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Abstract

This work investigates the elastic behaviour of a mechanical discrete lattice
element model based on Timoshenko beam elements. Due to the selected
irregular meshes generated with Delaunay triangulation and one-dimensional
elements, lattice models struggle to correctly simulate a wide range of elastic
material responses, particularly in capturing lateral deformations associated
with variations in the material’s Poisson ratio. To address this limitation,
we introduce correction coefficients that modify the stiffness properties of
the lattice beam elements, influencing the global mechanical behaviour of
the lattice. A Bayesian stochastic identification framework is chosen to cal-
ibrate these coefficients using a set of standard mechanical tests, ensuring
consistency with the proper continuum elastic response. The applicability of
the identified lattice element stiffnesses is evaluated across different loading
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conditions and material properties. The methodology ensures a fine tuning of
the model, accuracy in simulating mechanical deformations, and the basis for
non-linear phenomena, crack initiation and its propagation across the lattice.

Keywords: Lattice element model, Bayesian inference, elastic response,
parameter identification, polynomial chaos method.

1 Introduction

Lattice element models, as a class of discrete element models [2,7,9,12,33—
35], have become a robust tool for simulating the behaviour of quasi-brittle
heterogeneous materials, such as rocks, concrete, and ceramics, particu-
larly in capturing the complex internal processes associated with fracture
propagation. Alongside advanced approaches such as Extended Finite Ele-
ment Models (X-FEM) and Embedded Discontinuity Finite Element Models
(ED-FEM) [1, 4, 5], lattice models offer distinct advantages, including the
natural incorporation of material heterogeneity, fracture representation and
crack development across multiple scales, from macroscopic to mesoscopic
and microscopic phenomena [6]. However, their use of one-dimensional
elements limits the ability to fully capture elastic behaviour, particularly
for materials with a wide range of Poisson’s ratios. The input (lattice
element) elastic parameters often fail to reproduce the material’s overall
elastic response [16], while mesh irregularity and random particle positioning
introduce oscillatory deformation patterns compromising elastic uniformity
of mesh deformations. Although such non-uniform fields may beneficially
reflect material heterogeneity and micro-defects, voids or initial cracks, they
introduce local weaknesses that cause stress concentrations and variability in
stress-strain fields [3,13,14,17,38]. Micro-defects pose a challenge in achiev-
ing continuum equivalence in the linear elastic phase under homogeneous
loading, as the lattice inherently captures these local non-uniformities while
the continuum model assumes a uniform response without such variability.
As shown in [8], lattice models are capable of reproducing continuum
elastic responses when properly configured, or calibrated, by using the con-
cept of continuum equivalence, where the discrete lattice network replicates
the stress-strain behaviour of a homogeneous elastic medium. For regular
lattice configurations, continuum equivalence can be achieved through ana-
lytical calibration of lattice element stiffnesses providing elastic uniformity.
This results in a global and local match in deformation and stress fields.
However, regular meshes introduce geometric bias, which can significantly
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affect fracture simulations by constraining crack paths along predefined
directions. On the contrary, irregular and random lattices are commonly used
in fracture modelling, as they reduce mesh-induced crack paths. However,
these irregular mesh configurations complicate the accurate reproduction
of elastic behaviour. For example, Rigid Body Spring Models (RBSMs),
using translational and rotational degrees of freedom to rigid bodies and
multiple interface springs can reproduce elastic uniformity even on irregular
meshes [12, 14]. However, simulating lateral deformations for a wide range
of Poisson’s ratio requires corrections in RBSM models, such as the fictitious
force approach [16], which iteratively adjust the nodal forces to recover the
desired elastic response without modifying the lattice stiffness matrix. Alter-
natively, beam lattice models [9, 10] and the Lattice Discrete Particle Model
(LDPM) [11] require calibration of stiffnesses to represent accurate elastic
behaviour. In the beam-type lattice models, the axial and bending stiffnesses
of the beam elements need to be calibrated to match the required Young’s
modulus and Poisson’s ratio, with elastic uniformity even in random lattice
geometries. Similarly, in LDPM, the normal and shear stiffnesses of the facet
connections are analytically related to the macroscopic elastic properties, and
calibrated accordingly to achieve continuum equivalence despite the irregular
mesh. Generally, a proper stiffness calibration is essential for reproducing
realistic material behaviour in lattice based models prior to fracture.

