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1. Introduction

Adaptive finite element methods based on a posteriori error estimation tech-
niques have become an indispensable tool in large scale scientific computation.
Since the pioneering work of Babuska and Rheinboldt in the late seventies much
work has been invested in putting a posteriori error estimation on a sound basis
both theoretically and practically. Most of this work was done for linear elliptic
pdes, much less for non-linear problems and for parabolic pdes, and very little
for hyperbolic problems. Nowadays the theory seems rather mature for linear
elliptic problems. Nevertheless there are still some important open questions.
For non-linear and time-dependent problems there exists a general pathway
which is rather promising but which must still be inspected more thoroughly.
For hyperbolic poblems the field is still in its infancy.

It is the aim of this note to sketch briefly the general methodology which
leads to a posteriori error estmiates for finite element discretisations of elliptic
and parabolic pdes. At the same time we want to hint at some related prob-
lems which seem important to us and which are not yet completely solved.
These are: treatment of non-linearities and sensivity estimates with regard to
perturbations, estimation of constants, robustness with regard to parameters
(in particular in the context of singularly perturbed problems), treatment of
anisotropic equations or meshes. Of course this list is not complete and it re-
flects our personal point of view. Also we cannot present all existing error
estimation techniques. Instead we will limit ourselves to two approaches: resid-
ual estimates and estimates based on the solution of auxiliary local problems.
Although these have their particular benefits and drawbacks they are repre-
sentative for other error estimation techniques. The above mentioned problems
are relevant to all known error estimation techniques although they sometimes
show up in varying disguises.

One should always keep in mind that any reasonable error estimator should
satisfy at least three minimal requirements: reliability, efficiency, and locality.
As usual, reliability means that the error estimator yields upper bounds on the
error measured in some user-prescribed norm. Similarly, efficiency means that
it also yields lower bounds on the error (of course measured in the same norm!).
By locality we mean that the estimator should give information on the local
(with regard to space and time) distribution of the error. Clearly, reliability is
mandatory to guarantee a prescribed tolerance. Efficiency is needed to achieve
this task with a (nearly) minimal amount of work. Locality is indispensable
for the correct resolution of the relevant physical scales. The upper and lower
bounds on the error always contain multiplicative constants. The product of
these constants is a measure for the quality of the error estimator and is similar
to a condition number. A good knowledge of this quantity is necessary for a
correct calibration of the error estimator. If the differential equation contains
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critical parameters, e.g. if it is singularly perturbed, this quantity should stay
decently bounded for a reasonably large range of these parameters.

2. Quasilinear elliptic pdes of second oder

In the next sections we will always consider quasilinear elliptic pdes of sec-
ond order with homogeneous Dirichlet boundary conditions:
dia;(z,u,Vu) =b(z,u,Vu) in Q ]
u =0 onT.
Here and in what follows we use the summation convention, i.e. d;a; := Zi 0sa;,
uv; 1=y, U, ete.. £ is a bounded open polyhedron in IR™, n > 2, with Lip-
schitz boundary I'. The functions ay, . .., a, and b are assumed to be sufficiently
smooth and the matrix (0,,a:(x,y,p))1<s,j<n must be uniformly positive defi-
nite on 2 x R x IR™. The restriction to Dirichlet boundary conditions simplifies
the exposition. With obvious modifications all results, however, also hold for
Neumann or mixed Dirichlet-Neumann boundary conditions.

In order to obtain a well-posed weak formulation of {1] one generally has
to consider Sobolev spaces W1P(Q) with Lebesgue exponents p > 2 (cf. §3.3
in [VER 96]). In order to simplify the exposition and the notation we, how-
ever, restrict ourselves to the Hilbert-space setting. Correspondingly the weak
formulation of [1] consists in finding u € H}(£2) such that:

/ai(x,u,Vu)Biv:/b(a:,u,Vu)v Vv € H(Q). [2]
Q Q

Here, L2(Q2), H'(Q) := {v € L3(Q) : ;v € L*(Q),V1 < i < n}, and H(Q) :=
{v € HY(Q) : v = OonTl} denote the usual Lebesgue and Sobolev spaces
equipped with the standard norms, resp. semi-norm:

1/2
lollo := {/ vz} ,
Q

n 1/2
vlly == {IIUII?) +y ||3ivllg} ;

i=1

n 1/2
ol :={Z||aw||%} |
=1

Recall, that |.[; is a norm on Hg(f2) that is equivalent to ||.||;. H~!(f) and
[[-ll-1 denote the dual space of H}(£2) and the corresponding norm.

If w is an open subset of 2 with Lipschitz boundary «y, we denote by -0
[[-/l1:, and |.|1,, the restrictions of the corresponding (semi-) norms to the set
w. Similarly, ||.|y denotes the norm of L2().
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3. Finite element discretization

We consider a family 73, h > 0, of partitions of Q into n-simplices or n-cubes.
Here, an n-cube is the image of the standard n-cube [0, 1] under an invertible
affine mapping. The partitions must satisfy the following two conditions:

(1) admissibility: any two elements K, K’ of 7}, are either disjoint or share a
complete k-face, 0 < k <n —1.
(2) shape-regularity: cr :=sup sup hg/pk < oco.
h>0 KET,
Here, hg denotes the diameter of K and py is the diameter of the largest ball
which can be inscribed into K. In two dimensions, shape-regularity is equivalent
to the minimal angle condition.

