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ABSTRACT. We present a new a posteriori error estimate for strongly heterogeneous elasticity
problems. This new approach is based on a simple modification of the well known residual
estimate, but with the nice property that it is correctly dimensionalised with respect to the
physical data.

RESUME. Dans ce travail on présente un nouvel estimateur d'erreur a posteriori pour des
problémes d'élasticité avec coefficients élastiques fortement hétérogénes. La nouvelle
approche, qui est une variation de l'estimateur par résidu, a la propriété d'étre correctement
dimensionné par rapport aux données physiques.
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1. Introduction

Recent accidents have clearly demonstrated that reliable a posteriori error esti-
mates and mesh adaption techniques were imperatively needed when computing large
scale structures. From the theoretical point of view, this problem can be solved either
by using consistent residual estimates (see [BAB 78]) or by solving local auxiliary
equilibrium problems (see [BAB 93], [ZIE 87], {LAD 91]) at the element level.

The literature on a posteriori error estimation for finite element is very vast, for
example see the excellent and recent survey work [AIN 97] and the extensive biblio-
graphy cited therein.

The purpose of this paper is to describe and study a new version of a local a pos-
teriori error estimates. This estimate uses a weighted measure of element and inter-
face residuals, and can be proved to be correctly dimensionalized with respect to the
physical data, and to be uniformly valid with respect to material heterogeneities. For
simplicity, the technique is introduced and analyzed for a simple Poisson type equa-
tion discretized by triangular or tetrahedric finite element grids and then extended and
tested numerically to elasticity problems.

This work is organized as follows. In section 2 we present the model problem, its
finite element discretization and some technical results. In section 3 we present the
error estimate and prove its robustness. In section 4 and 5 we generalize our approach
to the elasticity problem and present some numerical examples. Finally in section 6
we outline some conclusions and open problems.

2. Model problem and notation
2.1. The continuous problem

Let §2 be a bounded domain of R™ (n= 2 or 3), with Lipschitz continuous boundary
F=TpUly, TpNTy = 0. Let f € L?(R) and g € H-'/2(T' ) be given data. We
then consider the following model problem

—div(sVu) = f i,
[P] u 0 onlp,
Ou

“on

Here the scalar coefficient & is supposed to be piecewise constant. In the simplest
case this means that the domain € is split into two subdomains 2; and €2, with inter-
face I'15 (see Figure 1) and that we have

K:{ K1 anl,

K9 in Qz,

g on Tn.
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with k1, k9 > 0.

Figure 1. The domain 2

The standard weak formulation of the problem [P] (see [CIA 78]) is then: Find
u € H such that

a(u,v) =< F,v> ,Vv€H, (1]
where

H = {veHl(Q)/v:OonI‘D},
/ /»:1Vu'Vv+/ K2Vu - Vo,
Q Q2

<Fv> = /fv+/ gv.
Q Tn

This space is endowed with the natural energy norm

lvlle = Va(v,v) . (2]

a(u,v)

2.2. Finite element discretization

Let h be a positive discretization parameter, and consider a triangulation 73, of Q,
that is a partition of Q into non degenerate triangles T" (resp. tetrahedra in dimension
3), with diameter bounded by h, and such that each pair of elements 77 and T3 of 7,
are either disjoint or share a vertex, an edge or a complete face. We denote by At the
diameter of 7', by pr the diameter of the circle (resp. sphere) inscribed in 7" and we
set

pT

We assume that the family of triangulations (75 ), is shape regular, i.e., there exists
a constant o, independent of h, such that

or

or <o NT €Ty. (3]
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On each element 7" we then introduce a local finite element space Px(T’) of po-
lynomial functions defined on the element T' and with degree less than or equal to k.
With this notation, we define the finite element space Hj, by

Hy = {vh € C(Q) /vhn =00nTp, vp|r € P(T) VT €T} (k>1).
Then the approximate problem of [1] is: Find uy, € Hy, such that
a(up,vp) =< Fovp > Vv, € Hy. [4]
In what follows we use the following notation

a % b<=a<Chb

a ~ b<=a<banddb<a,

where the constant C is independent of h and .

2.3. Edges and vertices

For any T € T, we denote by £(7") and NV (T") the set of its edges (faces) and
vertices, respectively, and set [VER 96]

Ena= | E(T).

