, but it can also suggest
a conservative time-discretization of the pressure and stress fields transmitted by the
fluid to the structure. A similar idea was exploited in [FAR 98b] to semidiscretize (in
space) the exchange of aerodynamic data between the fluid and the structure across
non-matching discrete fluid and structure interfaces.

In order to simplify our analysis, we consider only a generic point on the fluid-
structure interface, and a surrounding patch of unit length in two dimensions, and unit
area in three dimensions. We denote by P the pressure at this point, and consider the
case of an inviscid flow. The extension of our analysis to a viscous flow is straight-
forward. We apply our analysis framework to the investigation of several staggered
algorithms: serial or parallel, collocated or non-collocated. Because the aeroelastic
structural response is usually dominated by low frequencies, we consider exclusively
an implicit structural time-integrator. More specifically, we consider only the mid-
point rule because of the popularity of this scheme in production structural codes.
Even though for aeroelastic applications we also recommend an implicit scheme as
a flow time-integrator, we consider both explicit and implicit flow solvers because of
the popularity of both approaches in the computational fluid dynamics community.
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2.1. Analysis of serial collocated partitioned procedures

2.1.1. The generalized conventional serial staggered (GCSS) procedure

First, we consider the popular CSS procedure as summarized by Farhat et al.
{FAR 96]. This partitioned procedure is collocated — that is, it evaluates the fluid and
the structure subsystems at the same time-stations. It is serial, or sequential, i.e. the
fluid and the structure are advanced in time successively, but not simultaneously.

We generalize this method to incorporate a prediction of the displacement of the
structure and an evaluation of the flow induced structural load after the fluid subsystem
has been advanced from one time-step to the next one. Each cycle [t", t"*!] of the
GCSS procedure goes as follows:

Step 1. Predicts the structural displacement at time ¢™+!
w1 = w4 apAtsn™ + ayAtg (a" — a7, (2]

where o and a; are two real constants. The prediction [2] is first-order time-accurate
if ap = 1, and second-order time-accurate if &g = 1 and a3 = 1/2. Then, transfers
the motion of the wet boundary of the structure to the fluid.

Step 2. Updates the position of the fluid grid 2”*! to match on '/ s the position that
the structure would have if it were advanced by the predicted displacement w™+1".
Then, time-integrates the fluid subsystem from t™ to "1 = t™ + At using a fluid
time-step Atp < Atgs. If Atp # Atg, subcycles the flow solver.

Step 3. Transfers a fluid pressure field Ps™*! to the structure, and computes the corre-

sponding flow induced structural load f '}7; In the case where the fluid and structure
meshes have non-conforming discrete interfaces, a conservative algorithm for compu-

ting the spatial distribution of f’}*/'é is recommended [FAR 98b].

Step 4. Time-integrates the structure subsystem from ¢™ to ¢! = t™ + Atg.

Note that when the flow solver is subcycled, the velocity of the fluid moving grid
is held constant constant and equal to & = (x"*! — z™)/Atg, in order to satisfy the
geometric conservation law (GCL) [LES 95], [LES 96]. Also, Ps™ ! is “a” pressure
field sent to the structure and computed after the fluid subsystem has been advanced
from ¢* to t*+1. Most importantly, Ps™ " is not necessarily the pressure field prt!
which is computed by the flow solver at time-station t™ 1. Hence, a specific expression
of Ps™*! defines a particular instance of the generalized CSS procedure, and can vary
from one staggered solution algorithm to another.

2.1.2. Energy balance at the fluid-structure interface

As stated earlier, we assume in this paper that the structural subsystem is always
time-integrated by the midpoint rule, but we do not make any assumption for the
choice of the flow time-integrator. For any given unsteady flow solver, the energy
transferred during the time-interval [t*, ¢"*!] from the fluid to the structure through
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a patch of '/ 5 of unit length/area, as viewed by the fluid, can be evaluated as

tntt
AERY = -/ FL(t)a(t)dt = —Pp™tY (z™t! — 2™, (3]
in
where the superscript T' designates the transpose operation, fg denotes the pressure
forces exerted by the fluid on I'r/ 5, and Pr™t! is a vector of nodal pressures whose
exact expression depends on the time-integrator used by the flow solver. More spec-
ifically, Pp™*! depends on the fluid pressure values that are used by the flow solver
to compute the fluxes across the interface boundary I'p; 5, when advancing the fluid

state vector from ™ to t"*1. Hence, Pr™"" can take any of the following values

explicit forward-Euler scheme: Pt = P [4a]
implicit backward-Euler scheme: Pt~ Pt [4b]
second-order time-accurate solvers: Pp™t ~ (P* 4+ PMTY /2. [4c)

nt1

1 t
subcycling with Aty << Atg:  Pp™t! ~ e / P(t)dt. [4d]
S Jin

For one-dimensional aeroelastic problems where the interface I' ;5 reduces to a
single point, formulas [4] are exact. For two- and three-dimensional problems, we use
it to estimate the energy transferred from the fluid to the structure, as viewed by the
fluid.

