Crack Analysis Method Based
on a Combination of Meshfree Method
and Continuous Damage Mechanics

Hyo-Song Kim?, Jang-Chol Hwang!, Kumchol Yun!,
Jun-Hyok Ri? and Chi-Myong Kim?

LFaculty of Mechanics, Kim Il Sung University, Pyongyang, DPR Korea

2 Institute of Mechanics, State Academy of Sciences, Pyongyang, DPR Korea

3 Faculty of Civil Engineering, Pyongyang University of Transport, Pyongyang,
DPR Korea

E-mail: hs.kim1225@ryongnamsan.edu.kp; cioc5@ryongnamsan.edu.kp;
kec.yun0705 @ ryongnamsan.edu.kp; cioc6 @ryongnamsan.edu.kp;

cioc7 @ryongnamsan.edu.kp

*Corresponding Author

Received 05 August 2025; Accepted 08 April 2026

Abstract

In this paper, the application method of continuum damage mechanics in the
framework of the element-free method is established. The method of mapping
the damage parameters used in continuous damage mechanics (CDM) to the
nodes and damping of the element stiffness matrix by the damage parameters
are discussed. Since the method of constructing the global stiffness matrix
from the element stiffness matrix in the element-free Galerkin method, one
of the typical meshfree methods, is different from the finite element method,
the continuous damage mechanical model as in the finite element method
cannot be applied. To predict the damage initiation and crack propagation
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directions, the maximum principal stress criterion is used and CDM model is
used to predict the damage evolution process under quasi-static loading. The
calculated results are compared with several experimental results and show
good agreement.

Keywords: Element-free Galerkin (EFG) method, continuous damage
mechanics (CDM) model, damage initiation, damage evolution process.

1 Introduction

One of the most popular numerical methods in computational solid mechan-
ics is the traditional finite element method and this is the oldest numerical
method for crack modeling. Here, cracks are confined to propagate along
interelement edges and it requires remeshing after crack growth at each load
step. This disadvantage leads to overestimation of the fracture energy when
the actual crack path is not along element interfaces.

The extended finite element method (XFEM) does not require remeshing
[1-3, 37]. The dependence of crack modelling on remeshing is generally
overcame by adding enrichment functions in the polynomial approximation
space. There is no constraint to limit the crack extension path such that cracks
are only allowed to develop along interelement edges, and cracks may pass
through elements in XFEM. However, XFEM has some disadvantages. The
computational approach is complex and requires high computational cost. in
multiple crack problems [4], it needs an accurate description of the crack
propagation process computed by complicated techniques. The embedded
discontinuity model [5-9] does not require a crack surface representation,
but these methods require the crack to propagate one element at a time. As a
result, this method is very sensitive to the quality of the mesh.

Recently, the phase field method (PFM) [37] has become a popular
method for simulating arbitrary crack growth. PFM introduces the regularized
representation of sharp crack topology. PFM assumes the crack is not sharp
and the crack surface can be diffused over the entire domain by a crack
density function. PFM does not require additional tracking algorithms for the
continuity and mesh independence of the crack path, and it can successfully
simulate crack branching and crack coalescence as well as crack propagation.

PFM has the disadvantage that the simulation results are highly depen-
dent on regularization parameters. In [38], an alternative to combining PFM
with continuous damage mechanics (CDM) models is proposed to remove
dependence on the regularization parameter. Several mesh-based numerical
methods have been combined with tracking algorithms [10-13] to obtain



Crack Analysis Method Based on a Combination of Meshfree Method 451

accurate crack propagation paths. Since the results of crack analysis are
highly dependent on the tracking algorithm, the study of several numerical
methods such as embedded discontinuity models and XFEM are closely
related with the study of tracking algorithms.

Currently, the level set method, scalar field method, and explicit tracking
algorithms are widely used as tracking algorithms. In the level set method, the
crack surface is generally represented by two orthogonal level set functions,
which is the most widely used method in failure simulation [14]. The level-set
method has been successfully simulated in the fracture problem by combining
it with XFEM or meshfree methods, and its research is ongoing [15-19, 38].
In the scalar field method (also called global tracking algorithm) developed by
Oliver [11, 20], a scalar field is added to the entire domain and the iso-surface
of this scalar field is used to describe the fracture surface. To obtain the scalar
values on all nodes at each loading step, the Laplace equation with anisotropic
conductivity must be solved. Since the crack path can be determined only
after obtaining scalar field information for the entire domain at each loading
step, a higher computational cost is required for crack path tracking.