Consider a family X}, of finite element spaces associated with the family 73,.
We assume that X, C Hj(€Q) and that X}, contains all continuous, piecewise
linear or n-linear functions. Moreover, the functions in X} should be piecewise
(with regard to 7) twice continuously differentiable. Then the finite element
discretization of [1] consists in finding up € X} such that

/ai(x,uh,Vuh)aivh:/b(x,uh,Vuh)vh Yo, € X3, (3]
Q Q

Note that we always consider affinely equivalent finite element spaces, i.e.
each element is the image of a reference element under an affine mapping. Since
the transformation is affine its Jacobi matrix and its functional determinant
are constant. This is a crucial ingredient in many proofs and constructions, e.g.
those of estimates [6] and [8] below. When using isoparametric elements, e.g.
general quadrilaterals in two dimensions, this condition is no longer satisfied
and one must resort to a perturbation argument, i.e. the transformation is close
to an affine one. However, the treatment of finite element discretizations which
are not affinely equivalent is not yet completely understood.

The shape regularity is also crucial for many estimates such as, e.g., [6] and
[8] below. Shape regularity in particular implies that for each element all edges
are of comparable length. In this sense shape regular meshes are isotropic. In
many applications, however, one needs anisotropic meshes which have a much
smaller length with regard to a certain direction than with regard to the other
directions. In this case ¢ becomes exceedingly large. Recently, Siebert [SIE 96]
for cuboidal meshes and Kunert [KUN 98] for tetrahedral meshes have tried to
extend the theory to anisotropic meshes. But much work has still to be done
in this direction.
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4. Auxiliary results

Given K € T, we denote by N(K) and £(K) the sets of its vertices and of
its (n — 1)-faces, respectively. Set Ny := Uger, N(K) and &, := Uy, E(K).
Both sets can be decomposed as N}, = N o UNyr and &, = Ep.q U & into
the set of interior vertices/faces and the set of boundary vertices/faces. With
each face E € &,  we associate a unit vector ng which is orthogonal to E. For
any piecewise continuous function v we denote [v]g the jump of v across E in
direction ng. Of course [v]g depends on the orientation of ng, but quantities
like [O;ung ;g or [a;(z,v, Vv)ng, ]g are independent thereof.

For each element K € 7, each (n — 1)-face E € &, and each node z € NV},
we denote by:
wg the union of all elements that share an (n — 1)-face with K,
wy the union of all elements that have at least one point in common with K,
wg the union of all elements that have E as an (n — 1)-face,
@g the union of all elements that have at least one point in common with FE,
w, the union of all elements that have z as a vertex.

With each element K and each (n—1)-face E we associate a cut-off function
g and ¥g wich satisfies the following properties:

0<yk <1 on K,

max i (z) = 1,

P =0 on 0K, ]
0<vyvep <1 on Wwg,

maxyg(z) =1,

Y =0 on Jwg.

One possibility to construct these functions is as follows. Given any node z €
N}, denote by A, the corresponding nodal bases function, i.e. the continuous,
piecewise linear or n-linear function that takes the value 1 at = and that vanishes

at all other nodes y € A, \ {z}. Then there are real numbers « and 3 such
that the functions
Yx =a H Ar

zEN(K)
ve=6 [ X

zEN(E)

[5]

satisfy the above requirements. Here, N'(E) denotes the set of all vertices of E.
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Given any integer k, one can prove (cf. §3.1 in [VER 96]) that there are
constants vi,...,7vs that only depend on &k and on the parameter ¢z such that
the inequalities

AN

mnlvlgx < / Yrv? < lvldk,
K
”d)K“l;K < 'Yzh;_(l”UHo;K,

sl < /E vee® < ol 6]

—-1/2
[¥Eeliws < vahs el
loe@llows < vshi “lele,

hold for all elements K, all (n — 1)-faces E and all polynomials v, ¢ of degree
at most k defined on K and E, respectively.

Finally, we define a quasi-interpolation operator I by:

Ihv = Z Ag Tz ¥ [7]
IEN;Ltn

ﬂz{/dx}/{/dx}

denotes the mean-value of v on w,. In particular, we have Iv € X} for any
v € L%(Q). One can prove (cf. [VER 99]) that there are two constants ¢;; and
cre which only depend on the parameter ¢z such that the error estimates

where:

v = Invlik <crihi|vliox

(8]
lv = Invlle <crzhy*lvl1an
hold for all v € H}(Q), all K € 75, and all E € &,.
As we will see in subsequent sections, the constants v1,...,7s, cr1,cr2 are

crucial for the quality of an error estimator and for its correct calibration.
Correspondingly there is a strong need for sharp explicit estimates of these
constants.

Estimates [6] are usually proven by passing to a reference element. Thus
Y1,--.,7s can be decomposed into a contribution of ¢z and of corresponding
constants 91,...,%s referring to the reference element. For fixed polynomial
degree k, the latter can explicitely be computed by solving an eigenvalue prob-
lem of moderate size which depends on k. On the other hand, a simple scaling
argument shows that these quantities will be proportional to some power of k.
Explicit bounds are derived in [VER 00] using a dimension-reduction argument.
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When using anisotropic meshes the reference element must be chosen such
that it correctly reflects the anisotropy. Correspondingly one has to work with
a whole family of reference elements and to invoke an additional compactness
argument. This is the approach of [KUN 98]. However, satisfactory quantitative
results are still lacking.

The constants ¢y, ¢ro are estimated in [VER 99] for shape regular meshes.
These results are quite satisfactory but not yet optimal when compared with
numerical estimates. Anisotropic meshes are tackled in [KUN 98]. However,
quantitative results are again lacking in this case.