TeTh
We split £, ¢ into
Era = (En\E12) UELUENUED,
with
Env = {E€&al/ECTN} , Ep={E€&a/ECTD},
12 = {E€&a/ECT2}.

Given an E € &, o we denote by N (E) the set of its vertices. For T € 7}, and
E € &, q we define their neighborhoods (see Figure 2)

wpr = U T',wE: U T’,

E(T)NE(T')#0 E€&(T")

W = U T, g = U T.

N(T)NN(T")#0 N(E)AN(T')#0
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Figure 2. wr and wr, re;vpectively

Remark. Condition [3] implies that hy /hg, T € Th, E € &(T), and hr/hy,
T,T" € Th, N(T) N N(T') # 0, are bounded from below and from above by
constants which only depend on ¢

2.4. Bubble functions

For each element T € Tj, we can define the element bubble function br by

n+1
br = (n+1)"*! H AT, -

i=1
Above Ar j(M) denote the j barycentric coordinates of the point M in T'. Simi-
larly, to each edge (face) E € & q, we can define the edge (face) bubble function

n
bg =n" H/\T,i ,
i=1

withT € wg.
The above definition of bg assumes that, for example if n = 2, in each triangle of
wE, the edge E is associated to the vertices with local numbers 1 and 2.

By construction, we have the following properties of the bubble functions b7 and
be.

Lemma 1l Let T € T, and E € & q be arbitrary, then

suppby C T, 0<bp <1, meaqg(bT(:c) =1, (5]
suppbg Cwg, 0<bp <1, rrg;cbg(:c):l. [6]

Moreover, using standard discrete norm equivalence arguments, we can prove (see
[ARA 97])
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Lemma 2 The following estimate holds for any local function f € Py_o(T) and
gc ]pk_l(E)

[oef = 1Rar,
T

/ bee® = |lglBan
E

[werne < o [ 1
/Tm IV(beg)* = h;;/Eg?,

/ lbegl® = hE/.‘]?-
Tewg E

Like a non trivial extension of a local projection (see [ARA 97], [BER 95], [CLE 75],
[NEP 97], [SCO 90]) we obtain

1

A

Lemma 3 There exists a projection operator Ry, : H — Hy, such that forallv € H

v — Rpvlloor X hrlv)29mn0,

llv— Ravllose =< hY’lolzosna, ,¥i=1,2 (7]
whereT € T, E € ENUE.

3. A posteriori error estimates
3.1. Construction of the estimate

The purpose of this section is to propose a local explicit evaluation of the error
between the exact solution u of our original problem [P] and the approximate solution
up, of the finite element problem [4]. This error estimate should be easy to compute,
should only involve the data and the approximate solution uy, and its efficiency should
be independent of the choice of the physical parameters «;. As classically observed
in the literature (cf. [AIN 93], [BAB 93]) the dual energy norm of the residual gives a
good indication of the error. The challenge is then to obtain an explicit local approxi-
mation of this norm, uniformly valid with respect to the coefficients «;.

For this purpose, on each edge (face) E € &, separating the elements 77 and T3,
we first introduce weighting factors a(T;, E), 7 = 1, 2, such that

o(T1, E) +a(Ty,E) = 1, [8]

a(Th, E)? + a(Ty, E)? 1

— ,Vi=1,2, (9]
KT; KT, K,T.
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where k1, denotes the restriction of the physical coefficient « to the element T;. A
good choice of coefficients is

oTi, B) = —L—0,
KT, + KT,
which obviously satisfies
a(Ty, E)? 4 a(Ty, E)? 1
KT, KT, B Kr, + K,Tz'

Next, we introduce the piecewise projections fr and gg of right hand sides f and
g on each element or edge (face) subspace Py _o(T), T € Tp or Px_(E),E € &
defined by

/ fre = / fa Vg € Pyoo(T), fr € Py_o(T), [10]
T T

[ oo
E

Thus we define the weighted element residuals nr T by

I

/gq Vg € Po_i(E), g5 € Pe_y(E). i
E

h2 hg
= (Lt nrtuliar+ > s - xrdhunll s
KT K
E€E(T)néEn
o(T, E)? 1/2
D S O 121

Ee€&(T)nER
Observe that the value of 5 1 scales exactly like the solution energy norm when

changing the physical scales or units. Above, we have used the standard notation for
jumps in normal derivatives

[KZTanuh] = KTlanuh - KT26nUh.