This paper focuses on refining the Timoshenko beam discrete lattice
element model [15] to enhance the accuracy of fracture process simulations
by improving their elastic response. In the proposed approach, we introduce
the correction coefficients, k., ks, and k; , into the beam kinematics, which
modify the beam element stiffnesses in axial, transversal, and rotational
direction. The proper choice of correction coefficients enhances the elastic
fidelity of the model. This work proposes a Bayesian stochastic identification
of correction coefficients that serve for the calibration of beam element
stiffnesses and fine-tuning of the lattice element model. The correction coef-
ficients are treated as uncertain parameters with random variables [19-21],
initially characterized by prior distributions which reflect existing knowledge
and assumptions. The Bayesian approach provides a posterior distribution by
integrating the prior distribution with observational data to enhance parameter
understanding. Unlike deterministic methods, which produce a single solu-
tion, this probabilistic framework provides a comprehensive distribution of
possible outcomes, improving the reliability and accuracy of the calibration
process [22,26]. To compute the posterior distribution, sampling techniques
such as the Markov Chain Monte Carlo (MCMC) method, are often used [28],
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or some alternative approaches such as Kalman filter methods or Mini-
mum Mean Square Estimators. However, for complex problems like fracture
mechanics, the computational demands of Bayesian calibration can be signif-
icant. To improve efficiency, complex deterministic models are often replaced
with surrogate models, such as the generalized Polynomial Chaos Expansion
(gPCE) [23-25]. gPCE models have proven to be an optimal choice in mod-
elling the parametric dependence of structural responses. The gPCE surrogate
was selected for its efficiency in the linear elastic regime, where polynomial
expansions and Quasi-Monte Carlo (QMC) sampling enable accurate training
and Sobol sensitivity analysis. In cases where gPCE approximations are
insufficient, machine learning models, such as neural networks or Gaussian
Process Regression (GPR) provide superior performance, particularly for
non-linear extensions [27, 36, 37]. Sobol sensitivity analysis is employed to
assess the influence of each parameter on the model output, aiding in the
optimization of experimental design by quantifying the parameter sensitivity
to specific measurements [29, 30].

Furthermore, we investigate homogeneity and isotropy indices of the
resulting elastic fields, as shown in [18]. To support fracture simulations,
we generate optimal random lattice networks based on Voronoi tessellations,
selected to achieve an optimal fit between homogeneity and isotropy. Within
these networks, deformation oscillations are constrained to remain within
acceptable bounds, ensuring a mesh structure that is both elastically robust
and geometrically unbiased for simulating crack propagation.

This work proposes a lattice model calibration on a few numerical
experiments based on standard mechanical tests, including a uniaxial tension
and a shear test, as well as a beam bending test. It investigates how local
stifftnesses of the beam elements change in order to represent various lateral
deformations of the lattice model related to material Poisson’s ratio. It further
considers the consistency of calibrated coefficients for different tests and load
cases.

In these tests, virtual or, so-called synthetic, measurements from a solid
Finite Element Method (FEM) model are employed to identify correction
coefficients. The stochastic approach with a large number of simulations,
as well as Sobol sensitivity analysis, provides in-depth knowledge on the
behaviour of lattice model across a range of selected parameter space.

Section 2 details the limitations and introduces the correction coefficients
in formulation of the Timoshenko beam lattice model. Section 3 provides an
in-depth explanation of Bayesian parameter identification for the Timoshenko
beam lattice model. Section 4 discusses numerical examples, offering a direct
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comparison of the differences between lattice and solid FEM models for each
case. Section 5 summarizes the conclusions of the study.

2 Discrete Timoshenko Beam Lattice Element Model

The proposed discrete lattice model is based on Voronoi tessellation, with
Timoshenko beam elements placed along the edges of the corresponding
Delaunay triangulation (Figure 1(a)). These elements represent cohesive links
between neighbouring Voronoi cells, while beam stiffnesses are determined
by the geometry, specifically the common edge lengths of adjacent cells (Fig-
ure 1(b)) [15,39]. The disordered mesh structure is appropriate for capturing
material heterogeneity and multiphase material, and is well suited for fracture
simulation. As shown by Vaiani et al. [18], Delaunay-based lattices offer an
optimal balance of homogeneity and isotropy, essential for realistic crack
propagation modelling.

While regular lattices offer high homogeneity and elastic uniformity due
to symmetry and equal beam lengths, their low isotropy can bias fracture
paths [8]. On the contrary, irregular and disordered meshes, with randomly
positioned nodes and varying beam orientations, better capture isotropic
behaviour and reduce mesh-dependent cracking, but exhibit non-uniform
deformation under uniform loading [10, 12].

Additionally, the one-dimensional structure of the lattice element model
and its corresponding lattice element stiffnesses can represent only limited
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Figure 1 (a) Irregular lattice domain with Voronoi tessellation and dual Delaunay triangula-
tion (b) Two neighbouring Voronoi cells.
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Figure 2 Comparison of lattice model behaviour before and after correction coefficient
calibration against solid FEM model. E/;, and v, denote the target global (macroscopic)
Young’s modulus and Poisson’s ratio of the material, respectively, while E.and v. represent
the local (element-level) Young’s modulus and Poisson’s ratio assigned to the Timoshenko
beam elements.

range of elastic responses and lateral deformations associated with Poisson
ratio. To improve the lattice model and ensure the lattice reproduces correct
global elastic behaviour (e.g., Young’s modulus and Poisson’s ratio), we
introduce correction coefficients, ki, ks, and k; adjusting axial, shear, and
bending stiffnesses of beam elements, respectively [32]. These corrections
allow the model to replicate correctly the deformation fields and wide range
of Poisson ratio, even in irregular lattices, while local input elastic parameters
such as the element-level Young’s modulus ( E.) and Poisson’s ratio ( v,)
match the global response of the material, defined by the Young’s modulus
(E4) and Poisson’s ratio (v,) (Figure 2) [14,16].