The explicit tracking algorithm, which does not depend on mesh size,
has also been widely studied. The method can avoid the influence of mesh
size on the crack surface but is difficult to use in commercial finite element
analysis software due to a series of techniques required for the generation
of crack mesh. Meshfree methods [21-24, 27], such as mesh distortion,
volume locking, and mesh dependency presented in mesh-based methods,
can be resolved and do not require remeshing and accurate representation of
the crack geometry. Many meshfree methods, such as element-free Galerkin
(EFG), meshless local Petrov-Galerkin (MLPG), and reproducing kernel
particle (RKPM), are widely used in failure analysis.

The cracking particle method based on the EFG method proposed by
Rabczuk [25] represents a continuous crack curve by unconnected linear
segments. The method describes the crack path by modeling discrete cracks.
Crack path consists of a set of contiguous cracking particles. The cracking
particle method is simple, compared to the previous methods, because it
simulates the crack growth process by simply adding cracked particles.

There are some disadvantages to these element-free methods. First, some
techniques are required for the treatment of boundary conditions, since
the shape functions used in meshfree methods typically do not have the
Kronecker delta property. Also, to model discontinuities such as cracks,
meshfree methods have to modify the influence domain of some nodes or
add some terms to the basis function to construct a new basis function [26].
Ge nerally, meshfree methods need more computational time than FEM. As
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the crack tip position changes at each loading step during crack propagation,
it takes computational time to re-evaluate the influence domain of nodes
near the crack tip and to repeat searching nodes included in the influence
domain. To avoid inherent difficulties in the meshfree methods, it has been
successfully combined with FEM. These combined methods have advantages
over both the meshfree and the FE methods [28-33].

In this paper, a fracture analysis model combines the EFG method with
CDM. CDM is widely applied to fracture analysis problems in the framework
of the finite element method. This method can obtain representation of the
crack surface and the crack propagation curve without using any tracking
algorithm, and the crack geometry is naturally obtained by the calculation
results. To verify the effectiveness and accuracy of the proposed method, the
results of calculations are compared with experimental results.

2 Element-free Galerkin Method and Continuum Damage
Mechanics Model

2.1 Element-free Galerkin Method

In the EFG method, the displacement function w(z), which is the main
unknown function, is approximated by the polynomial basis function p(x):

uh(@) =Y pj(@)a;(x) = p’(z)a(z) (1)
j=1

where u" () is approximated displacement, p(x) is polynomial basis func-
tion, and unknown coefficient vector a(x) is function of the spatial coordi-
nates 7 = [x,y]. m is the number of terms in the basis. For example, if the

basis function is given by
Pl(z)={lzy} )

then m is 3.

In the moving least squares (MLS) approximation, the basis functions
generally use linear or quadratic functions.

The unknown coefficient a(x) = [a1(x), az(x), ..., ai(x),. .., an(x)]
is determined by minimizing the weighted residual square function given by

J=> W —)p" (@) a(z) — u’ 3)
=1
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where n is total number of nodes, W (x — x;) is weight function, u; is nodal
value at x = ;. There are several weight functions, but we used cubic spline
curves:

oJ
%0 0 4)
to obtain
A(z)a(z) = B(x)Us (5)
where
A(x) = Z W (x — a;)p(x:)p" () (6)
i=1
B(x) = [W(x — x1)p(x1)W (x — x2)p(x2) ... W(x — Xp)p(Tn)] (7)
U, = {ujuy . .. up}? (8)

From Equation (5) the following expression is obtained
a(x) = A7 (x)B(x)Us ©)

Substituting Equation (9) into Equation (1)
ul (@) = Zn: pi(@)u; = " (2)Us (10)
i=1
where
pi(x) = ipj(w)(A_l(w)B(w))ﬁ =p'(z)(A"'B); (11)
s

¢! (x) = {p1(@)p2(2) - pu(a)} = p’ () A7 () B(x)  (12)

The function ®(x) is called the MLS shape function. Using the MLS
shape function, the nodal stiffness matrix can be obtained