Next, we turn our attention to the energy transferred from the fluid to the struc-
ture, as viewed by the structure. First, we note that the displacement, velocity, and
acceleration of the structure computed by the midpoint rule satisfy

wtl = u” + Atg(a™ + 4"t /2,
W = A 4 Atg(i" + a2, (5]
Mah 4 Da™t + Ku™t! = PRt

Hence, if the structural energy is defined as Eg = %uTMu + %uTKu, it follows
from equations [5] that the variation of Fg during a time-step Atg is given by

Pg™ + pg™t!
2

The first right hand side term of [6] represents the energy transferred from the fluid
to the structure, as viewed by the structure. Hence, this energy can be written as

P n P n+1 T
AEg-f—l — ( S +2 S ) (un+1 _ un) . [7]

From equations [3] and [7], it follows that the GCSS procedure conserves energy
at the fluid-structure interface if and only if AE,’}‘H + AEg"’1 =0,ie.

n n+1l T
PFn+1T (wn+1 _ mn) — <PS +2PS ) (un+1 _ un) ] [8]

T
Eg+1 — E; = < ) (un+1 _ un) _ Ats’l.l,n+%TD'iLn+%. (6]
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This relationship underscores the importance of formulating computational aero-
elasticity problems as three-field problems (the fluid, the structure, the fluid dynamic
mesh), especially for the analysis of their solution by partitioned procedures.

In general, the predictor [2] — and for that matter any other predictor — does not
guess exactly the position of the structure at t"*+!; therefore

(! —z™) # (v —u™) on Tpys. (9]

Furthermore, although Ps™*! is a free parameter of the generalized CSS proce-
dure, it cannot be easily constructed to enforce the conservation equation [8], because
u™*! is computed by a partitioned procedure only after Ps™*' has been evaluated.
For all these reasons, we conclude that the general family of collocated partitioned
procedures, and more specifically the GCSS procedure, cannot conserve energy at the
fluid-structure interface I' r/ . However, three key algorithmic components can be ca-
refully adjusted for controlling the unbalance of energy at I/ s, and reducing it as
much as possible:

— The motion scheme of the dynamic fluid mesh;
— The structural predictor;

— The time-discretization of the transfer during [¢", ¢"*!] of the aerodynamic data
from the fluid to the structure, i.e. the construction of the pressure field P5"+1.

2.1.3. Framework for characterizing a partitioned procedure

Here, we specify our framework of analysis and illustrate it for one particular
instance of the GCSS procedure. Our objective is to estimate the amount of energy
unbalance created at the fluid-structure interface '/ 5 by a staggering process during
a relatively long period of time. To this end, we make the following assumptions:

— The only external forces applied to the structure are those corresponding to the
flow pressure on '/ 55

— The structure is vibrating with a constant amplitude uo and circular frequency
w: u(t) = ug cos(wt);

— The pressure induced by the flow on I'r/s is also vibrating at the same circular
frequency w, but with a phase difference denoted by ¢: P(t) = Pq cos(wt + ¢). This
phase difference can be linked to well-known added mass, damping, and stiffness
effects of a fluid loading. We define two scalar parameters k and d as follows:

k= ugPo cos g, d= uOTPO sin ¢; [10]

— The fluid and structure subsystems are advanced in time using fixed time-steps
Atp and Atg, respectively.

To illustrate our analysis framework, we consider first a specific instance of the
GCSS procedure where the prediction step is as trivial as ™! = w1 = y»
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(o = a1 = 0), Ps™ ! is constructed as Ps™ ' = P™*! _j.e. the pressure field sent

to the structure is the most recent pressure field computed by the flow solver — and
the fluid subsystem is time-integrated by the explicit forward-Euler scheme (which
implies Pp"1! = P™), with Atp = Atg = At. Let

To =27/w, h=uwAt. [11]

At each time-step, the structure and fluid variables u™ and P™ computed by
this collocated partitioned procedure can be viewed as approximations of w(¢™} and
P(t™), where t" = nAt. From equations [3] and {10], it follows that

AEE = [kcos(wt™) — dsin(wt™)] (cos(wt™ ) — cos(wt™)) . [12]

The energy AEQ’T“ transferred during the time-interval [0, N x 7] from the
fluid to the structure through a patch of I'r/s of unit length/area, as viewed by the
fluid, can be estimated by summing AE} fromn = 0ton = 2N#n/h = NT,/At.
Noting that for large values of N/h

Zi’l’g/h cos(wt™ ! + k) cos(wt™ 1)~ BT cos(h),
Zig)/h sin(wt"~! 4+ h)sin(wt™™!)  ~ 5T cos(h), [13]
Ziﬁ’gh sin(wt™~! + h)cos(wt™ 1)~ ETsin(h),

we deduce from equations [12-13] that AENT» =S 2Y/h"AEn Nz 6Ep with
SEr = [k (cos(h) — 1) —dsin(h)]/h. Assuming h = wAt <« 1, 0 Ep can be express-
ed as 6Er = —d — kh/2 + dh?/6 + kh3/24 + O(h*). An estimate of the energy
AEQ’T“’ viewed by the structure can be derived using a similar approach, which leads

to AENT- = 2MIRAER ~ N7 6Es with 6Es = d — dh?/6 + O(h®). From the
previous equations, it follows that for the specific collocated partitioned procedure
described above, the total energy created artificially at the fluid-structure interface by

the staggering process is

AENT- + AEY™ ~ N7 (8Er + 6Es) = Nﬂ(—kg +O0(h%). (14

Finally, the parameter 0F = 0Er + 6F is used to assess the accuracy and numeri-
cal stability of a partitioned procedure proposed for the solution of equations [1]. For
relatively small time-steps (h = wAt < 1), this parameter 6F can warn the analyst
that his/her chosen partitioned procedure will introduce positive or negative damping
in the computed aeroelastic response, depending on the signs and relative magnitudes
of k and d (which depend on the distribution of the aerodynamic loads on the struc-
ture). This framework of analysis can be applied to many partitioned procedures. We
shall say that a partitioned procedure is n**-order energy-accurate if SE ~ C h™ when
h — 0, where C is a constant. Note that the parameters 8E'r and E 5 can be estimated
separately.
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2.1.4. Evaluation of 6E for various flow time-integrators