5. The equivalence of error and residual
Denote by u and u, solutions of problems [2] and [3], respectively. These
may not be unique, but are kept fixed in what follows. We want to estimate

llu — un|l1. To this end we rewrite [2] and [3] as abstract non-linear equations.
Define the mapping F of Hj () into H~}(Q) by:

(F(v),w) := /ﬂ{ai(z,v, Vv)o;w — b(z, v, Vv)w} [9]

Then, problem (2] is equivalent to F(v) = 0. Similarly, equation [3] is equivalent
to Fy(up) = 0 where the mapping Fj, of X} into its dual space is given by:

(Fr{vn), ws) := /{ai(z,vh,VUh)aiwh — b(z, v, Vop)wn}. [10]
Q
The Fréchet derivative of F' at u is given by:
(DF(u)v,w) := / {0p;ai(z, u, Vu)0;vdiw + yai(z, u, Vu)vd;w
Q
— Op,b(z, 4, Vu)d,vw — 9,b(x, u, Vu)vw}.
Under suitable differentiability and growth conditions on the functions a,, ...,
an and b it is a bounded linear operator of H¢ () in H~!(Q). Its norm is de-
noted by A = A(u). Under similar conditions DF is locally Lipschitz continuous
at u. Le. there are numbers Ry > 0 and 3 > 0 such that:

IDF(w)w — DF(v)w|-1 < Bliu — v|l1[wi

holds for all w € H}(Q) and all v € H}(Q) with ||u — v, < Ro.
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Our essential assumption is that DF(u) is invertible and has a bounded
inverse. This means that the linearization of the pde [1] at u admits for each
right-hand side f € H~1(Q) a unique weak solution w; € Hg(Q) which depends
continuously on f. Denote by a := a(u) the inverse of the norm of DF(u)~!.
Note that:

A= sup sup (DF(u)v, w)
ve HY@\{0} weri @\ {0} [1Vllillwll
DF
o = inf sup < (u)'U, w)

ve HY@\{0} weH @\ {0} vlaliwll

Assume that uy, is sufficiently close to u in the sense that:
. 1l
lw — wp|ls € R := min{ Ry, 203 ,§A,B }.

Since F(u) = 0 and since DF(u) is invertible we have

up — U

=DF(u)"' < F(up) + | [DF(u) — DF(u + t(up — u))](us — u)dt } . 1
0

From equation [11] and the previous assumptions we easily conclude (cf. Propo-
sition 2.1 in [VER 96]) that:

ATy <l — ually < 20 [ F ()1 12

This means that the error ||u — up||1 s equivalent to the residual ||F(up)| -1
The condition number of this equivalence is 4a~'A. The residual is measured
with regard to the dual norm ||.||—;. Hence its exact calculation would require
the solution of an infinite dimensional variational problem. All error estimators
try to approximate || F(up)||—1 by a quantity which is as close as possible and
which is much easier to compute.

The main assumption of this section is the invertibility of DF(u). If DF(u)
is not invertible, but if its index is known a priori, one can still deduce the
equivalence of error and residual by augmenting the space X and the function
F (cf. §2.2 in [VER 96]). An example is the computation of simple eigenvalues
and of corresponding eigenfunctions. However, up to now, there is no fully satis-
factory strategy to determine the index of DF(u) from the computed numerical
solution uy,.

The quantities @ and A are crucial for the equivalence of error and residual.
There are various strategies which try to estimate these quantities from the



A posteriori error estimation for elliptic and parabolic pdes 385

numerical solution up. One approach consists in computing approximately the
extremal eigenvalues of DF}(up). Another way consists in solving a related
discrete adjoint problem (cf. [BEC 95]).

The sizes of a and A of course also depend on the norm of H}(€2). In order
to see how a suitable choice of this norm may influence favorably these con-
stants, assume that DF'(u) corresponds to the singularly perturbed, constant
coefficient, reaction-diffusion operator L.v := —€0;0;v + v with 0 < e « 1. If
we equip H}(Q) with its standard norm ||.||;, we easily conclude that:

a~e, A~ve+1l,a tA~el

Correspondingly, the relation between error and residual is very poor. On the
other hand, the norm |||v|| := {[v|? + ||v||3}!/? is the natural energy norm for
the operator L.. If we equip H}(Q) with this norm, we conclude that:

a~1,A~1, 0" tA~1.

When doing this we must of course replace || F(up)||-1 by the corresponding
quantity:
(F(un), v)
I1F(un)llly := sup :
vEHL (M\{0} (Il

As we will see in the next section, this severely influences the computation of
the residual.

A similar situation arises when DF(u) corresponds to an anisotropic dif-
ferential operator such as, e.g. Lu := —0;(A;;0;u) + u with 0 < Apin(445) <
Amax(Ai;). The corresponding energy norm then is the anisotropic H!-norm
lull = {32; 14:;05ull§ + [[w]|§}"/?. When replacing |.|l; and ||.]-1 by this
norm and the corresponding dual norm resp. one again obtains

a~1l,A~1, a7 1A~1.

As we will see in the next section, this will require anisotropic analoga of
estimates [6] and [8].