2.1 Lattice Index

The Lattice Index combines homogeneity and isotropy, evaluating the overall
quality of the lattice mesh [18]. The Lattice Index (L) is defined as the product
of the Homogeneity Index (H) and the Isotropy Index (1):

L=H-I (1)

Homogeneity is calculated by measuring the deviation of the beam lengths
from their mean value, identifying a uniform length distribution. The Homo-
geneity Index (/) quantifies the uniformity of beam lengths in the network, if
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it is close to 1 indicating a highly uniform length distribution. It is defined as:

MADy,

H=1 ,
Lavg

2

where:

e MAD; = % Zfi 1 |Li — Layg| is the mean absolute deviation of the
lengths of the beams, with L; being the length of the 7 th beam and Ly,
represents the average length of all non-boundary beams N.

® Ly = % Zfil L; is the average beam length.

Isotropy is calculated by measuring the deviation of the angular distribu-
tion from the uniform expectation and assessing orientation uniformity. The
Isotropy Index (1) measures the uniformity of beam orientations across angu-
lar sectors (domain is subdivided in Ny equally distributed angular sectors),
when a value close 1 indicates a highly isotropic orientation distribution. It is
defined as:

MAD
I'=1- £, (3)
MAD,, min
where:
* MAD, = Nim Zé\]j{‘ |pj — pjunit| is the mean absolute deviation of

the percentage of beams in each sector, with p; being the percentage of
beams in the j-th sector and pj unir = ﬁ the uniform percentage for
Ngect secCtors.

* MAD,, min = % is the minimum possible mean absolute devia-

sect

tion for Ngec sectors.

2.2 Kinematics of Timoshenko Beam Element

In this paper a Timoshenko beam as lattice element is considered as a basis
for the lattice model [15,31].

The generalized displacement vector for a Timoshenko beam finite
element of length /. and cross-section A, = 1 - h, is defined as:

d=[uve]?, (4)

where: u(z) is the longitudinal (axial) displacement along the beam’s length,
v(z) is the transversal displacement perpendicular to the beam axis, and
(x)is the rotation.
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Figure 3 Timoshenko beam with standard degrees of freedom and implemented correction
coefficients.

For a two-node element, as shown in Figure 3, the nodal displacement
vectors are u = [uy, us]”, v = [v1,v2]7, and @ = [0, 0], forming the total
nodal displacement vector:

de = [u1,v1, 01, us, va, 02] 7. 5)

These displacements are interpolated using linear shape functions:

x x
Ni(zx)=1——, Na(z)=—, 6)
le le
where x ranges from O to /.. The displacement fields are expressed as:

u(z) = Nuu, v(z) =Nyv, 0(z)=Ngb, (7
with Ny, Ny, and Ny being the respective shape function matrices based on
N 1 and IV 2.

The strain measures for the Timoshenko beam are:
@] [ &
€(x)= |y(x)| = |Z-0]|. (8)
k() %

Where €(z) is the normal (axial) strain, y(z) the shear strain, and x(x)
the curvature. These strains relate to nodal displacements via the strain-
displacement matrix B(z):

€(r) = B(x)d.. )
Using linear shape functions, the derivatives are:

ANy 1 dN; 1
dxr 1) dx 1. (10)
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The strain-displacement matrix B is:

-+ 0 0 £ 0 0
B=|0 —f —(1-£) 0 £ —£. (11)
0 0 -+ 0 0

This B matrix connects strains to displacements. The generalized element
stress vector follows the standard formulation of Timoshenko beam models,
with the stress resultant vector encapsulating internal forces and moments as:

o=[NTM", (12)

where N is the axial force, T the shear force, and M the moment. The
constitutive relationship is:
o = De, (13)

where D is the diagonal stiffness matrix:

EA, 0 0
D=| 0 GA.-085 0 |, (14)
0 0 El,
where F' A, is the axial stiffness, G A, the shear stiffness (with G = ﬁ,
where v is Poisson’s ratio), and F I, the bending stiffness (with I, = %1 for

a rectangular section of height h, and width 1). In Timoshenko beam theory,
the shear correction factor of 0.85 for rectangular cross-sections accounts
for the non-uniform distribution of shear stress across the section [40]. The
shear correction factor adjusts the average shear stress to better represent the
effective shear stiffness of the section.

Introduced correction coefficients kj, ks, and k; modify the stiffness
matrix, enabling the lattice model to exhibit global elastic behaviour that
closely aligns with plane stress solid models.

ki - E - he 0 0
B
Dcorrected = 0 ks - 2(1+v) he - 0.85 0 5 . (15)
0 0 ki B el

The external nodal forces F' are related to the nodal displacements d.
through the element stiffness matrix K as:

F=K-d,, (16)
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where F = [Ny, T, My, No, T, MQ]T represents the external nodal forces
and moments, and d. = [ug,v1,61,uz, ve,0]7 is the nodal displacement
vector. The stiffness matrix K is computed as:

le
K:/ B'DB dz, (17)
0

with B as the strain-displacement matrix, D the diagonal stiffness matrix
(incorporating correction coefficients ky, ks, k;), and [ the element length.