With this notation we can prove

Theorem 4 The following error estimate holds

h2
Z U?{,T + Z ﬁ”fT - f”(ZJ,Z,T

TeTh TeTn

u—unlla < {

hg 1/2

jat2 _ 2

+ 5 Ellge gl e (13
Eeén
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and
2 h3 2
nrr = Jllu—ulll+ Y Ml = fllo 27
TI
T'Cwr
hg 1/2
+ Y —llgE—yllé,z,E} : [14]
KT
EcE(T)nEn

Proof

As usual, the proof is split into three parts : an algebraic manipulation of the resi-
dual, the derivation of the upper bound [13], and of the lower bound [14].

Step 1: residual transform

By construction of the continuous and discrete problems [1] and [4], and after
integration by parts on each element 7', we can write for any v in H

a(u—uh,v):/fv+/ gv — a(up, v)

Q 'n

/fv+/ gv——(/ mVuh-Vv—i-/ keVuy, - Vv)
ﬂ FN ﬂl n2

> /T(f+KTAuh)v+ > /E(g—fca,,uh)v

TeTh Ee€n

-3 /E [KOntunlo. [15]

Ect,

Then using the fact that a(u — us,vy) = 0,Vv, € Hj, and the partition of unity
[8], we obtain

a(u — up,v) = Z /T(f+/cAuh)(v—vh)+ Z /E(g—nanuh)(v—vh)

i, 57
—E%;hflg[nanuh](v—vh)

- Tz;{ [ 6 ) (o - )
+EEE§M /| (0 = KrBh) VR (v - )

a(T, E) -
_ KOnup|VEp (Vv —vp) .
Eef%’:)ns,,/E VEr [ Vi h)} el
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Step 2: upper bound

Let us now take v, = Rpv. Using [2], [7] and the Cauchy-Schwarz inequality, the
residual [16] can be bounded by

au—unn) <Y Y <

i TeTyn,

iAupllo2,7vVEi|v]1,2,0000,
1/2

¥ EGEZﬁﬁN \/_

3 ofT, E)hi

Ee&(T)N(En\E12) Vi

ofT;, E)h}?
+Z Z Z Tuﬂlanuh — K20nunlo,2, EVE; V)1 20 500

i E€&1,Ti€wpn(,

— &iOntnllo,2, EA/Ki|v|1 2 6 mn02,
+ ||[I<i3nuh]||0,2,E\/f€i|U|1,2,wEnn.>

h3 hg
<{ X Bt rrsuliart Y il srdounlis

T€Th E€£(T)nEn

o(T, E)?h 1/2
. ¥u[nanuh]||§,2,E}

E€E(T)nER KT
{S( Y wbfosma+Y 5 wiblizsma)
i TeTanQ; i E€((En\E12)UEN)
1/2
+ Z ('fl|”1f,2,w5nnl + ”2|U|?,2,w5n92)}
E€€y 2
1/2
2O D YL~ fBar+ Y Elos - olBas) bl
TeTh TETh Eegén

To obtain [13], we just have to take v = u — u, and divide each term of the above
inequality by ||u — up ||, completing then the proof of step 2.

Step 3: inverse bound

Let us consider the local bubble test function vy = (fr + k7 Aus)br. Then using
Lemma 2, we obtain

Ifr + sz Aupl|lf o 7 < / (fr + krAup)vr [17]
T
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and

A

< h'lifr + srAuslo21,

lorllo2r =X |lfr + krAusljo2r.