Here, we consider again the GCSS procedure presented in Section 2.1.1, but equip-
ped with the two-parameter predictor [2], and various schemes for time-integrating the
semidiscrete fluid equations (and then various expressions of P™""). For each case,
we give the value of the estimated energy 6 Ep:

_ _1 o 2
(l1+ (a0 — 3)kh +3( —2Q4+ ay)dh [15a]
+(ﬁ——Q+a1)kh O(h*).

forward-Euler [4a]: 6Efr = {

[15b]

_3 T _ 3oy 2
backward Euler [4b]: 8Ep = |~ (@0 = 3k + (5 Tal)dh

2
+(3 - Ty 2a1)kh3 + O(h*

i
_ 2 _ 2
27 order solvers [4c):  8Ep = { d+ (C;_(;Q )kh + ( ao + an)dh [15¢]

)kh3 +O(hY).

- l)k‘h + (172 g + o )dh2
— Teu 4 3%0)kh3 4+ O(RY).

subcycling [4d): 6Ef¢ [15d]

1

+
—
[
—_
[N}

2.1.5. Evaluation of 8Eg for various choices of Ps™t?

Next, we focus on the treatment of the structural equations by the GCSS pro-
cedure and we only consider the trapezoidal rule for their time-integration. We use the
following formulation, which fits the midpoint rule (rather than the Newmark method
with 3 =1/4andy =1/2)

4M 2D )n+1/2_P5"+Ps"+1 4M Eu M

i " = o ny 2 16
(At25+At5+ 2 (At25+At5) +At5u L]
whose solution determines the displacement u”t! = 2u™*t1/2 — u™. The reader

can refer to [PIP 99b] for a discussion on differences in implementations, whether
a Newmark-type or a midpoint rule formulation is used.

We investigate different approaches for constructing a flow induced structural load
PS"+1 after the fluid subsystem has been advanced from ¢™ to t"*t1. We can consider
the four choices Pg"*t! = Pp"*! and the four choices Ps"t'/? = Pp™t! (with
P2 = (pg™ 4 Ps™11)/2), deriving from each possible choice for the flow
time-integrator [4]. We give the corresponding value of the estimated energy 6 Eg:

2 1
Ps™t = Pptl4a): 6Es =d — kh — §dh2 + gkhg + O(hY). [17a]

Ps™! = Pprti[4b]: 6Es = d — %dh"’ +O(h). [17b]

1 1
Pl = Pptl4c]: 6Es =d - 5kh - %th + gkh,3 +O(hY). [17c]

1 1
Ps™ ! = Petl4d): 6Es =d - 5kh = %th - gkhS +O(hY.  [17d)
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‘ , 1 1 1
P2 = pp"tlda): 6Eg =d — akh - gdh? + ﬂkhg +O(hY). [18a]

1 1 1
Ps™ /% = Ppti[db): 6Es = d+ Jkh— odh® — o kh® + O(h*). (18b]
1
Pg"t1/% = Pp"il4c): s =d — <dh® + O(h"). (18c]
. 1 .
P12 — ppntliad] SEg =d — 1—2dh2 + O(h%). [18d]

2.1.6. Energy analysis of collocated partitioned procedures

The various flow time-integrators discussed in Section 2.1.4, the different schemes
for transmitting the fluid data to the structure exposed in Section 2.1.5, and the various
instances of the structural predictor [2] can be combined to generate different family
members of the GCSS procedure presented in Section 2.1.1. For each resulting parti-
tioned procedure, the corresponding expression of the energy £ = 6 Ep + 6 Eg can
be obtained by combining the results of Section 2.1.4 and Section 2.1.5, and speci-
fying the values of ap and «; in the predictor [2]. Here, we summarize the energy
analysis of these collocated partitioned procedures.

* Trivial prediction. First, we consider the case where oy = a1 =0, i.e. w1 =y
The reader can check that such a predictor always lead to a first-order energy-accurate
CSS method, except in one instance. When the fluid subsystem is time-integrated by
a first-order explicit scheme (== Pp™*! = P™)and Ps"*1/2 = P™"*! the resulting
CSS partitioned procedure becomes at least fourth-order energy-accurate. However,
this specific instance of the CSS method does not conserve well the momentum at the
fluid-structure interface (momentum variations of the fluid and the structure during
a time-step are not accurately opposite), and becomes less energy-accurate when the
fluid system is subcycled.

* First-order prediction. Next, we consider the first-order prediction obtained by
setting g = 1 and a; = O in [2]. In that case, several CSS algorithms become
second-order energy-accurate. The optimal one (using a second-order time-accurate
flow integrator and Ps™** given by [18d] is such that 6F = —5dh?/12 + O(h?).