3 Bayesian Parameter Identification for Timoshenko Beam
Lattice Model

3.1 Stochastic Model Formulation

To overcome the limitations noted in Section 2, we use a stochastic approach
to identify correction coefficients that are ensuring that lattice models accu-
rately reflect observed structural responses, accounting for uncertainties such
as material imperfections, geometric variations, and load inconsistencies.
These correction coefficients are treated as random variables to capture
this uncertainty, forming a random vector z : 2 — R”, where () is the
sample space of all possible outcomes, and n = 3 corresponds to the three
coefficients. This is mathematically expressed as:

z(w) = [ke(w), ks(w), kiw)], (18)

where w represents a specific realization. The randomness in z reflects our
incomplete knowledge about the true values. We assign a joint prior distribu-
tion 7(z) to quantify this initial uncertainty, based on engineering judgment
or preliminary data [19,26]. Assuming independence among ky, ks, and k;,
joint probability function can be expressed as:
n
m(z) = Hm(zi), (19)
i=1

where each ;(z;) is the marginal prior, often chosen as a uniform distribution
over a plausible range or a Gaussian distribution, reflecting our prior knowl-
edge [19]. This stochastic approach transforms the deterministic Timoshenko
beam equations into a probabilistic model. The governing equations, which
relate displacements u to external forces f, now become random variables:

As(z(w),u(w), f) =0, (20)
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where A is a stochastic operator incorporating the random vector z. For
each w, the displacement u(w) depends on the specific values of K,
ks, and k;, as well as f. To integrate this stochastic framework with the
equilibrium Equation (16), we reformulate the nodal equilibrium condition
stochastically as:

As(w,z(w),u(w), f) = K(w) - u(w) — f =0, (21)

where K(w) = [;° BTD(w)B dx is the random stiffness matrix, with D (w)
incorporating the random correction coefficients kj(w), ks(w), and k;(w).

3.2 Surrogate Modelling with gPCE

Simulating fracture and failure in materials even when using lattice models
can be computationally intensive, particularly for large lattices, leading to
significant time demands. Consequently, solving the Bayesian inverse [21]
problem using the MCMC method [28] (Section 3.4) can become pro-
hibitively slow due to these computational challenges. To overcome this, we
use a surrogate model based on the gPCE [23, 24], which approximates the
complex relationship between the input parameters z and the output displace-
ment field u. The gPCE model approximates u, the parametric description of
the displacement filed, the so called forward model u = G(z), as a series:
K-1
u=g(z)~a(z) = Y _ vd(z), (22)
k=0

where ®j(z) are orthogonal polynomial basis functions selected based on
the distribution of z and wv; are coefficients to be determined. The vector
v = [vg,v1,...,vk_1]7 contains all polynomial coefficients. As we don’t
have any prior knowledge or engineering judgment of parameters z =
[k, ks, ki] we assumed a uniform distribution for all correction coefficients
in physically reasonable ranges. The polynomial degree pgy;,. determines the
number of terms K, balancing accuracy and computational cost. To compute
the coefficients vy, we employ QMC sampling technique, generating Ngamples-
Then samples are split into Ny, fitting points for constructing the model and
N,y validation points for assessing the model’s performance. The coefficients
are obtained through a least-squares regression by solving:

v = (UT0) 1o T yy, (23)

where U is a matrix of polynomial evaluations at the fitting points, with
columns corresponding to the basis functions ®(z) and rows to the sample
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points, while ug is the displacement data used for fitting [27]. This regression
minimizes the error between the true displacements and the gPCE approxi-
mation, the true displacements being from the lattice model. The fit quality is
assessed by minimizing the mean squared error:

Ny

MSE = — ) “(u(z;) — (z;))?, (24)

which measures the average squared difference between the true and approx-
imated displacements.

3.3 Sobol Sensitivity Analysis

Sensitivity analysis is key to understanding how variations in kg, ks, and k;
affect the displacement field u. Sobol analysis aids in experiment design,
sensor placement, and identifying influential parameters by computing Sobol
indices, which quantify the contribution of individual or combined input
parameter variations to the total variance of u [30]. The total variance V' of u
is estimated from the gPCE coefficients, and partial variances V; and V; ; are
calculated for individual parameters z; and pairs z;, z;j. The first-order Sobol
index .S; captures the sensitivity to a single parameter, while the second-order
index S; ; reflects interactions between two parameters. These are defined as:

Vi vary, (Ezw‘ [u|Zz]) Vi 7 vary, z; (Ezm j [u‘zia z]])
Si=—== - . , Sij=—== : ,
Vv var(u) ’ Vv var(u)
(25)

where z.; denotes all parameters except z;, V' is the total variance, and V,
V;,; are partial variances. The gPCE’s orthogonality allows direct computa-
tion of these variances from the coefficients vy:

Vii,...i, = var Z Va®a(Ziy, - hzi,) | = Z V20, (26)

OéEJiL OéEJil

where J;, . ;, is the set of multi-indices corresponding to polynomials
depending only on z;,, ..., 2;,, and 7y, is the norm of the polynomial basis
® . This approach speeds up analysis by using a surrogate model to replace
costly deterministic model sampling, enabling efficient sensitivity assessment
across the parameter space [29, 30].
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3.4 Bayesian Parameter Identification

The Bayesian approach updates [22,25] our knowledge of ki, ks, and k; using
observed displacement data d,,. Starting with the prior 7(z), which contains
our initial assumptions of the parameters, we refine it to a posterior 7(z|d,,)
using Bayes’ theorem:

7 (dm|2z)7(2)
m(dm)

where 7(d,,|z) is the likelihood, expressing how likely it is to observe the
measured value d, given a certain value of the parameters z, 7(z) is the prior
distribution function of the parameters representing our initial knowledge,
m(d;,|z) is the posterior distribution, representing our change knowledge
about the correction coefficients after assimilating the measurement d,,,
and 7(d,,) is the evidence, the normalization constant. Since measurements
include noise, we model d,,, as:

m(zldp) = : 27)

A (w) = Wire(w) + €(w), (28)

where Wyye = G(Ziue) and €(w) ~ N(0,Y) is Gaussian noise with covari-
ance Y. Assuming a perfect forward model, the likelihood for a given value
of the parameter z is obtained by evaluating the probability density of the
Gaussian noise 7 at the discrepancy between the measured and the computed
displacements.

71—(dm’Z) = We(dm - g(z)) (29)

In most cases, the posterior distribution cannot be expressed analytically,
prompting the development of various mathematical techniques, such as sam-
pling methods, to approximate its shape. These sampling techniques generate
samples that converge to a stationary distribution aligned with the target
posterior distribution. In this paper, MCMC method, specifically employing
the Metropolis-Hastings algorithm [28], is selected for its robustness and sim-
plicity nature. This approach leverages a random walk strategy to efficiently
collect samples from the desired posterior distribution.

4 Numerical Examples and Results

To identify correction coefficients for enhancing the Discrete Lattice Element
model, three standard mechanical tests were selected: tensile test, shear test,
and three-point bending test. These tests were chosen due to their widespread
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use in determining the mechanical properties of materials. The Timoshenko
beam lattice model enriched with correction coefficients, was implemented
in the Finite Element Analysis Program (FEAP) to generate the results [41].
For this study, synthetic measurements derived from a solid FEM model
were employed, providing a known “true” value to calibrate the lattice model
with correction coefficients. The solid reference model is a plane stress FEM
model using 3-node linear triangular elements with an unstructured, fine mesh
for simulating the continuum elastic response under the prescribed load-
ing. The material is assumed isotropic linear elastic with Young’s modulus
E = 7000 kN/cm? and Poisson’s ratio v varying from O to 0.4 across
tests. This model was selected as the “true” reference because it provides
a homogeneous, isotropic stress-strain field approximating the analytical
continuum solution, free from the discretization artifacts and irregularities of
lattice models, thus enabling accurate synthetic displacement measurements
for Bayesian calibration [41]. The construction of gPCE models and MCMC
analysis was performed using the open-source stochastic library SGLIB [42].
This study focuses on the linear elastic behaviour of the samples, which
requires only a single calculation step, ensuring minimal computational time.
In the following sections, we detail the specifications of each test sample,
the selected measurements, and the behaviour of the correction coefficients
across each test. Two mesh densities (coarse with 1898 elements and fine
with 5755 elements) were evaluated for mesh sensitivity specifically in the
tension test, while the shear and bending tests used a single mesh density
(1898 elements for shear, 4055 elements for bending).

4.1 Tension Test

Tensile tests were performed on two square samples, each with a 15 cm side
length, identical geometries, boundary conditions, and mechanical properties,
but differing in mesh configurations, as shown in Figure 4. A uniform tensile
load was applied to both samples. The irregular structure of the lattice model
is expected to exhibit heterogeneous behaviour, resulting in non-uniform
displacements under uniform loading, as discussed in Section 2. The tests
employed two distinct mesh densities to evaluate their influence on the
correction coefficients. The Timoshenko beams in the lattice model were
defined with elastic properties £ = 7000 kN /cm? and v = 0.33.

Three measurements (M1, M2 and M 3) were used for model evaluation,
based on relative differences at positions marked by orange dots in Figure 4.
Synthetic reference values, considered as “true” values, were obtained from
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Figure 4 Uniaxial tension test meshes with measurements M1, M2 and M 3: (a) Mesh-
1 with 1898 elements (b) Mesh-2 with 5755 elements. M1 = us — u1, M2 = u4 — us,
M3 = U — Us.

a solid FEM model with the same domain shape, boundary conditions, and
material properties.