6. A residual error estimator

In this section we try to bound the H~!-norm || F(up)||_1 of the residual
from above and from below by a mesh-dependent L2-norm of element and face
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residuals. To this end consider a function v € H}(2) with ||jv; = 1. Integration
by parts elementwise yields an L?-representation of the residual:

(Flup),v) = / (0:04(2, un, Vun) + b(z, un, V) v
KeT,

+ Z /[nEla1 z,un, Vun)le [13]
FEc&, o

Z/quh)u+ Z /REuh

KEeT, Eety 0
From equations [9] and [10], we obtain Galerkin orthogonality:
(F(up),vp) =0 Yo, € Xp. [14]
Since X, contains the space S, of all continuous, piecewise linear functions, we

can replace v on the right-hand side of [13] by v —v), where v, € S}, is arbitrary.
This together with the Cauchy-Schwarz inequality for integrals yields:

(Fun),v) < > IRk (un)lloxllv = vallox + Y |IRE(un)lsllv — vall -
KeT, E€&y g

Invoking the Cauchy-Schwarz inequality for sums, this implies:

1/2
(F(un),v) <4 Y hil|Rk(un)lig x + > hellRe(un)l% X

KeT, Ecén a

1/2
o Rl -waldx+ D hplv—wllE
KeT, EEEMZ

From estimate [8] we conclude that:
1/2

inf ¢ > hitlv-wlde+ D>, hg'lv—wl}
vnE€Sn KeT, E€é&n a
1/2

<S8 ST Rty - Tvlig e + Y hElv -k
KeT, E€&n

<comax{cr, cr2 vl
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Here, ¢y is the maximal number of elements that share an arbitrary vertex.
This number depends on cr.

With the abbreviation:
1/2

0 1
Rk = § Rkl Ri (un)llok + 3 > lRe(w)lE [15]
EcE, onE(K)

we have thus proven that:
1/2
IF (un)li-1 < comax{er, cra} { ) 77122,1(} : [16]

KeT,
Together with the results of the previous section this implies that:

1/2

MR = { Z 77122,1<}
KeT,

is a reliable a posteriori error estimator for ||u — up||1. The corresponding con-
stant is 2a~'co max{cr1, cr2}-

In order to prove the efficiency of ng we approximate the functions ay, ...,
an, and b by functions ayp,...,anhs, by which are piecewise (with regard to
7x) polynomials. RK(uh) and RE(uh) denote the element and face residuals
computed with aj p,...,an 1, by instead of a1,...,a,,b. Consider an arbitrary
element K. From inequality [6] we know that:

s wnlln < [ Raclun)ncRactun) = [ Riclun)ure.
K K
Since wy = RK(uh)wK vanishes on 9K we obtain from equation [13] that:

/ RK(uh)wK = / [RK(uh) — RK(uh)]wK + (F(uh),wK)
K K
< ||Rx(un) — R (un)llo;x lwkllox + | F(un)ll-1llwk |1k -

Combining these estimates with inequality [6] and recalling that 0 < ¥ < 1,
we arrive at:

_ 1 -
hrcl Ric(up)llo;x < %hKHRK(Uh) — R (up)llo;x + %HF(uh)H-l
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and therefore:
1 = Y2
Rl R (un)llox < (1+ I)hKHRK(uh) — Ry (un)llox + 7||F(uh)||—1~ (17]
1

Next consider an arbitrary face E. Using the same arguments as above, in-
equaltiy [6], equation [13], and estimate [17] imply that:

. 1
2| R (un) | <—lut %}Hﬂumn_l
1 -
+(1+ | Ru(un) = Re(w)l e 18]

1 .
+ 21+ =) Y hellRi(un) - Ric(un)llox.
Y3 Y1 KCwp

Since the quantities hg||Ri (un) — Ri (un)|lo;x and h}s/2||RE(uh) — Re(up)lle
are higher order perturbations which only depend on the smoothness of the
functions ay,...,a, and b, estimates [17] and [18] together with the results
of the previous section imply the efficiency and the locality of ng. The corre-

sponding constant is 24 max{%, %, %’:’—3—% .

We have seen at the end of the previous section that it may be advisable to
replace ||.{{; by a problem dependent norm of the form |||.[| = {e].|? + ||.||2}'/?
with 0 < € < 1. Then |{.|| -1 has to be replaced by the corresponding dual norm.
Similarly, one has to replace ||.||1 by ]|.||| and its corresponding local version
throughout this section. When doing this in a naive and straightforward way
by retaining the scalings of the element and face residuals, one arrives at upper
and lower bounds on the error |Jju — upl|| such that their ratio is proportional
to €71/2. This means that the corresponding error estimator is not robust with
regard to the parameter . This unpleasant situation can be remedied by a more
refined analysis (cf. [VER 98a, VER 98b]). When replacing the scaling factors
hx and h}3/2 of the element and face residuals by ax := min{l, hyge1/2}1/2
and Bg := e~ /4*min{1, hge1/2}/2  resp. one arrives at an a posteriori error
estimate of |||u — wupl|| which is reliable, efficient, local and robust with regard
to €.

When using a problem adapted anisotropic H!-norm as described at the end
of the previous section, one needs anisotropic analoga of estimates [6] and (8]
in order to arrive at an a posteriori error estimate which is robust with regard
to the anisotropy. By rescaling the coordinates one sees that this problem is
strongly related to the treatment of anisotropic meshes. First results in this
direction are obtained in [BER 00, KUN 98, KUN 00, SIE 96].
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7. Error estimators based on the solution of auxiliary local problems

The idea is to lift F(up) € H~}(Q) to a function v € H}() by solving
a suitable elliptic pde of second order and to use ||v||; as an error estimator.
In order to render this idea operative, the compution of v must be done on a

local and discrete level. To make things more precise we will consider a variant
which has its roots in [BAB 78].

Choose a vertex zp € N, o. Set
Agj = 0p,a:(xo, un(zo), (T Vur)(zo)).