* Second-order prediction. The second-order prediction of the structural displace-
ment obtained with ag = 1 and a; = 1/2 leads to third-order energy-accurate CSS
procedures if and only if Ps"*/2 = Pp™*! where Pp™*! depends on the flow
time-integrator [18a-18d]. Independently of the flow time-integrator, momentum is
conserved at I' 7/ ¢ (momentum variations of the fluid and the structure during a time-
step are numerically opposite) and 8E = 5kh%/12 + O(h*).
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2.2. Analysis of a serial non-collocated partitioned procedure

In [LES 95], [LES 96], [FAR 96], [LES 98], Lesoinne and Farhat have shown that
collocated partitioned procedures can never satisfy simultaneously both displacements
and velocities continuity equations on the fluid-structure interface, while verifying
the Geometrical Conservation Law (GCL) in the fluid domain [THO 79], [LES 95},
[LES 96]. Because of staggering, continuity of displacements at 'z, 5 is almost never
satisfied. Also, the continuity of velocities at I'z; g, the satisfaction of the GCL, and
the use of the trapezoidal rule for the structure are incompatible.

Given that both continuity equations are desirable in order not to introduce any pa-
rasitic discontinuity at I' ;s where the interaction between the fluid and the structure
occurs, and violating the GCL restricts severely the time-step of the flow-integrator
and/or the coupling time-step Ats [FAR 95b], [GUI 99], Lesoinne and Farhat have
proposed to resolve this dilemma by non-collocating the staggered procedure. Their
advocated algorithm, named the Improved Serial Staggered (ISS) procedure, is built
as a leap-frog scheme (and then it is basically sequential) where the fluid subsystem is
always computed at half time-stations (- - -, t"~ 2, gty gntdoL -), while the struc-
ture subsystem is always computed at full time-stations (- - -, t™, t"*+1, t"*2 ...) The
ISS staggered procedure can be summarized as follows [LES 98]:

. . . 1 17 .
— Predicts the structural displacement at time t"+2: u™7 2 =+ %tiu";

— Updates the position of the fluid grid z"*7 to match on T r/s the predicted
position u™t%" . Then, time-integrates the fluid subsystem from "~ 7 to ¢{"*2 =
it Atg using a fluid time-step Atp < Atfg. If Atp # Ats, subcycles the
flow solver;

— Transfers a fluid pressure field PS"+1 to the structure, and computes the corres-
p ) P

ponding flow induced structural load f’ﬁs. Then, time-integrates the structure sub-
system from ¢™ to t"*! = " 4+ Atg using the midpoint rule.

Using this non-collocated partitioned method, the expression of the energy AEg
transferred during the time-interval [t™, ¢t"*1] from the fluid to the structure through
a patch of '/ s of unit length/area, as viewed by the fluid, has to be re-adjusted,
because unlike the structural subsystem, the fluid subsystem is advanced from =z
t0 t"*2). AE can be computed as

ntl n 1 nt+l 1 nt3
[AER]2H = [AEp|R? + [AEpMY = S[AER)TE + S[AEF]
n+; 2 n-y 2 'n+2

= o Pt antt —onhy - pentEiantE - onth). 9

Depending on the flow solver with which the ISS procedure is equipped, PF"+%
can take several values corresponding to a forward-Euler, backward-Euler, second-
order implicit, and highly subcycled flow time-integrator, respectively. The value for

SEr can be computed accordingly. Depending on analogous choices for Ps™ !, es-
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timates for O0Fs can be obtained, as in [17-refDESB]. From tedious developments on
&FE for many combinations, we obtain that

* Second-order energy-accurate instances of the ISS procedure can be obtained
using a flow time-integrator where PF""'% = P"_%, and setting Pstl? o any
of the possible pressure fields deriving from the fluid solvers considered, or using a
subcycled flow time-integrator and setting Pt/ = P™"%In the latter case, 6E
becomes 0F = —dh?/12 + O(h®).

* A third-order energy-accurate instance of the ISS method can be obtained by
1

choosing a flow time-integrator where Ppits = (P”_% + P™"2)/2 (even when

the flow solver is significantly subcycled), and setting Ps"+'/? = P This cor-

responds to the original ISS procedure proposed by Lesoinne and Farhat in [LES 95],
[LES 96], [FAR 96], [LES 98]

2.3. Construction of new serial partitioned procedures

The analysis presented in this paper gives us the basic tools to construct new par-
tittoned procedures. We can get through many combinations of fluid and structural
solvers, as well as choices for the structural predictor and fluid pressure fields trans-
mitted. We have already noticed in Section 2.1.6 that, if a predictor [2] with ag = 1
and o, = 1/2 s used and if we set Ps™ /2 = Pp"! where Pp""" depends on the
flow time-integrator, then the partitioned procedure obtained is third-order energy-
accurate with 6E = 5kh3/12+O(h*), independently of the flow time-integrator. Qur
analysis tells us also, after tedious calculations that

* if a predictor [2] with ap = 3/2 and a; = 5/4 is used, whereas Ps™ ! = Pp"t1,
where Pp™t! depends on the flow time-integrator, then the partitioned procedure
obtained is again third-order energy-accurate with 6E = 33kh?/24 + O(h*), inde-
pendently of the flow time-integrator.