4.1.1 Local representation of deformations

Mesh quality is quantified using the index L, the product of homogeneity
and isotropy. Mesh-1 has L=0.82, while the denser Mesh-2 achieves a higher
value of L=0.9 due to more uniform beam lengths and orientations (Figure 5).
While Mesh Index has limited influence on global elastic behaviour, it affects
local stress concentrations and deformation patterns, as well as elastic unifor-
mity. Homogeneity ensures consistent beam lengths, while isotropy promotes
direction-independent mechanical responses, especially relevant for unbiased
crack propagation. Although complete elastic uniformity is not achieved due
to mesh randomness, it remains within acceptable bounds.

4.1.2 Surrogate gPCE model training

Given the absence of prior knowledge about the behaviour of the correction
coefficients, a uniform distribution (U(0.1, 2.5)) was selected for all three
coefficients to reflect equal uncertainty for all coefficient values. QMC sam-
pling was utilized to generate two datasets from this distribution: a training
set of 1500 samples for constructing the gPCE model and a test set of
500 samples for validating its accuracy. The lattice model’s response was
computed at the designated measurement points for each sample, requiring
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Figure 5 Homogeneity and isotropy indices (a) Mesh-1 with 1898 elements (b) Mesh-2 with
5755 elements.

only a single time step per calculation. Leveraging a cluster computer, all
2000 samples were processed in a few minutes. While 2000 samples were
used here for robust training and validation in the linear case, future non-
linear applications may benefit from more sample-efficient surrogates like
neural networks or GPR, as discussed in Section 1. The best-fitting gPCE
model was determined by evaluating and comparing the maximum absolute
errors (MAE) between training and test samples for different polynomial
degrees. MAE was calculated as the difference between the gPCE model’s
predictions and the lattice model’s results at the measurement points.

As shown in Figure 6, for linear behaviour, the error of the gPCE model
decreases with increasing polynomial degree for the samples on which it
was trained (1500 samples). Therefore, a set of testing samples were used to
validate the gPCE model (500 samples). As it can be seen, the gPCE model’s
performance on the validation samples diverges from the training sample
beyond a specific polynomial degree due to the fixed, limited number of
training samples. As a result, a 13th-degree polynomial was chosen, resulting
in 560 polynomial coefficients.
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Figure 6 Accuracy assessment of the gPCE surrogate model based on polynomial degree
for tension test.

Table 1 summarizes the Sobol sensitivity indices obtained from the gPCE
surrogate model. The analysis reveals that beam longitudinal and shear stiff-
ness have the most significant impact on the measurements, whereas bending
stiffness shows no notable influence. In the third measurement, shear stiffness
exhibits a markedly greater effect, attributed to its role in capturing the lateral
straining of the sample.

Table 1 Linear Sobol sensitivity indices — tension case

measurement ki ks ki

M1 0.9717 0.0283 0.0000
M2 0.9773  0.0227  0.0000
M3 0.7771  0.2229  0.0000

4.1.3 Identification of coefficients and displacements results
The MCMC identification process estimates model parameters by aligning
them with synthetic measurements, incorporating a 1% measurement error
based on strain gauge precision and literature [20]. Modelling error is derived
from differences between proxy models and test data, and both error sources
are combined in the total error distribution.

As shown in Figure 7(a), MCMC results confirm the identifiability of
the correction coefficients for longitudinal and shear stiffness, with low vari-
ability. In contrast, the bending stiffness coefficient shows large uncertainty,
indicating it cannot be reliably identified from the experiments used. The
analysis was conducted using 10 Markov chains with 4000 steps each.
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Figure 7 (a) Posterior distributions of the correction coefficients - tension case; £ = 7000
kN/cm2 and v = 0.33 (b) Mean and confidence intervals (CIs) of updated correction
coefficients as a function of the Poisson’s ratio, and the linear mean approximation; marked
points are posterior mean.
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Figure 8 PDFs of correction coefficients for Poisson’s ratio of 0.33.

To better illustrate the relationships among the correction coefficients,
a visualization of their posterior distributions was created for a fixed input
Poisson’s ratio of 0.33, as shown in Figure 8. This figure overlays the
probability density functions (PDFs) for kg, ks, and k;. The plot reveals that
ki, has the narrowest distribution, ks shows moderately broader spread, and
k; exhibits the widest variation with substantial uncertainty [37].

The identified correction coefficients are consistent across different mesh
densities (Mesh-1 and Mesh-2) (Table 2), indicating that mesh refinement
has minimal impact on calibration results. However, the coefficients vary



Lattice Element Model Elastic Behaviour in Solid Mechanics 259

Table 2 Correction coefficients identification results — tension case

Mesh — 1 ki ks ki

Posterior mean 14331 0.2585 1.2634

Posterior st. dev.  0.0319  0.0599 0.6492

Mesh — 2 ki ks ki

Posterior mean 1.4688 0.2564 1.1828

Posterior st. dev.  0.0355 0.0622 0.6913

Note: for E = 7000 kN/cm?, v = 0.33

significantly with changes in Poisson’s ratio, meaning a new calibration is
required for each desired Poisson ratio. As Poisson’s ratio increases, the
longitudinal stiffness correction increases (from 0.96 to 1.52), while the shear
stiffness correction decreases (from 1.93 to 0.1) (see Figure 7(b), where the
shaded areas represent uncertainty ranges with 95 % confidence intervals).
The bending stiffness remains unidentifiable in the current setup. These
coefficients enable the lattice model to reproduce the elastic behaviour of
solid FEM models, independent of mesh layout but dependent on material
properties.