[|Vor|lo,2 T

On the other hand, since the support of the function vr is included inT and u is a
solution of the continuous problem, we have

/T(fT+KTAuh)vT=/vaT+/TKTAuth+/T(fT—f)vT

/:;fvT+/FN!]'UT_/chvuh'VUT‘F/’;(fT_f)vT
- /KTV(u—uh)-VvT+/(fT—f)vT
T T

< VErlu—upnli27VET|Vurllo 2 + || fr — fllo2rllvrllo2T .
Thus

/T (r+rrdun)or < |fr + xrAusllosr(hrwYllu — uallr

+If = frilo2,7) -
Hence, combining the two inequalities, we finally obtain

lfr + srAunllo 2 < by sy *llu — usllz + 1fr = fllo2r- (18]

Next, we consider an arbitrary boundary edge (face) £ € £y and define
VE = (gE - I‘CTanuh)bE.
From our Lemma 2, we have

lor — kr0uusll oz 5 [ (92 ~ nrduunloc. [19]
E

On the other hand, using the construction of u, vg and our basic inverse inequali-
ties, we obtain

/ (9 — kT O un)vE = / (9 — kT 0nun)vE + / (9 — 9)vE
E E

E
= / fve +/ gug —/ krVuy - Vg — Z (f + kAup)vg
Q T~ Q T

T €wg

+/E(!]E —9)vE
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< VETlu = unl1 2w V/ETIVOEl 0 2ws + Y IS + £Ausllo 27 |lvEllo2 1
T'€ewp
+|l9e — gllo,2,ellvEll0,2,E
~1/2 1/2
= hEI/ / llu — unllwgll9E — KTOnunllo2.E

+hd® 3" NIf + kBunllo27|lgs — k7 Onunllo2,E
T'ewg

+|l9& — gllo,2,Ell9E — KT Onunllo2.E -

Thus, by combining the above two inequalities, we get

lge — kTOnunllo2e X hg 12 1/2“"_""“"’5
+hif® 37 (7 = folloa + Mo+ sdunllo o)
T'Cwg
+llge — 9llo,2.E - (20}

Finally, let us consider an internal edge (face) £ € &, separating the elements T;
and T and define

(12(T1, E) + az(Tz, E))l/Z
KT, KT,

vg = ( (K1, Onun — k7,00 un)bE .

From Lemma 2, we first have

az(Tl,E) + Qz(TQ, E

KT, KT,

( ))1/2||['€3nuh]||3,2,g = / (K7, Onun — K100 un)vE . [21]
E

Now, using the fact that the support of vg is included in wg, the construction of u
and the equivalence of norms, we obtain

/(KZTIB Up — KTza uh) VE

Z/f"rKTAuh vE—/fvE—/ ng+/f€VUh~VvE
Q

TCwg

Z / (f + k7 Aup)ve — Z/ ki V(u—up) - Vog

TCwg : weN$l,
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< Y VRl = unl 2 wenn, VA Vo]0 2000,
7
(7 + &Aun)llo,2.wenellvEll0,2wen0,
< Y hp'*VEillu = wnllosna,lvsllo2,6
i
+|f + £Aurllo 2,wena,lvEll0,2 wena,
< Vhellki0nun — k200 unllo 2B (Z hp'|lu - Uh||wsnn.\/h‘_i(:—l% + a_§)1/2
i

K2

2
aq

(12
& 4 sl vens.).
K1 K2

By construction of coefficients a;, we have

2
VR + ) <

K1 K2

and hence by using the above inequalities and [18] we obtain

C!z(Tl, E) + 02(T2, E)
KT, KT,

)1/2||['€5nuh]||0,2,3

1
<hg Pllu—unllog + > hEP——IIf = frrlloar . [22]
T'Cwe KT

Then from [18], [20] and [22], we get [14] O

(

4. The elasticity problem

Now, we will try to extend the previous approach to linear elasticity problems. Let
be €2 a Lipschitz, bounded domain of R” with an interior boundary denoted I';5. This
boundary represents the interface between two elastic, isotropic and homogeneous
materials, noted Q; and Q, respectively. Let ' = 0Q such that I' = T'p U 'y,
I'pNITy =0, withdQ; NTp # @, ¢ = 1,2. This means that we assume for the
time being that each subdomain is fixed on part of its boundary. This assumption will
be useful to relate the H! semi-norm used in the local interpolation [7] and the local
energy norm. It can be relaxed if we can prove this interpolation result directly with
the |e(-})]o,2 norm. In this framework, we consider the following elasticity problem

—dive= f inQ,
[P] u= 0 onlp,
o-n= g only,
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where f € L?(Q)" and g € L2(I'p)™ are the external forces and o is the stress tensor.
Assuming isotropy, this tensor satisfies the constitutive law

o = (0ij) = (Akepp()dij + 2k (u)),

with Ag, ux > 0 the Lame’s coefficients of the material Q2 and €;;(u) = %(&uj +
J;u;) the components of the linearized strain tensor e(u) associated to u.