Here, 7, Vuy, is some average or projection of the possibly discontinuous gra-
dient of uy,. Choose a finite element space V,, C H}(w,,) corresponding to 7y,
which consists of piecewise polynomials of a sufficiently high degree. This means
that the polynomial degree of the functions in V, should be larger than the
one of u;. One possible choice consists in taking all functions g Rk (uy) and
z/;ERE(uh) where K and FE are elements and faces having =y as a vertex and
where RK(uh) and RE(uh) are as in the previous section. Denote by v, € V,,
the unique solution of:

/ Aijajvxoaiw = <F(Uh),’w) Yw € Vzo [19]

and set:
ND,xo -= |vzo|1;wm0' (20]

Problem [19] admits a unique solution since the matrix (Op;ai(x,v,p))1<i,5<n I8
assumed to be uniformly positive definite. Denote by A > 0 the minimal eigen-
value of the matrix (A4,;). Inserting v, as a test function in [19] we immediately
obtain that:

D0 < 3 IF @A)l 1. 1]

Together with the results of Section 6 this implies that np ,, is an efficient and
local error estimator for ||u — up||;1. The corresponding constant is 2A~! A.

It is much more tedious to prove the reliability of this error estimator. If V;,
contains the functions Yx Rk (up) and YR £(up), one may compare 1p , with
the estimator of the previous section. The definition of 7p ,, and the second
part of the previous section then imply that:

1/2

1/2
{ Z ﬂR,K} <c Z M.

KeT, €N
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The constant c is proportional to y; *, Vg ! and to 72, 74, ¥s. This estimate and
the results of Sections 5 and 6 establish the reliability of the error estimator:

1/2

Mp = Z nl2),z

TEN} W

The strategy just described also applies to singularly perturbed problems,
provided the matrix (A,;), the functions in V,,, and the norm in the definiton
of np z, take into account the singular perturbation (cf. [VER 98a, VER 98b}).
First results for anisotropic meshes can be found in [KUN 98].

Problem [19] is a discrete analogue of the Dirichlet problem:

—81-(Aij8ju) = F(’U,h) in Weg

u=20 on Owg,.

Similarly, one can also consider error estimators which are based on the solution
of discrete analoga of the Neumann problem (cf. § 3.3 in [VER 96]):

—31-(Aij8ju) = RK(Uh_) in K
nkAij0ju = Rg(up) on 0K.

This idea was first introduced in [BAN 85].

8. Quasilinear parabolic pdes of second order
The parabolic counterpart of problem [1] is

Oyu — Gia;(z,u, Vu) = b(z,u,Vu) in Q x (0,T)

u=20 onT x (0,7) [22]
u(.,0) = ug in Q.
Here we assume for simplicity that the functions aq, ..., a, and b do not depend

on the time t. T is a given, fixed, finite final time.

For the weak formulation of problem [22] we must introduce some function
spaces. Let V and W be two Banach spaces with corresponding norms ||.||y
and ||.|lw such that V — W is a continuous and dense injection. L2(0,T;V)
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denotes the space of all functions v on (0,7) with values in V such that the
function t — ||v(.,t)||v is square integrable. The corresponding norm is:

T 1/2
[vilLzo,mivy == {/0 Hv(wt)llezdt} :

Set W2(0,T;V,W) := {v € L*(0,T;V) : 8,v € L*(0,T; W)} and equip it with
the norm:

1/2

T T
Ivllwzco,7vw) = {/ llv(-,t)||%/dt+/0 ||3tv(-7t)||5vdt}
0

Here, the time derivative d;v must be understood in the distributional sense.
L?(0,T;V) and W?(0,T;V,W) are Banach spaces. One can prove that for
any v € W2(0,T;V,W) the quantity v(.,T) exists and is an element of W.
Therefore:

WEO,T;V,W) := {ve W?0,T;V,W) : v(,T) = 0}
is well-defined. For abbreviation we set:
X :=L%*(0,T; H; (Q))
Y :=WE(0,T; Hi (Q), HH()). 23]

Then we may consider the following weak formulation of problem [22]: Find
u € X such that:

_/()T/Quatv_/nuw(.,m

T [24]
+ / / {a:(z,u, Vu)dv — b(z,u, Vu)v} =0 Yo eY.
0 JQ
Define a mapping F' of X into the dual space of Y by:
T
(F(u),v) :=— / / ulpv — / uov(., 0)
0 Q Q [25]

+ /OT/Q {ai(z,u, Vu)ojv — bz, u, Vu)v}.

Then problem [24] is equivalent to F(u) = 0. Thus it fits into the abstract
framework of Section 5. DF'(u) is locally Lipschitz continuous at u if the func-

tions ay, ..., a, and b satisfy appropriate differentiability and growth conditions
(cf. [VER 98c, VER 98d]).
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9. Discretization with space-time finite elements

There are three main approaches to discretize parabolic pdes: the method
of lines, Rothe’s method, and space-time finite elements. Often, all approaches
lead to the same discrete problem. But the analysis is completely different,
in particular concerning the necessary regularity requirements. This is also
reflected by the a posteriori error analysis. In [ADJ 88, BIE 82a, BIE 82b] an
a posteriori error analysis for the method of lines is given; Rothe’s method is
investigated in [BOR 90, BOR 91, BOR 92|. Here we will concentrate on space-
time finite element methods. This approach has several advantages: it requires
minimal regularity assumptions and it has a variational structure. The latter
allows us to put this discretization into the abstract framework of Section 5.