* finally, a linear combination of the results reported above yields the amazing re-
sult that: if a predictor [2] with ag = 18/23 and @; = 4/23 is used and if we set
Pt = %PF”+1 — 33 Ps™, where Pr™"! depends on the flow time-integrator,
then the partitioned procedure obtained is at least fourth-order energy-accurate
(6E = O(h*)), independently of the flow time-integrator.

However, the last two families of partitioned procedures do not satisfy one of the
most important properties of procedures of the first family mentioned above, which
is the conservative exchange of momentum between the fluid and the structure sub-
systems at each time-step. This momentum unbalance, although the energy error ac-
cumulated at the fluid-structure interface is controlled and small, can lead in some
undamped cases to high-frequency numerical instabilities (errors in the structural pre-
diction and in momentum conservation are both present).
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2.4. Construction of parallel collocated partitioned procedures

The collocated and non-collocated partitioned procedures presented in Sections
2.1,2.2 and 2.3 were all constructed as serial partitioned procedures, in the sense that
the fluid and structural subsystems have to be advanced in time successively, and not
simultaneously at each coupled time-step. More precisely, the fluid time-integration
or the structural time-integration requires an information (coming from the other sub-
system) which is not available at the beginning of the coupled time-step.

In this section, we propose new partitioned procedures for the transient solution of
the aeroelastic problem [1], which are inherently parallel, i.e. the fluid and the structure
can be time-integrated simultaneously inside each coupled time-step. Such procedures
can reduce the total simulation time when the computational cost of the structural
analyzer is comparable to that of the fluid one, for example, when the structure is a
complete aircraft configuration and geometrical non-linearities must be accounted for.

2.4.1. A new family of parallel partitioned procedures deriving form the GCSS

WEe first propose the following parallel version of the GCSS procedure, which can
be sketched as

Fluid Step 1. Predicts the structural displacement at time t"*! using formula [2].
Note that this prediction does not require any further structural information than those
already known and exchanged before the beginning of the current coupled time-step.

Fluid Step 2. Updates the position of the fluid grid ™! to match on 'z /s the posi-
tion that the structure would have if it were advanced by the predicted displacement
u™t1” Then, time-integrates the fluid subsystem from ¢” to t"*! using a fluid time-
step Atp < Atg. If Atp # Atg, subcycles the flow solver.

Structural Step 1. Computes a fluid pressure field Ps™*! depending only on the
available fluid field history on [t™~!, ¢"], and computes the corresponding flow indu-
ced structural load.

Structural Step 2. Time-integrates the structure subsystem from ¢" to t™*?.

Note that this procedure is actually parallel, in the sense that fluid and structural
steps can be performed simultaneously, and therefore computational load balancing
can be done on all fluid and structural subdomains. For this particular partitioned
procedure, the energy based analysis leads to the following general results: in the
family of parallel partitioned procedures defined above, third-order and even fourth-
order energy accurate procedures can be constructed. More precisely,

* if a predictor [2] with ag = a; = 2 is used and if we set Ps™ /2 = Pp™, where

Pr™ depends on the flow time-integrator, then the partitioned procedure obtained is
third-order energy-accurate with 6E = 7kh3/3 + O(h*), independently of the flow
time-integrator.

* if a predictor [2] with &g = 5/2 and a7 = 13/4 is used and if we set Pg ntl = ppt,
where Pr" depends on the flow time-integrator, then the partitioned procedure obtain-
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ed is again third-order energy-accurate with 6E = 109kh3/24 + O(h*), independ-
ently of the flow time-integrator.

* finally, a linear combination of the results reported above yields the amazing result
that if a predictor [2] with g = 246/109 and @; = 288/109 is used and if we set
Pt = %Pp" — %PS", where Pr™ depends on the flow time-integrator, then
the partitioned procedure is at least fourth-order energy-accurate (£ = O(h*)),

independently of the flow time-integrator.

Again, this spectacular result tells us that accumulation of artificial energy, crea-
ted at the fluid-structure interface, can be very well controlled. However, some high-
frequency instabilities can appear in partitioned procedures, because of important but
compensating errors in momentum conservation and in the structural prediction.

2.4.2. Other parallel partitioned procedures

In the previous section, we have shown how to construct families of parallel par-
titioned procedures, which are quite general, because the coupling algorithm can be
designed such that its energy accuracy is independent of the fluid flow solver chosen.
However, many more parallel partitioned procedures can be constructed, which are
actually third-order energy-accurate for a second-order backward difference scheme
flow solver.

Among dozens of third-order energy-accurate partitioned procedures, let us cite
the particular instance of the parallel procedure described in the previous section, with
a9 = 3/2 and PS"’LI/2 = P™. Note that, for this procedure, the fluid pressure field
and the corresponding flow induced structural load are not directly derived from Pg".
The energy based analysis leads to the following results: if a; = 1, then the procedure
is third-order energy-accurate with £ = 7kh®/8 + O(h*); if @y = 5/12, then the
procedure is second-order energy-accurate with 8E = —7dh?/12+ O(h*). Numerical
tests involving these procedures will be presented in the sequel.

