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ABSTRACT. The influence of plasticity theory on the bifurcation of a cylindrical bar under large 
tensile strain is analyzed. A deformation theory of plasticity is assumed and the eigenvalue 
problem governing bifurcation is solved. A comparison is made between this solution and one 
obtained with a flow theory. The problem is then solved by means of the finite element method. 
Numerical computations are conducted for different geometries and material parameters and 
the results are compared with the analytical predictions. 

RESUME. L 'influence de Ia theorie de plasticite adoptee pour Ia loi de comportement sur Ia bi­
furcation d'une barre cylindrique elasto-plastique incompressible soumise a de Ia traction est 
etudiee. La resolution analytique du prob/eme aux valeurs propres gouvernant Ia bifurcation 
permet d'etablir /'expression de Ia contrainte aux points de bifurcation obtenue pour une loi 
de deformation totale et de Ia comparer a ce/le obtenue pour une loi incrementa/e. Ce meme 
probleme est ensuite resolu numeriquement par Ia methode des elements finis. Les simulations 
numeriques sont menees pour differentes geometries et differentes valeurs des caracteristiques 
du materiau. 
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1. Introduction 

When solids are subjected to tensile loading, necking instabilities can occur. A 
well-known example of this phenomenon is the necking of a cylindrical bar under 
uniaxial tension. This problem has already been extensively studied, both numerically 
and analytically. Within the body of work completed to date, various approaches have 
been adopted in order to predict the initiation of necking. To start necking, Norris et 
al. [NOR 78] used a geometry exhibiting an initial imperfection: the diameter of the 
bar's cross-section at its center was less than that at its extremities. The development 
of the neck is then simulated numerically through the use of finite differences. 

Another approach consists of considering the onset of necking as a bifurcation 
from a uniform stress state. Such a perspective was adopted in the analytical study 
conducted by Hutchinson and Miles [HUT 74] as well as in the numerical study per­
formed by Needleman [NEE 72]. These studies are based on Hill's [HIL 58] general 
theory of uniqueness and bifurcation. Hutchinson and Miles developed an exact ex­
pression for the true stress at bifurcation. The expression obtained reveals both that 
bifurcation always occurs after the maximum load has been reached and that the more 
slender is the bar, the nearer to the maximum load point bifurcation occurs. The same 
set of results have been yielded by Needleman's numerical study wherein the eigen­
value problem governing bifurcation is solved by means of the finite element method. 

As opposed to the geometry used by Norris et al. in their computations, the autors 
consider a uniform bar. All of the studies cited above have employed a flow theory of 
plasticity. For structures subjected to compressive loading the buckling loads obtained 
with a deformation theory have often proved to be in closer agreement with experi­
mental results than have the loads resulting from a flow theory (Batdorf [BAT 49], 
Bushnell [BUS 82]). We think that it is more reasonable to use the hypothesis of fi­
nite deformation theory for the computation of stress rate to predict bifurcation in 
case of tensile loads because, as in the compressive cases, it better takes into acount 
the change in stress directions during the bifurcation. The resulting bifurcation loads 
should hence occur earlier than those obtained using flow theory. Our objective herein 
is to study the influence of the choice of plasticity theory adopted on the prediction 
of the initiation of necking in an incompressible elastic-plastic cylinder in tension. 
We shall use the approach developed in both Cheng et al. [CHE 71] and Hutchinson 
and Miles [HUT 74] in order to derive the expression for the true stress at bifurca­
tion when a finite-strain version of deformation theory is considered. These analytical 
expressions will then be compared with the results obtained from the study of the 
bifurcation problem by means of the finite element method. 