We first subdivide the interval [0,T] into N, subintervals J; = [t;,t2),
wooy JN, = [tn,,tn,4+1) with respective length 71,...,7n.. The subintervals
are arranged in a natural way, 0 = ¢; <ty < ... <ty < tn, 41 =T. We
assume that this partition is shape regular, i.e. the ratios 7;/7;11 and 7i41/7
are bounded from above uniformly with regard to ¢ and 7. With each j €
{1,...,N;} we associate a partition 7; of Q, which satisfies the assumptions
of Section 3, and a corresponding finite element space V; C Hg(€2). Denote by
A; the continuous, piecewise linear function that takes the value 1 at t; and
vanishes at all other points t;, ¢ # j. Set:

AP = Aj + (60 — 3)A; A 41 — Aj-1]

with the obvious modification for j = 1. Here, 6 € [0,1] is a parameter which
will be chosen later. Denote by x; the characteristic function of the j-th subin-
terval and set:

Xn = span{x;(t)v;(z) :1<j <N, v; €V},

Yh = span{A\{" (t)v;(z) : 1 < j < Ny, v; € V;}.
Note that the functions in X, are piecewise constant with regard to time and
that the functions in Y}, are continuous, piecewise quadratic functions with

regard to time which vanish at the final time T'. These properties ensure that
XpCcXandY,CY.

The space-time finite element discretization of problem [22] then consists in
finding uy, € X such that:

T
—/ /uhatvh—/uovh(.,O)
0 Q Q

T [26]
+/ / {ai(z, up, Vup)dvn — bz, un, Vup)vp} =0 Yup, € Y.
0o Jo
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Problem [26] fits into the abstact framework of Section 5. The function F}, of
Xy, into the dual space of Y}, is given by:

(Fr(up),vn) :—/()T/Quhatvh—/nuovh(.,O)

T
+/0 /Q{ai(x,uh,Vuh)aivh—b(m,uh,Vuh)vh}
=(F(un), vn).

[27]

At first sight problem [26] may look rather strange. But it corresponds to the

popular #-scheme. The parameters § =0, § = 1, and 8 = % in particular yield
the explicit Euler, implicit Euler, and Crank-Nicolson scheme, respectively. To

see this, denote by u} the constant value of uj on the j-th subinterval and
insert Ag-g)(t)vj(x), v; € Vj, as a test-function vy, in [26]. Since:

i tit+1
/ A ()t = (1~ 0)7;-1, / A (tydt = 7,

ti_1 t;

intergration by parts with regard to time on the subintervals yields:
/Quflvj + 07; /Q{ai(z,ufl, Vufl)aivj - b(x,ufl,Vu{L)vj},

z/Q 'ZL_I'U]‘ +(1-8)151 /Q{ai(z,u{l_l,Vu{l_l)awj - b(x,ufl_l,Vufl_l)vj},

if j > 2, and:

/(ui —uo)ur =0,
Q

The previous approach can be extended to polynomials of degree k > 1 with
regard to time (cf. [VER 98c, VER 98d]). It then corresponds to an implicit k& +
1-stage Runge-Kutta method which, for § = %, has the corresponding diagonal
Padé approximation as its stability function. Hence, the time-discretization is
A-stable and of order 2k + 2. The previous approach strongly resembles the
popular discontinuous Galerkin method [ERI 85]. The latter, however, uses the
same space of discontinuous (with regard to time) functions as test and trial
spaces. In particular, the lowest order method corresponds to the implicit Euler
scheme. The higher order methods correspond to implicit & + 1-stage Runge-
Kutta schemes which have the corresponding sub-diagonal Padé approximation
as their stability function. Hence, this time-discretization is L-stable and of
order 2k + 1. Since both test and trial functions are discontinuous with regard
to time, the discontinuous Galerkin method is non-conforming with regard to
any variational formulation of [22]. This makes its a posteriori error analysis
more difficult.

if j = 1.
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10. Auxiliary results

We adapt the notations of Section 4. In particular, an index j indicates that
the given quantity corresponds to the partition 7; of 2. The intervals J; and the
partitions 7; induce a partition P, of the space-time cylinder Qr := Q2 x (0,T)
into prisms of the form Q = K x J; with K € 7;. Given any of these prisms,
we denote by 0Q := 0K x Jj its lateral boundary and by 0Qp := K x {t;}
its bottom. The corresponding jumps are labeled by an index 8Q; or 9Q g,
respectively. The jumps across lateral boundaries are again in the direction
ng, those across the bottoms are in the direction of increasing time.

With the help of the basis functions A; of the previous section and of the
cut-off functions ¥k, ¥ of Section 4 we define cut-off functions with regard to
space and time by:

Yo = 40 (A (Yk(z) Q=K x Jj,
Vg, = (O 1 (t)ve(x) E €&, (28]
Vi,j = Ai(t)Yk(T) JKeT,.

With these functions one can prove the following analogue of estimate [6] (cf.
[VER 98¢, VER 98d)):

&1llvlI72 g S/QT/)QU2 < lliz(q)s

WqQull Lz (a0 (k) <62k 1vl|L2(0),
18:(¥Qu)llL2(q) <837} 'lvllL2(g),
10 (You)llL2(u;:H-1(k)) <6a0n(hx)l|0(WqQu)llLz(Q),

2
551012 ) < /J 5" < lelEacma,,

—1/2
108,50l 258 @)y <Sehz "’ l@llL2Ex ;) [29]
10:(WE, 50 L2(wrx ;) 5677'1'_1h2‘/2||‘/’”L2(ExJ]-)7
10:(¥E,50) L2 (351 (wr)) S080n(hE)IO(VE, ;9 L2(wEx 75)s