3. Applications and numerical results

We present here some numerical validation of our energy-based criterion, and in
particular of the underlying assumptions stated in Section 2.1.2 and Section 2.1.3.
We consider the simulation of the non-linear transient aeroelastic response of two
structures: a flat panel with infinite aspect ratio in a critical supersonic air stream
in two space dimensions, and the AGARD Wing 445.6 in a transonic air stream in
three space dimensions. The complete flutter analysis of both of these problems using
collocated and non-collocated partitioned procedures can be found, among others,
in [FAR 95a], [FAR 96], [LES 98]. Here, we focus on demonstrating the validity of
the energy-based analysis presented herein and its ability to predict and explain the
behavior of different partitioned procedures designed for the solution of the three-way
coupled fluid-structure equations [1].
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For this purpose, we employ a finite element structural code equipped with the
midpoint rule as a time-integrator, an unsteady flow solver that operates on unstruc-
tured dynamic meshes (the main features are described in [PIP 99b}: second-order spa-
tial accuracy based on MUSCL interpolations [VAN 79], ALE formulation [FAR 95b],
several possible time-integrators including a second-order backward difference im-
plicit algorithm that obeys the second-order discrete GCL [KOO 98], [KOO 99)]), a
“matcher” algorithm [MAM 86] for addressing the geometric issues associated with
non-matching fluid and structure meshes, and the conservative method developed in
[FAR 98b] for semidiscretizing (in space) the exchange of aerodynamic and elastody-
namic data across non-matching fluid and structure discrete interfaces.

3.1. Supersonic panel flutter

We first consider the transient aeroelastic response of a clamped flat panel (length
L = 0.5m, uniform thickness H = 1.35mm, Young modulus E = 7.72810'YN/m?,
Poisson ratio v = 0.33, density ps = 2710K g/m?>) with infinite aspect ratio in a two-
dimensional supersonic inviscid air flow [BIS 57], [FAR 95b]. The upper side of the
panel is exposed to an air stream (Py, = 25714 Pa, p, = 0.4 Kg m ™3, supersonic
free-stream Mach number M, specified below), and its lower side to still air at a
pressure equal to the free-stream pressure P, .

The analytical solution of the instability problem of this flat panel can be found
under some simplifying assumptions. The critical free-stream Mach number M2, i.e.
the lowest free-stream Mach number for which an unstable aeroelastic mode of the
panel appears, is M5 = 2.27 in the present case, with a critical circular frequency
w = 462 rad/s. Because we are interested in simulating the aeroelastic response
of the panel at or near the flutter point, we set the parameters k& and d defined in [10]
to those obtained for the critical circular frequency w®”, and the flutter mode U*"
(transverse displacement). Here, d is negative, and, because of discretization errors
and approximations in the aerodynamic theory, k (which should be zero) is a small
negative number.

In our numerical simulations, we assume the flow to be inviscid, and impose a
slip boundary condition at the fluid-structure interface I'r; 5. We discretize the flow
domain above the panel by 2936 triangles.

First, we perform a reference computation using a very small time-step corre-
sponding to A = 5.5 x 10~*. This simulation predicts a critical free-stream Mach
number M S, = 2.23, which is in excellent agreement with the result of the simplified
theory (MS = 2.27). Hence, we set in the sequel the free-stream Mach number to
Mo = 2.23. Next, we consider the simulation by different instances of the GCSS
procedure of the aeroelastic response of the panel to an initial perturbation. In all
cases, we set Atr to a value corresponding to & = 0.09 and a subcycling factor
ns/r = (Ats/Atp) = 161. The various instances of the GCSS procedure we con-



670 Revue européenne des éléments finis. Volume 9 — n°® 6-7/2000

sider have in common the same expression for Pg ntl [4d] and the same choice for
Ps"+1/2 = Pr"t!. Hence, these instances of the GCSS method differ only in the
selection of the predictor coefficient & in [2] (o9 = 1). The artificially created energy
OF for the partitioned procedures considered here can be written as

8 =d <a1 - %) h? + kg (a1 - g) B3 + O(hY). [20]

We report in Figure 1 the obtained computational results for the second modal
coordinate of the structural displacement. For @y = 1/2, § E in [20] is much smaller
than for any other value of a;, which is in agreement with the fact that the numerical
simulation performed with «; = 1/2 reproduces the reference solution. For a7 >
1/2, the leading term in 0 E is negative because d is negative, which suggests that the
partitioned procedure will artificially damp the system. This is confirmed in Figure 1
where the result corresponding to a; = 1 is reported to be damped. On the other hand,
for @; < 1/2, the leading term in 0 E is positive, which suggests that the partitioned
procedure will artificially feed energy into the system. Again, this is also confirmed

in Figure 1 where the result corresponding to @; = —1/2 suggests that the fluid is
feeding energy to the structure.
6000 . . 3 T T ~
4000 | - : - -
2000 | A A AR | (N —
ok -
-2000 | \/ Y. ,f' -
v Y LY/ —ail=1
Y \j/ y oal=1/2
-4000 | e I - reference
: : : al=0
-6000 1 i i i —al=-1/2
0 0.02 0.04 0.06 0.08 0.1 0.12

Time (s)
Figure 1. Computed Second Modal Coordinate (ns;p = 161, several a;)