Sections 2 and 3 aim to present the uniqueness criterion and the constitutive laws, 
respectively. The equations governing the tension problem of a cylindrical bar are set 
forth in Section 4. The eigenvalue problem governing bifurcation is examined initially 
from an analytical perspective in Section 5, and then numerically in Section 6 by 
means of the finite element method. 
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2. Uniqueness criterion 

Hill's [HIL 58] general theory of bifurcation of elastic-plastic solids provides the 
theoretical basis for our study. This section serves to recall the expression of the uni­
queness criterion for a hypoelastic constitutive Jaw of the form 

[l] 

where TJ denotes the Jaumann derivative of the Kirchhoff stress tensor T, D the 
strain rate and 1l a tensor exhibiting the following symmetry properties 

1lijkl = 1ljikl = 1lklij 

The current configuration has been taken as the reference configuration and the 
hypothesis that loading occurs everywhere in the plastic zone has been adopted. A 
sufficient condition for uniqueness of the rate problem can be written 

l ow; OWk 
-;r-ICijkl-;r- dQ > 0 'Vw / w = 0 on Su 

O UXj UXI 
[2] 

with x being the position vector of a material point in the current state and Su 
representing the part of the boundary on which the dispacement is being imposed. 
The tensors IC and 1l are related by 

The finite element discretisation of equation [2] leads to a classical zero eigenvalue 
and associated eigenmode research. 

3. Constitutive equations 

The material is assumed to be elastic-plastic, homogeneous and isotropic and hy­
poelastic models will be considered. 

3.1. J 2 Flow theory 

This large strain formulation of the Prandti-Reuss equations has been proposed in 
both Hill [HIL 58] and McMeeking and Rice [MCM 75]. The constitutive equations 
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relate the Jaumann derivative of the Kirchhoff stress tensor to the strain rate. Elastic 
strains have been assumed to be small which enables stet that the strain rate admits an 
additive decomposition into an elastic part ne and a plastic part DP. 

For elastic loading or unloading, the constitutive law is given by 

[3] 

where E and v denote Young's modulus and Poisson's ratio, respectively. For plas­
tic loading, the constitutive equation is 

with TD and Teq being defined by 

The value of h can be identified from the uniaxial stress-strain curve ( r, e) which 
gives the Kirchhoff stress T as a function of the logarithmic strain e. h is given by 

h = !!!_ 
deP 

The interpretation of h is shown on figure I. If the tangent modulus E1 is defined 
as the slope of the curve ( r, e), then h is related to E1 by: E1 = E h / ( E + h). 

3.2. J 2 deformation theory 

The finite-strain version of h deformation theory which we are using was develo­
ped by Rudnicki and Rice [RUD 75]. The plastic strain rate DP is written as 

{ 

0 iff< 0 

Dfj= 3 JD 9 (1 1) DDJ -(r .. ) +- --- T··TktTkt iff= 0 
2hl IJ 4T;q h h1 IJ 

where f designates the von Mises yield condition and the constant h1 is defined 
by 



Bifurcation of a cylindrical bar 729 

EP 

Figure 1. Interpretation of the coefficients hand h1 

The elastic strain rate ne remains given by the law 

The relation between strain rates and stress rates in the plastic zone is 

( 1+v 3) J (II 1) J 9 (1 1) DDJ D;j = --e + 2hl T;j- E + 2hl Tu J;j + 4r;q h - ht T;j Tkt Tkt [5] 

This relation may be inverted in order to express equation [5] in the form [I]. By 
multiplying [5] by rS, we obtain 

[6] 

Using this expression, the constitutive law can therefore be written as 
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r.! -IJ-

~ {-v-D116 .. + D··} if/< 0 1 + V 1 - 2V IJ IJ 

2htE { 2htv+E } 
2ht(1 + v) + 3E D;j + 2ht(1- 2v)Dut5;i 

9E2 (ht -h) D D 

- Ti
9 

(2ht(1 + v) + 3EJ[2h(l + v) + 3E] Tij Tkl Dkl iff= 0 

4. Problem Formulation 

[7] 

In our analysis, the material is assumed to be incompressible. The boundary-value 
problem is the following: the ends of the bar are sujected to an axial displacement and 
are shear free. 