SollwllZ 2 S/wa,jwz < JwllZ2exys

1k, swll L2(a,_ ;50 (K)) Sélohj}lT;ﬂlWHL?(K),
-1/2
18 (Wi, 5wl L2 (i x 5003y <6175 2 Nwll L2

10: (Ve sl L2(s; - 0581 x0)) SO120n (RO (Wi 5w L2 (R x [7;_10;))-
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Here, Q = K x J; is an arbitrary prism, E C 0K is a face of K, v, ¢, w are
polynomials of an arbitrary but fixed degree and:

hlInh| ifn=2

= 30
on(h) {h if n> 3. 130
The constants §y,...,8;2 depend on the polynomial degree of v, v, w and on

the shape-regularity of the 7; via ¢, = sup,; SUPkeT, hk/pk. The factor o, is

due to the non-local nature of the H~!-spaces (cf. Lemma 3.5 and Remarks
3.1 and 3.2 in [VER 98c]).

Finally, we must define an interpolation operator with regard to space and
time. Denote by I; the interpolation operator of Section 4 corresponding to 7;.
Given j € {1,...,N;} we define a projection operator 7; of Y into H}(2) by:

1 ti+1
T = —/ u(., t)dt

Ti-1+ T Uy

J—1

with the obvious modification if j = 1. The operators m; and I; commute. We
define the interpolation operator in space and time by:

N,
Lv:= Z )\§-9)(t)7rjIjv. (31]

J=1

One can prove (cf. [VER 98¢,VER 98d]) that this interpolation operator satis-
fies the following analogue of estimate [8]:

v — LrvllLzgy < enfhrlviize ;v @x))
+Tjh’I—{l||aiv”Lz(ij—17tj+2?H_1(K))}’
- 1/2
||'U — ITUHL?(Eij) < CIZ{hE/ ”U”LZ(J]',Hl(&E))
—3/2
+7hgY 18evllL2 (85t 42551 @50) b (32]
- 1/2
/K wl|(v = L) (o t5)) < Era{r} 2wl o 19000l age, y tyvi1-1(r0)y
—-1/2
+ 75 2 hicl|wl] L2 ke
“U||L2(tjflvtj+l§H1(L:’K))}'

Here, @ = K x J; is an arbitrary prism. E is a face of K, v is an element of
Y, and w € H(K) is arbitrary. The constants &1, ..., é;3 only depend on the
shape-regularity via ¢, defined above.
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11. Equivalence of error and residual

Since Problems [24] and [26] fit into the general framework of Section
5, we immediately obtain the equivalence of the error ||u — upflx = |ju —
un|lL2(0,7;H1(n)) and of the residual:

IFun)lly: = sup ECRLv)
veviioy  Ilvlly

(Recall that ||Hy = ”-||W2(0,T;H1(Q),H—1(Q)')-)

The Lipschitz continuity of DF (u) is satisfied if the functions ey, .. .,a, and
b fulfill suitable smoothness and growth conditions. The invertibility of DF(u)
is equivalent to the unique solvability of the linearized parabolic pde [22]. The
corresponding constants o and A now also depend on the final time 7". Usually
o~ !'A will be a monotonically increasing function of T. This introduces new
difficulties. In particular it in generally excludes estimates which are global in
time. A satisfactory general theory for long-time a posteriori error estimates is
still lacking; first results are given in [ERI 91, ERI 95a, ERI 95b].

12. A residual error estimator

In order to obtain computable upper and lower bounds for the residual
|| F(un)||y- we proceed as in Section 6. Consider a function v € Y with ||v||y =
lvllw(o,1;m1(0),HH-1()) = 1. Performing integration by parts with regard to
space and time on each prism Q we conclude that:

(F(un),v)
= Z {/Q{@tuh — dia{x,up, Vup) — bz, up, Vup) }v
QeP-
+ % /BQL[TLE,iaz'(x,uh,Vuh)]aQLv +/Qn[uh]3QBv} (33]

=: Z {/QRQ(uh)’U-i—%/ RaQL(uh)U+ RaQB(uh)v}.

QeP, QL Qs

The integrals along the lateral boundaries are weighted with a factor one half
since each face is counted twice. Note that for Q = K x J:

[Wloqs = ¥( 75 +0) = 9(,, 75 = 0).
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In order to obtain the compact form of [33] we therefore used the convention
that:

up(.,0—0) :=up [34]
where g is the given initial value.

Thanks to equation [27] we still have the Galerkin orthogonality [14]. Hence,
we may replace v on the right-hand side of equation [33] by v — I.v. Applying
the Cauchy-Schwarz inequality for integrals we thus arrive at:

(Flun),v) < Y {IRo(un)lie@yllv = Lvllea)
QeP:

1
+5l1Raq. (un)ll L2 @@uyllv = Irvll120q.)
+ [ IRagy(un)lo ~ Lol }.
oQp
Inserting the estimates {32] and using the inverse inequality:

IRa ., (un)ll i (k) < chi | Raq s (un)llL2(x)

we conclude that:

(Flun).v) < 3 {enlhu + 1 R (un) 2@ llvllvise
QEPT

1. 172 -3
+ enalhy” + 505" N Roq, (un)llz0eu I llvis,
2 1/2
+anslry hic -+ 7l Ron (un)l 2o 0l §-

Here, .||y |z, denotes the natural restriction of ||.||y to the set &g which is the
union of all prims that have at most one point in common with Q. Using the
Cauchy-Schwarz inequality for finite sums we finally arrive at the upper bound:

1/2

IF(un)lly:, < cmax{én, ér2, &3} D nko , [35]
QEPT

where c is the maximal number of prisms contained in @g and where:
1r.q = {lhx + kg2 Ro(un) I3 q)
1 _ _
+ §hE1[hE +7ihE | Roq, (un)l 72 (aq,) [36]

1 1/2
T i + T Pl Roga (un) 2200, |
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In order to prove the efficiency of the error estimator we proceed in exactly
the same way as in Section 6. We first define modified residuals Rg(us) and
RBQL(Uh) by approximating the functions a1, ..., an, and b by functions a; j,
...y G p,y and by which are piecewise polynomials. The residual Rpg, (un) may
not be modified since it only involves jumps of up which is a piecewise poly-
nomial. Then we use estimate {29] to bound the contributions to g ¢. For the
element residual, e.g., we thus proceed as follows. From estimate [29] we get:

il Raw) oy < [ Ralw)vaRalun) =t | Roturug
Inserting wq := 1o Rg(us) as a test-function v in eqation [33] we obtain:

|| Ratunywg =(F(un), wa) + [ [Ro(un) - Rolun)lug
Q Q

<F(un)lly lwolly + |Ro(un) — Ro(un)llL2@ylweollLe(q)-
Estimate [29] yields:

1/2
lwolly = {lwallFaes, sy + 10rwelFacs, sy }
<{63hi” + Som(hi) 63752} | Ro(un) 2@
< max{6, 83,84} (! + 0 (i) I R (un) |12 -

Since lwg || 2(g) < ||Rq(un)llL2(q) we obtain:
[hi + 755 1| R (un)llL2(@)

1 _ _ _
<7 max{8z, 8,84} [ + Tih M hg + onlhe) T3 IIF (un)lly-

) ) i
T e Tihi' N1 Ro(un) — Ro(un)l12(@)-

The remaining terms in ng ¢ are treated in exactly the same way. Summarizing
all estimates we finally obtain the estimate:

nrq <cilhk + TR [hE" + on(hi )T IF (un)lly-
+ colhi + Tih | Ro(un) — Ro(un)llz(q) (37]
+ cslhg + T;hphe ? I Rog, (un) — Roq, (un)llL2(aq,)-

The second and third terms on the right-hand side of estimate [37] are again
higher order perturbations which only depend on the smoothness of the func-
tions ai,...,a, and b. The constants ¢1,...,c3 depend on éy,...,6:2. We thus
obtain the efficiency and locality of the error estimator.
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But in contrast to corresponding results for elliptic problems, we now have
an additional factor [hk +7;h'|[hx" + 0 (hk)7; ). This factor is of order one
if and only if the CFL condition 7; ~ h3. is satisfied. This condition is annoying
when recalling that the choice § = % vields the Crank-Nicolson scheme which
is of second order. On the other hand this condition is very natural when
recalling that the pde [22] is of second order with regard to space but of first
order with regard to time. In this sense [22] is the limit case of a second order
equation which is singularly perturbed with regard to time. Thus one may
perhaps avoid this CFL condition if one succeeds in adopting the methods
for singularly perturbed elliptic pdes. Finally, we stress that the above CFL
condition does not show up in the existing literature, e.g. [ERI 91, ERI 95a,
ERI 95b], since only upper bounds on the error are established there.

The error estimator contains contributions from the lateral faces and form
the bottoms of the space-time prisms. Thus their relative sizes could be used for
an anisotropic refinement with regard to space and time. This would correspond
to a local time-stepping. But up to now the correct treatment of local time
stepping within a variational framework is a completely open problem.

13. Error estimators based on the solution of auxiliary local problems

The techniques of Section 7 may be extended to parabolic pdes too (cf. [LON
98]). This gives rise to error estimators which are based on the approximate
solution of auxiliary local parabolic problems. To give an example, consider an
arbitrary space-time prism Q = K x J;, K € 7;. Denote by wg the union of all
prisms that share at least one point with the lateral boundary and the bottom
of Q. Choose a finite element space Vg consisting of piecewise polynomials of a
sufficiently high degree which vanish on Owg. For example Vi may be choosen
such that it contains the functions o R (up), ¥E ;Rso, (ur), ¥k jRaqs (un)
with Q" C wq, E C 0K. Set Ay; = 0p,mqai(x, un(x), Vup(z)), where mg
denotes a suitable average on wg, i.e. the L?-projection onto R. Since the
functions in Vg vanish on dwg, the problem:

«/ vOyw + A;;0v0;w = (F(up),w) YweYy [38]
wQ wQ

admits a unique solution vg € V. Set:

np,Q = lvqllLz(s;_ v, H1 (@) (39]

Inserting vg as a test-function w in [38] and using a scaling argument, one
concludes that:

mp,@ < c[1+ 75 'hE)IF (un)ly -
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Inserting the functions wa%Q(uh), TIJE,J'RaQL(uh), and dJK,jﬁaQB(uh) as test-
functions in [38] and using the estimates of the previous section, one obtains
that:

nrq <ai[l + TR + on(hr)hk T np o
+eolhi + Tih i IIRg(un) — Ro(un)llz2(q)
+eslhg + 7hg Ths | Raqy (un) — Roq, (un)ll2sq.)-

1/2
Hence, np := {ZQE’PT Tlf),Q} is a reliable, efficient and local error estimator
for ||u — unllx provided the CFL condition 7; ~ h% is satisfied.

Note that problem [38] is a discrete analogue of the parabolic pde:

Btu — ai(AijE)ju) = F(uh) in (:JK X (tj_l,tj+1)

u on G(DK X (tj_l,tj+1)

0
’u(.,t]’_l) =0 in (IJK.
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