K,-j:/BiTCBde (13)
Q
then
0/0x 0 -
Bi=| 0 0/oy {‘f)’ SO]ZL% (14)

d/0y 0/0ox
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where L is differential operator matrix, ¢o; is a shape function matrix con-
structed by a shaped function ¢; and C' is elastic matrix, ) is problem
domain:

E 1 v 0
C = 1 v 1 0 (plane stress) (15)
U0 0 (1-v)/2
In the plane strain state, we have
_ . _
1 0
1—w
E(l — ’U) v 1 0 .
C = T vi)(l ~ o) 1—o (plane strain) (16)
1—2v
Y )

where E and v are Young’s modulus and Poisson’s ratio, respectively. The
global stiffness matrix K is obtained by assembling the nodal stiffness matrix
K;; as follows

Kl kb ke
S (17)
K K - Ku
Hence, the global system equation is
KU, =F (18)

Equation (18) is a set of n algebraic equation, and we solve this sys-
tem to obtain U, and substitute it into Equation (10) to obtain the nodal
displacement.

2.2 Continuum Damage Mechanics Model

In this paper, the EFG method is combined with an advanced continuum
damage mechanics model proposed in Yun [34]. Since this CDM model
takes into account the propagation direction of discrete cracks, it is possible
to model the crack growth process more accurately than the conventional
continuum damage mechanics model. In this paper, we have only considered
isotropic materials in two-dimensional space for simplicity of the problem
without loss of generality.
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Generally, the CDM approach is used in the framework of the finite
element method. The results of the calculations, including stress, strain, and
damage, are values in the element. However, the situation is different for the
meshfree methods. Note that although the CDM model is described in the
framework of the FEM, all the computational results are values at the nodal
points. The effective stress is expressed as

o =(1-D)Ce (19)

where o and € are the effective stress tensor and strain tensor, respectively,
D is the damage variable, and C' is the elastic matrix. It is assumed that the
damage variable D is followed by an exponential softening law

D) =1-— %exp{—2HS(r —1) (20)

where H is the softening parameter and r is the elastic domain threshold.
The r has a value of 1 when the material is undamaged and increases as
the damage evolves. The softening parameter H, is defined by using the
characteristic length of the element as
Hs = e (21)
lmat - le
where [, is the material characteristic length depending on the material

properties and defined as
2EG
lmat = D) = (22)
¥
where G, is the energy release rate of material, o is the uniaxial tension
strength, and [, is characteristic length of element. The r at the time step
t + At is expressed as

Tt4At = Max {1, max{sor}} (23a)
7=0,t

Tty A¢ = Max {1, max {SOT}} (23b)
7=0,t

where ¢ is the loading function at time step 7. Loading function ¢ is defined
as the normalized equivalent s tress
o
o= (24)
af
where & is the equivalent stress and (-) is the McCauley operator.
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2.3 How to Define the Characteristic Length of Element in the
Meshfree Methods

In FEM, the characteristic length of the element is defined as [, = VA
or [, = 1.52v/A, depending on whether its a square element or triangular
element [34], where A is an element area. In the finite element method, the
element area can be considered as the element integral area used in numerical
integration. In this sense, it is reasonable to consider the characteristic length
of lo = /Aq in the EFG method, where A, is the area of a background
integral cell. We consider the background integration cell as a rectangular
region and calculate it.

In MLPG (meshfree local Petrov-Galerkin method), the characteristic
length is set according to the type of integration domain because the integral
domain is defined for each node distributed in the problem domain. We will
only discuss the EFG method. This is because the method of constructing the
element stiffness matrix and the global stiffness matrix in the meshfree local
Petrov-Galerkin method is similar to that in the finite element method. In
other words, the finite element method constructs the global stiffness matrix
by assembling the element stiffness matrix corresponding to the element in
the global stiffness matrix, and the meshfree local Petrov-Galerkin method
constructs the global stiffness matrix by assembling the nodal stiffness
matrices corresponding to each node in the the global stiffness matrix in
a row-by-row. However, in the EFG method, the global stiffness matrix is
constructed from the nodal stiffness matrix computed at the Gaussian points
of each background integral cell. This will be discussed in detail in the next
section.