The cylindrical coordinate system ( r, (}, z) is used with 0 $ r $ Rand 0 $ z $ L, 
R and L being the current radius and length of the cylinder, respectively (figure 2). 

z 

L 

r 

Figure 2. Geometry 

The boundary conditions are as follows 

{ 

for r = R IIrr = ITer = llzr = 0 
for z = 0 IIrz = llez = 0 and Uz = -u~ 
for z = L IIrz = llez = 0 and Uz = u~ 

where D represents the nominal sress tensor. 
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The constitutive laws were previously presented in Section 3 in the case of a com­
pressible material. For an incompressible material, the Jacobian is equal to I and we 
have 

T = u and T = u 

The How theory constitutive law becomes 

iff< 0 or (f = 0 and j < 0) 

du 
where J.t denotes the shear modulus and h = -d . cP 
For the deformation theory, (7] reduces to 

with: h1 = !!.... 
cP 

if (f = 0 and j = 0) 

Equation [9.b] can be expressed in a form analogous to [8.b] 

with 

and 
1 
h. 

S. Analytical Study of the Bifurcation Problem 

1 1 
h hl 

[8] 

[9] 

The stress distribution in the bar remains a state of uniaxial and homogeneous 
stress up until a critical load at which bifurcation occurs. This bifurcation corres­
ponds with the initiation of necking in the bar. An analytical study of this problem 
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has already been conducted by both Cheng et at. [CHE 71] and Hutchinson and Miles 
[HUT 74] for an incompressible elastic-plastic solid, in their analysis a flow theory 
of plasticity was assumed. The same approach has been employed herein but the de­
formation theory constitutive law [9] will be employed. In this section, the analytical 
study of the eigenvalue problem governing bifurcation is carried out in order to obtain 
an estimation of the bifurcation stress. 

The deformation is assumed to be axisymmetric. Velocity fields are then of the 
form v = (vr(r, z), ve = 0, Vz(r, z)). 

The rate form of the equilibrium equations and of the boundary conditions gover­
ning the bifurcation problem are 

[10] 

and 

. . . 

{ 
for r = R AIIrr = Aller = AIIzr = 0 
for z = 0 and z = L Allrz = Allez = 0 and Avz = 0 

where A denotes the difference between a quantity associated with solution 2 and 
the same quantity associated with solution 1 : Av = v 2 - v 1, All = D 2 - D 1 . 

The constitutive law can also be expressed in terms of the nominal stress-rate n. 
By definition: 

= 

= crJ + W cr - cr D 

with L and W being the velocity gradient tensor and the rate of rotation tensor, 
repectively. 

At bifurcation the stress distribution being uniaxial, let u = Uzz denotes the Cau­
chy stress. n can then be written as 
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· 2E, 1 . 
llrr = -

3
-Drr + 3(,8. + u)Dzz + p 

. 2 1 
llee = 3E,Dee + 3(,8. + u)Dzz + p 

. [2 2 ] . llzz = 
3
E.-

3
(,8. + u) Dzz + p 

. 2 
llzr = (3E'- u)Drz 

with the other components being zero. p and ,8. are defined by 

1 (. . . ) 
p = 3 llrr + llee + n •• 

[11) 

h and h1 can be expressed as a function of both the tangent modulus Et and the 
secant modulus E, (E, = u /c) 

the values of these moduli being given by the sress-strain curve. These relations 
leads to the following expressions for J.l• and ,8. 

E, 
J.l• = 3 and ,8. = E,- Et 

The strain rate D is related to the velocities by 

OVr Vr OV z 1 ( OVr OV z ) 
Drr = {i;'' Dee= -;:-• Dzz = fu' Drz = 2 8z + {f; and Dre = Dez = 0 

Using the constitutive equations [11] and the incompressibility condition trD = 0, 
the equilibrium equations [ 1 0] become 

!
-~ (Ec O'c) 0

2
1J..vz (E~ O'c) o

2
1:l.vr o!J..p _ 

3 t + 2 oroz + 3 + 2 oz2 + or - 0 

( - E; + 2Ef _ O'c) o
2

1:l.vz + ~ (E; _ O'c) !.__ (rol:l.vz) + o!J..p = O 
3 3 6 oz2 r 3 2 or or oz 
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where rrc. Ef and E; are respectively, the values of the stress, the tangent modulus 
and the secant modulus at bifurcation. 