In order to highlight the effect on the numerical properties of a partitioned pro-
cedure of the choice of the transferred pressure field Pan, we perform an addi-
tional simulation using «; = 1/2 and the same elements as before, but now with the
standard averaged pressure field Ps™t = Pt We report in Figure 2 the result
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generated by this simulation, and contrast it with those of the reference solution, and
the simulation performed with the same parameters but with the improved averaged
pressure field Pg™*1/2 = Pp"*1 These results reveal a dramatic effect on accuracy
(both phase and amplitude of the response) of the choice of Pg™*!. This conclusion is
also predicted by our energy-based criterion. Indeed, the change on Ps™*! replaced
OF = k% +O(h*) by 6E = —k% — thz + O(h3), which is almost 150 times larger
than the former one (for h = 0.09).
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Time (s) 1
Figure 2. Computed Second Modal Coordinate (several choices of Ps™ ")

In order to show the different properties of partitioned procedures, including pa-
rallel ones, and their effects on the numerical results, we perform other series of simu-
lations with M, = 1.9. In that configuration and with this free-stream Mach number,
the panel is far from flutter. We set b = 0.045s and we use an implicit backward Euler
flow solver and no subcycling (ns;r = 1). We perform a series of numerical simula-

tions using the non-collocated ISS method (equipped with PS"“LI/2 = prtz ), for

which our analysis predicts £ ~ —kh/2, and three different instances of the GCSS
procedure:

* a Conventional Parallel Staggered (CPS) procedure [FAR 96] with ap = a7 = 0,
and the pressure field transferred to the structure is chosen as Psn+1 = P™, for which
our analysis predicts 0F ~ —2kh.

* another procedure named here CSS1, which differs for the CPS procedure above
only by the use of Ps™*! = P™*! for which 6E ~ —3kh/2.

* another procedure denoted by CSS2, which differs from CSS1 by the use of a first-
order structural predictor (ap = 1, a3 = 0), for which 6E ~ —kh/2.
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Given that for this problem k is a small negative number, the expressions of 6 Ef
given above suggest that all four partitioned methods will artificially feed energy into
the aeroelastic system, but CSS2 and ISS will inject a smaller numerical energy than
the others. This is confirmed by the lift histories simulated by the above partitioned
procedures reported in Figure 3. For this problem, the staggered algorithms CPS and
CSS1 predict erroneously flutter. The partitioned procedure CSS2 and the ISS method
deliver the same accuracy and predict correctly a stable behavior of the panel; however,
they exhibit amplitude and phase errors after five periods. This demonstrates once
again the ability of our energy-based criterion to predict and explain the behavior of
different partitioned procedures designed for the solution of three-way coupled fluid-
structure problems.

Dimensional Lift

1-5 T T T T T T
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CPS ...
CSS1 -
1t ISS - A

' cPs

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Time (s)

Figure 3. Lift Histories for Several Serial Procedures

Finally, we perform a last series of simulations aimed at investigating the pos-
sibility to construct accurate and efficient parallel partitioned procedures, like those
described in Section 2.4. We now set A = 0.09s and we use an implicit second-order
time-accurate flow solver and no subcycling. We compare the serial non-collocated
ISS method (equipped with Pt/ = P™% and for a second-order flow solver, we
have 8E ~ —kh3/24) and the two parallel instances of the GCSS procedure present-
ed in Section 2.4.2. As predicted by our energy criterion, the lift histories simulated
by the above partitioned procedures reported in Figure 4 show that parallel partition-
ed procedures can be built to be as accurate and efficient as the most accurate and
efficient serial partitioned procedures.
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Dimensional Lift
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Figure 4. Lift Histories for Several Parallel Procedures

3.2. Flutter analysis of the AGARD Wing 445.6

We consider now the flutter analysis of the AGARD Wing 445.6 [YAT 87]. The
model selected here is the so-called 2.5-ft weakened model 3 whose measured modal
frequencies and wind-tunnel flutter test results are reported in [ YAT 87], and for which
computational aeroelastic data can be found in [LEE 93], [LES 98]. We construct an
undamped finite element model of the wing using 800 triangular composite shell
elements, which yields 2646 structural degrees of freedom. We generate a three-
dimensional unstructured tetrahedral CFD Euler mesh with 22014 vertices (see Fi-
gure 5). We set the free-stream conditions to Mo, = 0.901, poe =1.1171077 slugs/ing,
and po, = 10 slugs/(sec® x in). At these flow conditions, the AGARD Wing 445.6
is far from the flutter point. We perturb the wing along its first bending mode, com-
pute a steady-state solution around the deformed configuration of the wing, and then
simulate the aeroelastic response to that perturbation using the following partitioned
procedures (all equipped with a second-order backward difference implicit scheme
that obeys the second-order discrete GCL [KOO 98, KOO 991):

* the “ISS” (sequential) non-collocated method with Pgntl/2 = P"+%, for which

% (third-order energy-accuracy);

* the instance denoted by “CPS” of the parallel procedure with g = a; = 0 and
Ps™t! = P™ for which 6F ~ —k% (first-order energy-accuracy);

* the instance denoted by “CSS1” of the GCSS procedure with a9 = @; = 0 and
Pg™tt = P™*! for which §E ~ —kh (first-order energy-accuracy);

our analysis predicts 6 E ~ —k
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Figure 5. Partial View of the CFD Mesh for the AGARG Wing 445.6

Hence, for reasonable time-steps, it can be expected that the ISS method will not
introduce or extract a significant amount of numerical energy in or from the system,
while the CPS and CSS1 methods will do so. Figure 6 contrasts the lift histories com-
puted by the ISS and CPS methods using various time-steps. For Atg = 0.001s and
ns,r = 2, the ISS method is converged in time and predicts a correct stable behavior
of the wing. However, for these values of Ats and ng, r, the CPS method predicts er-
roneously flutter. This is consistent with the result of our energy-based analysis which
shows that the CPS method is only first-order energy-accurate. It takes reducing by
one order of magnitude the coupling time-step to Ats = 0.0001s while maintaining
ns;r = 2 to get the CPS method to produce the correct solution.