3 Numerical Implementation

In the EFG method, the global stiffness matrix is

K1 Ko -+ Kin
Koy Ko -+ Koy

K=| . ) ) } (25)
Ky1 Kn2 -+ Knn

where K;;(i € 1,...,N,j € 1,...,N) is nodal stiffness matrix and N/2
is the total number of nodes. At the first load step, each node is assigned a
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damage value ranging from 0 to 1

K1 Ko - Kin
Ko Koy -+ Koy

K;=1| . . ) (26)
Knl KnQ e Knn

If the stiffness matrix of the J-th node is found using Equation (26),
in the CDM model, the stiffness matrix considering the material property

degradation is
K;=01-dj)K, (27)

In Equation (26), n is the number of nodes in the influence domain of the
J-th node, and in Equation (27), d; is the damage value of the J-th node.
The damage variable D = [d1ds . ..dy] is calculated at each load step, and
the damage values at each node are taken as the maximum value compared to
the damage values at the previous load step. Therefore, if the global stiffness
matrix is reassembled and based on it, the stresses and displacements at each
node are calculated as follows:

1. loop over background integral cells
2. loop over Gauss points in each background integral cell

a. search influence domains and compute shape functions
b. compute the stiffness matrix at the Gauss point
c. assemble the global stiffness matrix

3. end Gauss point loop
4. end cell loop
5. loop loading step

a. compute damage variable

b. recompute the stiffness matrix at the Gauss point
c. reassemble the global stiffness matrix

d. solve the system equation

6. end loading step

As mentioned in the previous section, the global stiffness matrix assembly
method in the EFG method is different from the finite element method or the
meshfree local Petrov-Galerkin method. When constructing a global stiffness
matrix with stiffness matrices (which differs from the element stiffness matrix
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in the finite element method but corresponds to it) calculated from the
nodes within the influence domain of the corresponding Gaussian point, each
element of the element stiffness matrix is placed at the corresponding position
of the global stiffness matrix. Here, the corresponding position means the
corresponding position of the nodes within the influence domain. At each
load step, the damage variable corresponding to each node is calculated,
which represents the degradation of the properties of the damaged material
by multiplying (1-d) when the elements of the element stiffness matrix are
placed with the position corresponding to the node considered damaged when
assembling the global stiffness matrix.

In the finite element method, there exists an element stiffness matrix
corresponding to the damaged element and also the nodal stiffness matrix
corresponding to the node in the MLPG method. In the EFG method, the stift-
ness matrix used for the global stiffness matrix construction is not the element
or nodal stiffness matrix. Hence, each element of the element stiffness matrix,
which is swapped to a position corresponding to a node considered damaged
in the global stiffness matrix, is multiplied by (1-d) to represent degradation
of the properties of the damaged material. We used the penalty method for
implementation of the essential boundary conditions. As a result, the global
system equation is

[K + K“|Ug = F + F“ (28)

Here, the additional matrix K is the global penalty stiffness matrix
constructed using the nodal penalty stiffness matrix defined by

K¢, = / ot a® ;dr (29)
Ty

where K7 is a 2x 2 matrix. Here « is the matrix of the penalty constants. The
additional force vector F'“ is generated by the essential boundary conditions.
It uses the nodal penalty force vector F* defined by

FP = / &1 amdr (30)

where F}' is a 2 x 1 matrix. Naturally, the penalty method in implemen-
tation of the essential boundary co nditions is less accurate compared to
the Lagrange multiplier method. The accuracy of the solution near t he
supports and loading regions depends greatly on the magnitude of the penalty
factor. The larger the si ze of the penalty coefficient, the more accurate the
enforcement of the essential boundary conditions. Des pite these drawbacks,
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the penalty method is widely used because implementation of the essential
boundary conditions is simpler and the properties of the dimension, sym-
metry, positive definiteness of the stiffness matrix, symmetry of the system
matrix, and the characteristics of the band matrix are preserved.