By eliminating t:..p from these equations, we obtain 

( ~; _ ~c) :r [ ~ :r (r a~:1z)] _ ( ~; _ E~) ~:!:; 
_ (E; + rrc) a3

t:..vr = O [l 2] 
3 2 az3 

In order to describe the problem by a differential equation which only involves the 
variable r, we seek a solution of the form 

t:..vr = - ~<P' t:..vz = ! a(:<P) 
uz r ur 

with the function <P being defined by 

<P(r, z) = </>(r) sin ( k~z) , k = 1, 2, · · · 

Equation [ 12] can thereby be reduced to the differential equation 

where 

and 

_ k7rR 
2
b _ E;/3- Ef _ E;/3 + rrc/2 

I- L' - E;/3-rrc/2' C- E;/3-rrc/2 

a [1 a ] c = a( (a( (( .) with 
r 

(=­
R 

[ 13] 

The boundary conditions for both z = 0 and z = L are then identically satisfied, 
and the conditions on the lateral surfacer = R (( = 1) become 

for ( = 1 [ 14] 
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with 

Equation [ 13] can also be rewritten as 

[ 15] 

If~ = b2 - c > 0, the roots PI and p~ are real and defined by 

Pi=b+~ and p~=b-~ 

If~ < 0, the roots PI and p~ are complex and 

p~ = b + ivfc=b2 and P2 = ih 

The general solution to equation [ 15] is 

where h is the Bessel function of the first kind. Since ¢J should remain bounded 
for ( = 0, the Bessel functions of the second kind don't appear in the expression of f/J. 

Substitution of this solution in the boundary conditions [ 14] leads to the following 
condition for bifurcation 

(1- pr)JdPl"Y)[P2"Y(Jl + p~J2)Jo(P2!') + J3JI(pn)] 

- (1- p~)Jl(Pn)[pn(Jl + PIJ2)Jo(Pl 1) + J3JdPI"Y)] = o [16] 

The quantity "Y· i.e. the ratio R/ L, is assumed to be small. Thus the Bessel func­
tions may be approximated using the series representation to order (p1 1)6 and (pn) 6 • 

If~> 0, equation [16] then becomes 

1 2 2 I { [ 1 ] l2 2' (b - c)'i PlP2 J1 + J2 + 2J3 - B [JI(1 + 2b) + J2(4b- c)+ M3] 

+ 1~~ [2Jl(3b+c)+2J2(3b-c+2cb2)+63(ic+b)]} =0 [17] 
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If~< 0, equation [16] reduces to 

1 '> 2 I 2{[ 1 ] "'p 21·(c-b )2 IPI 81+82+28a -8[81(1+2b)+82(4b-c)+Ma] 

+ 1~~ [28l(c + 2b + 2b2
) + 282(c- 2cb + 6b2) + ~83 (c + 4b2

)]} = 0 [18] 

The coefficients of the constant term and of the term of order 1 2 of these two 
equations can be expressed as follows 

3 2 

The term [20] is of order O(uc, Ef, E;). Since 1 is assumed to be small, the terms 
14 x O(uc, Ef, E;) are neglected. Regardless of the sign of~. equations [17] and 
[ 18] both reduce to 

The coefficients of equation [21] are therefore functions of the unknown quantities 
E; and Ef. The value of Ef is approximated using expansion about the maximum 
load point 

whith um being the stress at the maximum load point. At that point, the stress is 
equal to the tangent modulus 

O'm = E;n [22] 

Using [22], we obtain 
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The secant modulus at bifurcation E~ is also expanded about the maximum load 
point 

From the definition of the secant modulus 

it follows that 

Hence, E; can be expressed as a function of E;n and E';' = E, ( u m) 