Remark. There is extensive work relating linear elasticity and a posteriori estimates,
see by example [AIN 94], [JOH 92], [LAD 91], {LAD 83], [MUC 95] and [SZA 90).

The standard weak formulation of the problem [P} is then: Find u € H such that
a(u,v)=< F,v> ,VWveH (23]
where

H

{veH (Q)"/v=00nTp}

awv) = [ oa(w) o)+ [ oz

1229

<Fv> = /f-v+/ g V.
Q Ty

Let H}, the finite element space defined by
Hy={vi€C(Q)"/vi=00nTp ,vylr eP(T)" VT €T} (k>1).
Then the approximate problem of [23] is: Find u, € Hy, such that

a(up,vp) =< F,vp > Vv, € Hy. [24]

We define the energy norm by:
vla = (S IMEY2 = [ aitv) e wen.
i i ‘

By the Korn’s inequality, since 8€2; N I'p has a non empty measure, there exist
two positive constants Cp, and Cgq,, depending only on the geometry of Q; and Q,,
respectively, such that

[[V]l1,2,.0, < Ca,lle(V)llo20, YVveEH,i=1,2.

Finally, there exits an interpolation operator (see Lemma 2) R, : H — Hj, such
thatforalve H, T €7,, E€En U &,

llv—Rpvllozr =% hr|vli26rna,

A

Iv—Ruvlloze = kWl zoena. -
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With the above definitions we can prove exactly the same results as in section 3.
We only have to pay attention to:

— replace k7 by Er where Er is the Young modulus of the material that com-
poses the element T,

— note that in the proof of step 3 we find a factor ;- that we include in a
constant. It’s clear that if a material is quasi- mcompressnble then this constant ex-
plodes. This means that our development is valid only for compressible materials. In
fact, for practical purposes we assume that 0 < v; < 0.45.

Altogether, defining the local weighted residual by

h2 hg
TRT = {E—Tl|fT+V'U(uh)||(2),2,T+ Z E—||8E—U(uh)'n||§,:z,E
T E€E(T)nEn

. 1/2
N Z (E_T)hEH[a(uh)‘n]”g,ZE} '

E€E(T)NER

we can prove

Theorem 5 Let u be the solution to the continuous problem [23] and uy, the solution
to the approximate problem [24). Then the following estimate holds

-l = {3 skt ¥ B ity — €11 2.

T€Th TeTh

1/2
+ Z —||gE g”OZE} ,
Ee€En

hZ,
< {uu—uhu T DR TR
T'Cwr T

hg 1/2
2
+ E E—T”gE —g“o,z,E} .
EcE(T)NEN

All the constants are independent of the mesh size h and the Young’s moduli E;, but

they can depend on the factor 1_121,‘.

5. Numerical results

In this section we will apply the results of section 4 to two elasticity problems. We
will try here to monitor the evolution of the residual as the mesh is refined.
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Remark. In order to obtain a optimal mesh refinement procedure (cf. [LAD 91]),
let £o be the accuracy required by the user, we say that the mesh 7 is optimal if its
elements number N* is minimum and it provides a global error £* equal to €¢. In this
framework, for each element T" € T, we compute a refinement factor:

ht
T‘T—E

where hr is the size of the element T" of 7, and A%} the size of the elements of 7"
within the T area (in 2D case).

If no strong gradients appear in the solution (see [COO 93]) then a priori error
estimates indicate that the local contribution to the error should scale like

mr_ (b1 _

o (hT) =
where p depends on the element type (p = 1 for linear and p = 2 for quadratics
elements). Thus we have the following minimization problem:

. 1 - 2 2 _ 2
mmN*:Zr—n with ZernT:EO.
T T T

This problem admits the explicit solution:

1
Eo/p

,’;/(2p+n) [ZT n;n/(2p+n)]

1/2p°

The new mesh is then obtained by a metric controlled Delaunay mesh generator
(cf. [BOR 96]) constrained to generate local equilateral triangles of size rphp.