4 Numerical Results and Comparison

4.1 Numerical Simulation of Mode | Failure in a Three-Point
Bending Beam

In order to verify the computational accuracy and effectiveness of the EFG
method based on the CDM model proposed in this paper, several numerical
results were compared with experimental results. The three-point bending
beam model used in the numerical calculation is shown in Figure 1. Figure 1
shows the geometry of the model and the imposed natural and essential
boundary conditions. The unit used in the figure is mm. Figure 2 shows
the meshfree particles distributed in the problem domain. Here, the average
distance between particles in the predicted crack path region is 1 mm; in the
other region, the average distance between particles is 5 mm. In the example
calculation, the problem domain is divided into two parts, i.e. the predicted
crack propagation part and another, and the nodes are regularly distributed in
each part.

The displacement imposed at the center of the top edge of the beam
is ug = 1 mm. The number of load steps used in the calculation is 100.
The material properties of the beam are as follows: Young’s modulus £ =
2000 N/mm?, Poisson’s ratio v = 0.2, tension strength oy = 2.4 N/mm?
and mode I fracture energy G. = 0.113 N/mm. Figure 3 shows the
distribution of damage variable within the problem domain.

* )

s 1
' |

50

Y %7

450

Figure 1 Three-point bending beam used in numerical simulation calculation.
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Figure 2 Element-free discretization for a three-point bending beam.

Expcriment

————  Ourmethod

Force(kN)

Displacement(mm)

Figure 4 Comparison of load-displacement curves for the three-point bending beam: exper-
iment [35] and numerical simulation.

As can be seen in Figure 4, the calculated results are in good agreement
with the experimental results and only show slight differences in maximum
load values. The relative error in maximum load values is about 3.2%.
Figures 4 and 10 show the results of numerical simulations for the case of
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Figure 5 Error estimate in displacements.

—#—EFG-COM
> EFG

@ )
0 &

log,o(L, error in energy)
&

01 02 03 04 05 06 07 08 09 1 11
Nodal spacing

Figure 6 Error estimate in energy.

the influence domain 2.5 times the nodal spacing and the polynomial degree
of the basis function 6. Influence analysis on the size of the influence domain
and the discussion of the polynomial order of the basis function are described
in detail in [39].

Figures 5 and 6 show the results of the estimation of the error in
displacement and energy using the Ly norm.
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4.2 Numerical Simulation of Mixed Mode Failure in a Three-point
Bending Beam

To perform simulation calculations for the curved crack growth process, the
model is set up as shown in Figure 7. Geometry and boundary conditions
of the model are shown in Figure 7. The unit used in Figure 7 is mm. The
material properties of the model are: £ = 38 kN/mm?, v = 0.2,0p =
3 N/mm?, G, = 0.069 N/mm. The maximum displacement imposed on
the top center of the beam is 0.3 mm. Calculation results are compared with
experimental results of [36]. Figure 8 shows distribution of the nodes used in
numerical calculations. The number of nodes used in this example is 15797.
In this simulation, the displacement increment of Au = 0.001 mm is used.

Figure 9 shows the propagation direction and deformed shape of the
crack obtained by numerical calculation. As shown in Figure 9, the crack
propagation direction agrees with the predicted direction.

Figure 10 shows a comparison between the experimental results and the
numerical simulation results. Figure 10 shows the relationship between load
and crack opening displacement, and the experimental and calculated results
show good agreement. The relative error in maximum load value is 2.38%.

Figures 11-13 show the results of the analysis using the L norm and H;
norm for error estimation for the mixed crack problem.

528 s L 600
* ¥

e
kS

Figure 7 Mixed bending test model.

Figure 8 Meshfree nodal discretization for three-point bending beam.
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Force (kN)

Figure 10

logyo(L; error in displacements)-

Figure 9 Result of the simulation.
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Comparison of results: experiment [36] and proposed method.
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Figure 11 L error in displacements with nodal spacing.
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Figure 12 L, error in energy with nodal spacing.
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Figure 13  H, error in displacements with nodal spacing.
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5 Conclusions

In this paper, a crack analysis method based on a combination of the EFG
method and the CDM method is presented. This method can successfully
describe crack initiation and propagation without using specific criteria with
smaller nodal distribution. In addition, this method can predict the crack
path accurately without using any crack tracking algorithm. It can reduce
the number of iterations of some criteria used for evaluation of the influence
domain of each node, such as diffraction or visibility criterion used for
discontinuities implementation in the meshfree methods. This model is only
applied to 2D problems for isotropic materials, but the extension to 3D and
anisotropic is theoretically possible.
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