Em ( Em) Ec = Em + -• 1 - -•- (u - 0" ) • • Em c m 
O"m t 

[24] 

With terms of order (uc- um) 2 neglected, the expressions of the coefficients of 
equation [21] are 

and 

2 0"2 Ec Ec 
-0" Ec _ __£ + Ec2 _ 0" Ec _ _ •_t = 
3 cs 2 t Ct 

3 

( 1 Em 1 ) ( ) [ m 1 E';'
2 

( E';') dEt ll 
O"m 3 • - 20"m + O"c - O"m E, - 3 O"m - 2um + O"m - 3 du m 

which leads to the following value of O"c 
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[25] 

Hutchinson and Miles have established that in the case of the flow theory consti­
tutive law [8] Uc is given by 

[26] 

In [25], tenns of order 0(';,4uc, -y4 Ef, -y4 E;) have been neglected while equation 
[26] include tenns of order -y4 E. It is important to note that the expression obtained 
by Hutchinson and Miles rests on the assumption that Ef < < E. In our study we 
assume that E; < < E. This hypothesis allows us to compare the results predicted by 
both plasticity theories. 

Both theories predict that bifurcation occurs after the maximum load point. The 
value of the stress at bifurcation depends on the elastic-plastic properties of the mate­
rial and on the ratio radius to length R/ L of the cylinder. For small values of R/ L, i.e. 
for slender bars, bifurcation occurs shortly after the maximum load point. The critical 
stress predicted by the flow theory is always greater than the stress predicted by the 
defonnation theory. 

6. Numerical results 

In this section, the eigenvalue problem governing bifurcation is solved numerically 
by means of the finite element method. The bifurcation loads are characterized by the 
variational equation 

In tenns of finite elements, detennining the displacement u~ at which bifurcation 
occurs reduces to solving the equation 

where f{ represents the global stiffness matrix and w the vector of nodal velocities. 

An incremental calculation is first perfonned which enables to detenninate the 
state ofthe system at each time step (stress distribution, displacements, strain-hardening 
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variable). The stiffness matrix is then evaluated at each time step and the eigenvalue 
problem is solved in order to obtain the value of u~ for which the matrix]{ becomes 
singular. 

Computations were conducted both for a material whose stress-strain curve is bi­
linear (where the tangent modulus Et remains constant) and for a material whose 
stress-strain curve is represented by a piecewise power law (where the tangent mo­
dulus depends on o"). The computations have been carried out using the finite ele­
ment code Castem 2000 in which the global stiffness matrix corresponding to the flow 
theory constitutive law [3,4] and the matrix corresponding to the deformation theory 
law [7] have been added. These numerical results are then compared with the analyti­
cal expressions derived in the previous section. 

6.1. Bilinear hardening law 

The elastic-plastic properties of the material are specified by the parameters 
E = 2.105 MPa, v = 0.499, Et = 450 MPa and the yield stress O"y is 400 MPa. 
The computations were carried out for three different geometries: the initial length is 
La = 55 mm and three values of the radius are considered: Ra = 5 mm, R0 = 3.75 
mm and Ro = 2.5 mm. The meshes of the three cylinders are shown in figure 3. The 
elements used are 9-node quadrilaterals. The hypothesis of axisymmetric deformation 
has been used in the numerical analysis. 

The solution obtained by the finite element calculation is the fundamental solution: 
the stress distribution in the cylinder remains uniaxial and homogeneous throughout 
the entire loading. 

For a constant tangent modulus, the expression of O"c is given by 

in the case of the h flow theory and by 

in the case of the h deformation theory. 

'Y is approximated by replacing R and L, the radius and length at bifurcation, by 
Rm and Lm the radius and length at maximum load 

krrRm 
'Y ~ I m = ---y;;;;-
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Figure 3. Meshes used for the F.E. computations 

Since the tangent modulus Et is constant, Lm and Rm are given by 

For the material properties chosen, the following values are obtained: um = 450 
MPa, Lm = 61.587 mm, u:f = 3.293 mm. 