With the identified coefficients implemented, we obtain the calibrated
response of the lattice model. Specifically, as shown in Figures 9 and 10,
the calibrated model effectively simulates displacements in both Y and X
directions under the tension test, when compared to the solid plane stress
FEM model. Furthermore, Figure 11 highlights magnitude percentage errors
in nodal displacements between the two models for both meshes. While errors
are generally low, a closer look at Figures 11(a) and (b) reveals notably higher
values particularly near the fixed boundaries. This increase occurs because

1.4500e-04

I 0.00012

= 0.0001

Displacements Y
!

: o

Displacernents X

-2.4000e-05

(b)

Figure 9 Displacements of solid plane stress FEM model for tension test (£ = 7000
kN/ cm? and v = 0.33), Mesh-2: (a) Y direction (b) X direction.
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Figure 10 Displacements of lattice model with integrated correction coefficients for tension
test (£ = 7000 kN/ cm? and v = 0.33), Mesh-2: (a) Y direction (b) X direction.
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Figure 11 Magnitude percentage error in nodal displacements between the two models for
E = 7000 kN/cm? and v = 0.33, with nodes represented by their Voronoi diagrams: (a)
Mesh-1, (b) Mesh-2.

the lattice model’s irregular beam structure struggles to enforce near-zero
displacements in these regions, leading to amplified relative errors and causes
some minor local errors in the interior regions across the domain.

4.2 Shear Test

A shear test was conducted on a square sample with identical dimensions
to those used in the tensile test. The sample was fixed at its base and
subjected to a uniform horizontal load along the upper edge to simulate
shear conditions. Four measurements (M1, M2, M3 and M4 ) were used
to determine the correction coefficients (Figure 12). As with the tensile test,
the measurement values were derived from a solid plane stress FEM model
to represent synthetically measured or true values.
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Figure 12 Shear test mesh (Mesh-1 with 1898 elements) with measurements M1 = wu;,
M2 = us, M3 = uz and M4 = ugy.

For the shear test, correction coefficients were determined in the same
process as in the tension test: a uniform distribution U(0.1, 2.5) for all
three coefficients uncertainty, 2000 QMC samples (1500 for training, 500
for validation) for the gPCE model. As with the tension test, a 13th-degree
polynomial with 560 coefficients was used.

Table 3 displays the sensitivity indices for each parameter across spe-
cific measurements. Longitudinal stiffness dominates in the first and second
measurements, while shear stiffness has minimal impact. In the third and
fourth measurements, shear stiffness shows much greater influence. Bending
stiffness consistently exhibits negligible influence across all measurements.

Table 3 Linear Sobol sensitivity indices — shear case

measurement ki ks k;

M1 0.9408 0.0592  0.0000
M2 0.9752  0.0247 0.0000
M3 0.8861 0.1139  0.0000
M4 0.5769 0.4231  0.0000

Similar to tension test, Figure 13(a) illustrates that the MCMC approach
produced a narrow posterior distribution for longitudinal and shear stiffness,
effectively identifying their correction coefficients. In contrast, the bending
stifftness exhibited a broad posterior distribution, indicating that it could not
be accurately determined. Results from MCMC identification are: ki =
1.1589, shear stiffness k; = 0.863.
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Figure 13 (a) Posterior distributions of the correction coefficients - shear case; £ = 7000
kN/cm? and v = 0.33 (b) Mean and confidence intervals (Cls) of updated correction
coefficients as a function of the Poisson’s ratio, and the linear mean approximation; marked
points are posterior mean.

As in the tension test, the correction coefficients for longitudinal stiffness
increase (from 0.89 to 1.22), while those for shear stiffness decrease (from
1.98 to 0.63) as Poisson’s ratio increases from 0 to 0.4 (see Figure 13(b)).
However, the correction coefficients values obtained from the shear test differ
from those derived from the tensile test. Thus, for identical geometry and
mesh, the correction coefficients are influenced by the type of test (boundary
conditions), which affects the sample’s behaviour and, consequently, the
correction coefficients.

4.3 Three-Point Bending Test

A three-point bending test was conducted on a beam measuring 100 cm in
length and 10 cm in height. The beam was supported by a hinge bearing
on the left side and a sliding bearing on the right side, with a concentrated
vertical force applied at the midpoint of the span. For this test, the lattice
mesh with 4055 elements achieved a Mesh Index of L = 0.8, indicating that
Delaunay triangulation produced a well-balanced network with high levels of
homogeneity H = 0.88 and isotropy I = 0.91. Three measurements (M 1,
M?2 andM 3) were used to determine the correction coefficients (Figure 14).
These measurement types and locations were chosen to optimize sensitivity
of correction coefficients, as measurements selection has great impact on
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Figure 14 Three point bending test mesh with 4055 elements and with measurements M1 =
u1,M2 = U2 — U1 and M3 = us.

identification accuracy of coefficients. As in previous tests, measurement
values from the solid plane stress FEM model were taken as the reference
true values.