Figure 7 contrasts the lift histories computed by the ISS and CSS1 methods using
various coupling time-steps. For Ats = 0.001s and ng,p = 2, the CSS1 method also
predicts erroneously flutter. Again, this is consistent with the result of our energy-
based analysis which states that the CSS1 method is only first-order energy-accurate.
After reducing by a factor equal to five the coupling time-step to Atg = 0.0002s
while maintaining ng/r = 2, the CPS method reproduces the same solution as the
ISS method.

Again, we perform a second series of simulations with the parallel partitioned pro-
cedures described in Section 2.4. We now set Ats = 0.0005s and no subcycling. We

compare the serial non-collocated ISS method (equipped with Pgnt1/? = P™" % and
for a second-order flow solver, we have 6E ~ —kh®/24) and the last two parallel in-
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stances of the GCSS procedure presented in Section 2.4.2. The lift histories simulated
by the above partitioned procedures are reported on Figure 8. Numerical oscillations
appear, after a long transient phase. This probably means that our energy criterion is
partially correct (since the average curves have a correct reference form) and also that
the parallel procedures are slightly unstable. Indeed, the oscillations are amplifying
during the whole computation, and the computation stops (too large displacements).
The instability is probably due to the lack of momentum conservation at the fluid-
structure interface, and to the error in the structural prediction. We say “and”, because
our energy analysis predicts these two errors should compensate.

AGARD Wing 445.6 - Lift History
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Figure 6. Lift histories predicted by the ISS and CPS methods
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4. Conclusion

Partitioned procedures are often the method of choice for solving complex multi-
disciplinary problems. The governing coupled differential equations are divided into
computational groups — called partitions ~ that are discretized by methods tailored to
the underlying mathematical models and geometric complexity. Partitions are advan-
ced with their own time-step and in a staggered fashion, and exchange information at
synchronization points only. This strategy simplifies explicit/implicit treatment, sub-
cycling, load balancing, software modularity, and replacements as better mathematical
models and solution methods emerge in individual disciplines.
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However, partitioned procedures are most interesting when they are also compu-
tationally efficient, i.e. when they can operate at reasonable time-steps. Staggering is
the main reason for restrictive time-steps, but compensating factors such as predic-
tion and improved external vector inputs can be invoked to ensure more reasonable,
and sometimes large, time-steps. Understanding the effects of compensating factors is
essential for designing computationally efficient staggered algorithms, and is usually
achieved by analyzing the numerical properties of a given partitioned procedure.

In this paper, we have focused exclusively on partitioned procedures for the solu-
tion of the three-way coupled equations of motion [1] governing non-linear transient
aeroelastic problems. We have proposed an analysis framework that is based on the
estimation of the energy artificially introduced at the fluid-structure interface by the
staggering process. Indeed, the global system defined by the union of the fluid and
structure subsystems being a closed one, momentum and energy should be conserved
at the fluid-structure interface I' /5. We have introduced the concept of an ntP-order
energy-accurate partitioned procedure and have proposed a method for evaluating the
order of energy-accuracy of any given partitioned method. We advocate the use of
this concept for assessing the numerical properties of a given partitioned procedure,
and predicting its performance for realistic applications. An energy based criterion is
justified by the fact that one of the most important aspects of aeroelastic computations
is the prediction of the positive, zero, or negative damping of a given structure by the
surrounding flow. Hence, for such problems, it is crucial to select a solution method
that is as globally conservative as possible, in order not to contaminate the physical
damping by a significant amount of positive or negative artificial numerical damping.
We have validated our framework of analysis with the investigation of several parti-
tioned procedures applied to the solution of realistic two- and three-dimensional flutter
problems. In each case, we have shown that the higher-order energy-accurate a parti-
tioned procedure is, the more time-accurate it is for a given time-step, and the more
computationally efficient it is — that is, the higher is the time-step it affords for a spec-
ified accuracy.

We have also shown that our criterion could be used to construct both serial and
parallel partitioned procedures with an energy-accuracy up to the fourth order. How-
ever, we have noticed that some of these new procedures, and particularly those which
are parallel, could lead to numerical, high-frequency instabilities. These results are not
completely satisfying, since we would like our criterion to be as general and correctly
discriminating as possible. On this subject, the conservation (in the sense of correct
exchanges between the fluid and the structure through a coupled time-step) of both
the momentum and the energy seems to be of great importance. More precisely, our
criterion seems to be always correctly discriminating the accurate from the inaccurate
partitioned procedures whenever some momentum conservation is enforced at the in-
terface or whenever the structural predictor is accurate enough. For example, it is clear
that both predictors of the parallel partitioned procedures presented in Section 2.4.2
are not very accurate. Probably, the use of an inaccurate predictor produces a time shift
in the transient behavior of the fluid — this was already noticed in [PIP 96] — which
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makes the coefficients k and d in {10] depend on h, and the results of our framework
of analysis become inaccurate.
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