In the first example (Figure 3), we consider a soft material neighboring a more
rigid isotropic material.

SN N 0

O |-
O L~
8 -
o Q, I
3
s r
8 -
L
ol Q #
O |-

Figure 3. Example 1

This problem is discretized using 3-node triangles, but the same type of result is
valid for quadrilaterals (we have tested the same examples using ()2 quadrilaterals).
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In Figures 4-5 we can see the initial and adapted meshes and the distribution of the
estimator 7).

A
ROSERK

SNAN AT "‘ J

A
VAYAY,
i%ﬁ Ammu 4

Figure 5. Adapted mesh (1430 elements) and distribution of the error estimator 7

Figure 6. Global view of Von Mises stress field for Example 1

Finally we show a comparison of the approximate solution in the initial mesh, the
adapted mesh and our reference solution (calculated in a uniformly refined mesh) and
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the evolution of our estimator and the standard one.

— INITIAL SOLUTION = INITIAL SOLUTION
. ADAPTED SOLUTION — ADAFTED

SOLUTION
00125 = — REFERENCE SOLUTION 0.05 - REFERENCE SOLUTION

BHE-R 2

Barbbbpn ==

3 T T — T

~eee "Weighted residual’ +—
""""""""""""" ‘Standard residual —--

Log(ERROR ESTIMATE)

L 1 1 1

4.5 5

35 4
Log(NUMBER OF ELEMENTS)

Figure 8. Comparison of standard and weighted residuals for Example 1

Example 2 (Figure 9), considers a bi-material dam discretized with the same finite
element as in example 1.
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TI J TO  N I |

Figure 9. Example 2

el

7

T

s
o
TAYaa
|

ATA Ty

Figure 11. Adapted mesh (1105 elements) and distribution of the error estimator n
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127

Figure 12. Global view of Von Mises stress field for Example 2

Finally, like in example 1, we show a cut of the approximate solution in the initial
mesh, the adapted mesh and our reference solution (calculated in a uniformly refined
mesh).

— INITIAL SOLUTION — INITIAL SOLUTION
— ADAFTED SOLUTION — ADAPTED SOLLTION
— REFERENCE SOLUTION 0055 = REFERENCE SOLUTION
0 = [T
[T ams =
[T o -
ﬂ';:‘ ] ook =
oo -
oM = i o
[T 2
ams = i
0ms = ans =
00325 o =
o - s =1
oS - 00 -
w
0ms = 2005
0025 a0 -
o i a0s =
ooTs = a0 -
oS = 08
o028 = B
- an =
0w - 0035 =
oms am
00025 = M5 =
4 rrrr1rrIrIrrrrrr (||™ T 7T 1 17 11T T T 17171711
05 W 15 W 5 30 ¥ 40 & 0 N & 6 005 10 15 N B M 3 4 45 0 5 & &

Figure 13. Comparison of the different solutions of Example 2 in a cut

The relative error that we obtain in this example is globally near to 5 %. Finally,
the last figure shows a comparison between our error estimator and the standard resi-
dual when the number of elements increase (i.e., k — 0).
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T T T T
S ‘Weighted residual’ -o—
35 F 0Tt S Standard residual’ -+- |
~~~~~~~~~~ AR
_____________ .
3r p
my
< 25
s ¢ ]
=
0
i
5
2 2t 4
it
w
=)
Q
]
15 p
1F p
05 1 L 1 1
3 .5 4 45 5
Log(NUMBER OF ELEMENTS)

Figure 14. Comparison of standard and weighted residuals for Example 2

6. Conclusions

We have derived and analyzed a local a posteriori error estimate for heterogeneous
elastic bodies of residual type. The first numerical tests are encouraging for compres-
sible isotropic materials.

Further work is needed to handle anisotropic heterogeneous materials because we
cannot prove the same type of results as for the isotropic case; nevertheless the nume-
rical tests indicate that our error estimate might work even in this framework. If this is
not the case, it seems that it would be necessary to use some kind of generalization of
the equilibration residual technique.

Indeed, the local H! norm appearing in the inverse inequality for estimating Vor
will no longer be uniformly equivalent to the local energy norm. In our opinion the
local energy norm of the residual can only be properly obtained by solving a local (cf.
[AIN 97]) Neumann problem.
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