The lowest bifurcation point is obtained for k = 1. This mode is not symmetric: 
necking occurs at one end of the bar. The second bifurcation mode (k = 2) is a 
symmetric one and necking is located at the middle of the bar. If the numerical study of 
bifurcation is carried out by considering only half of the cylinder then only symmetric 
modes are found and the lowest bifurcation value obtained corresponds with k = 2. 

The values of the stress u c and of the prescribed axial displacement u~ for the two 
lowest bifurcation modes (k = 1 and k = 2) obtained with both theories of plasticity 
are presented in figure 4. This table enables comparing the values resulting from the 
analytical formulae and the numerical computations for the three values of the ratio of 
radius to length: Ro/ Lo=0.091, Ro/ Lo=0.068 and Ro/ Lo=0.045. 

These results reveal that the values of uc given by the analytical formulae are in 
good agreement with those obtained by the finite element computation. The bifurca­
tion stress Uc obtained with the flow theory is always greater than that obtained with 
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k=l k=2 

ud c Uc Uc ud c Uc Uc 

numerical analytical numerical analytical 

Ro/Lo = 0.091 deformation theory 3.52 453.300 453.281 4.17 462.632 463.124 

flow theory 3.60 454.460 454.462 5.11 475.794 482.025 

Ro/Lo = 0.068 deformation theory 3.42 451.847 451.845 3.80 457.344 457.382 

flow theory 3.45 452.284 452.219 4.16 462.490 463.363 

Ro/Lo = 0.045 deformation theory 3.35 450.827 450.820 3.52 453.300 453.281 

flow theory 3.36 450.973 450.894 3.61 454.604 454.462 

Figure 4. Numerical and analytical values of u~ and u c at the two lowest bifurcations 
modes ( Et = 450 MPa) 

the deformation theory; moreover, this difference grows as the cylinder's thickness 
increases. 

The more slender the cylinder, i.e the smaller 'Y is, the nearer to the maximum load 
bifurcation occurs, as for example for the ratio R0 / L 0=0.045. Furthermore, the first 
and second bifurcation points are then closer. The stress values for the second bifur­
cation mode in the case Ro/ L0=0.091 are those displaying the greatest discrepancy 
between the analytical solution and the numerical solution, which can be explained 
by the fact that in this case -y is not small in comparison with I ('Ym = 0.483). For 
the selected value of the tangent modulus for these computations (Et = 450 MPa), 
bifurcation occurs for relatively small strains (between 12% and 18% ). 

Figure 5 presents the results obtained for Et = 1300 MPa; in that case bifurcation 
occurs for strains of the order of I 00%. The conclusions stated within the framework 
of the computations conducted with Et = 450 MPa remain valid. 

k = 1 k=2 

ud 
c Uc Uc ud 

c Uc Uc 

numerical analytical numerical analytical 

Ro/Lo = 0.091 deformation theory 27.635 1301.675 1301.658 27.845 1306.617 1306.631 

flow theory 27.640 1301.793 1301.694 27.875 1307.321 1307.209 

Ro/Lo = 0.045 deformation theory 27.585 1300.495 1300.414 27.635 1301.67 1301.658 

flow theory 27.585 1300.495 1300.417 27.640 1301.792 1301.694 

Figure 5. Numerical and analytical values of u~ and u cat the two lowest bifurcations 
modes(Et = l300MPa) 
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Figure 6. Bifurcation modes 

6.2. Power hardening law 

In this section, the tangent modulus Et is variable and the stress-strain curve is 
defined by the following relations 

foru < uy 
[27] 

for u ~ uy 

Calculations have been carried out for three values of n: 2, 5 and to. The same 
values are retained for E, v and uy and three values of the radius are considered: 
Ro = 3.75 mm, Ro = 2.5 mm and Ro = I mm, with the length remaining L0 =55 mm. 

In order to calculate the value of Uc, we need to derive the expression of I'm· Um 

and dEtfdu(um) when the uniaxial law [27] is considered. 

The tangent modulus can then be expressed as a function of u 

_E(u)l-n Et-- -
n Uy 
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and 

Using the relation (jm = E[", we obtain 

(jm = ( !) 1/n (J'~n-1)/n 

dEt 
d(j 

m 

=1-n 

The strain at maximum load is given by Em = 1/n and the length and the radius can 
be written as 

Ro 

and Rm = -[exp--=-(~)--=-r 

Figures 7, 8 and 9 display the results obtained for n = 2, 5 and 10, respectively. 

Here again a very good agreement between numerical and analytical results can be 
observed. The analytical bifurcation stress obtained for both plasticity theories are so 
close that the numerical results cannot grasp the difference. The difference between 
the two theories is larger when the cylinder is thick and when the value of n is high. 
For all these computations the first and second bifurcation modes appear to be very 
close. 

k = 1 k=2 

ud c Uc Uc ud c Uc Uc 

numerical analytical numerical analytical 

Ro/Lo = 0.068 deformation theory 17.868 6328.456 6328.602 17.959 6341.107 6340.742 

How theory 17.868 6328.456 6328.620 17.959 6341.107 6341.033 

Ro/Lo = 0.045 deformation theory 17.853 6326.365 6326.354 17.894 6332.076 6331.750 

How theory 17.853 6326.365 6326.357 17.895 6332.215 6331.807 

Ro/Lo = 0.018 deformation theory 17.841 6324.692 6324.843 17.850 6325.947 6325.706 

How theory 17.841 6324.692 6324.843 17.850 6325.947 6325.708 

Figure 7. Numerical and analytical values ofu~ and (J'c at the two lowest bifurcations 
modes (n = 2) 
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k = 1 k=2 

ud 
c O'c O'c ud 

c O'c O'c 

numerical analytical numerical analytical 

Ro/Lo = 0.068 deformation theory 6.109 1005.362 1005.387 6.177 1007.379 1007.285 

flow theory 6.109 1005.362 1005.393 6.203 1008.146 1007.373 

Ro/Lo = 0.045 deformation theory 6.096 1004.947 1005.036 6.130 1005.987 1005.879 

flow theory 6.098 1005.033 1005.044 6.133 1006.076 1005.896 

Ro/Lo = 0.018 deformation theory 6.089 1004.764 1004.799 6.096 1004.974 1004.934 

flow theory 6.089 1004.764 1004.800 6.096 1004.974 1004.938 

Figure 8. Numerical and analytical values of u~ and u cat the two lowest bifurcations 
modes (n = 5) 

k = 1 k=2 

ud 
c O'c O'c ud 

c O'c O'c 

numerical analytical numerical analytical 

Ro/Lo = 0.068 deformation theory 2.905 591.751 591.754 2.948 592.578 592.508 

flow theory 2.908 591.809 591.794 2.984 593.262 593.150 

Ro/Lo = 0.045 deformation theory 2.899 591.634 591.615 2.917 591.983 591.950 

flow theory 2.899 591.634 591.623 2.923 592.098 592.077 

Ro/Lo = 0.018 deformation theory 2.893 591.518 591.521 2.899 591.635 591.574 

flow theory 2.893 591.518 591.521 2.899 591.635 591.574 

Figure 9. Numerical and analytical values of u~ and u c at the two lowest bifurcations 
modes (n = 10) 

7. Conclusion 

In this paper we have established the analytical expression of the bifurcation stress 
of a cylinder under uniaxial tension when a J2 deformation theory is adopted. This 
expression shows that deformation theory predicts that bifurcation occurs sooner than 
the bifurcation predicted by the flow theory but both theories predict that bifurcation 
takes place after the maximum load point. We find here the same result as the one 
demonstrated by Hutchinson et Miles [HUT 74] and Needleman [NEE 72] for the flow 
theory: the more slender the cylinder, the closer the bifurcation is to the maximum. Our 
computations show that there is a very good agreement between analytical and finite 
element predictions. 
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