For the three-point bending test, same process (see Section 4.1.2) is
used in determining correction coefficients: a uniform distribution U(0.1,
2.5) for longitudinal stiffness ki and shear stiffness ks, and U(0.1, 5.0) for
bending stiffness k;. The gPCE model used 5000 QMC samples (4000 for
training, 1000 for testing). Minimum error was achieved with an 18th-degree
polynomial (1330 coefficients).

Sobol sensitivity indices obtained from the gPCE model are shown in
Table 4. Longitudinal stiffness has the greatest influence across all three
measurements, while shear stiffness shows negligible impact. The third mea-
surement exhibits significant sensitivity to bending stiffness, reflecting its role
in the rotation of the sample’s edge faces.

Table 4 Linear Sobol sensitivity indices — bending case

measurement ki ks ki

M1 0.9806 0.0192  0.0002
M2 0.9218 0.0765 0.0017
M3 0.6559 0.0870 0.2571

For this test, MCMC results confirm the successful identification of all
three correction coefficients, with low variability for longitudinal and bending
stifftness, and moderately higher variability for shear stiffness, shown Fig-
ure 15(a). Consistent with the previous tests, correction coefficients exhibit
similar behaviour with changes in Poisson’s ratio, as shown in Figure 15(b).
As Poisson’s ratio increases from 0 to 0.4, longitudinal stiffness correction
coefficients slightly increase (from 1.02 to 1.10), while shear stiffness coeffi-
cients decrease (from 1.18 to 0.77) and bending stiffness coefficients decrease
(from 1.56 to 0.32).
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Figure 15 (a) Posterior distributions of the correction coefficients - bending case; £ =
7000 kN/ cm? and v = 0.33 (b) Mean and confidence intervals (CIs) of updated correction
coefficients as a function of the Poisson’s ratio, and the linear mean approximation for k; and
non-linear for ks and k;; marked points are posterior mean.

Results in terms of posterior mean values from MCMC identification are:
ki = 1.0906, shear stiffness ks = 0.8022, and k; = 0.4382 (Figure 15(a)).
Compared to the tensile and shear tests, these coefficients exhibit different
values, indicating that correction coefficients are specific to the sample’s
geometry and the type of mechanical test that is conducted.

Figure 16 shows direct comparison of the displacement fields of the solid
model and the calibrated lattice model. The model calibrated with selected
measurements correctly simulated deflections and deformations of the beam,
except for the left and right boundary surfaces and their corresponding
inclinations (Figure 16(c)), where errors are present. This is due to the lattice
model limitations and inability to capture both, deflections and side rotations
in beam bending example.

4.4 Joint MCMC Test

The integrated multi-test calibration aims to combine data from tension,
shear, and bending tests to create a single set of correction coefficients (ky,
ks,k;) that can be applied across different conditions, exploring whether
this set of coefficients can be universal despite the evident differences in
correction coefficients between these three tests. This approach utilizes pre-
existing gPCE surrogate models from the previous three tests, and a joint
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Figure 16 Displacements and errors in the Y direction for a three-point bending test: (a)
Solid plane stress FEM model (deformed configuration), (b) Calibrated Timoshenko beam lat-

tice model (deformed configuration), (c) Magnitude percentage error in nodal displacements
between the two models, with nodes represented by their Voronoi diagrams.

MCMC process evaluates all three surrogates for each step of the random
walk, combining their results and measurements into one vector to refine
the likelihood function. Figure 17 displays the three correction coefficients
plotted against Poisson’s ratio (v) from O to 0.4, with orange lines showing
the joint MCMC results (shaded areas representing 95% confidence intervals)
compared to individual test outcomes (tension for Mesh-1 and Mesh-2, shear,
and bending). The joint method reduces the large differences between coeffi-
cients from the individual tests, while it produced coefficients with generally
low uncertainty (e.g., ki and k), they do not align perfectly across all tests.
As the fitting line balances the trends from tension and shear, it diverges from
bending for ki and ks. While this approach enhances the overall reliability
of the coefficients, some variations persist, suggesting they are not entirely
universal and still depend on the type of test. However, it offers a practical
starting point for various similar simulations, though additional test-specific
adjustments are necessary for accurate results.



266 D.Pavié et al.

2
~—Joint MCMC

= Joint MCMC == Joint MCMC
Tension Mesh-1 1.8+ - Tension Mesh-1 180 Tension Mesh-1
1.8 Tension Mesh-2 —— Tension Mesh-2 —— Tension Mesh-2
—Shear J ——Shear ——Shear
1.6 — i T T 1.6 I
Bending ’ Bending ’ +—Bending

kg Value
k; Value

08 04f N oaf \\ =
9 \\\
061 N AR AR 0.2} ! ! 0.2} | e
of 0
0.4 I | | J i i i | 1 L i |
0 0.1 0.2 0.3 0.4 0 0.1 0.2 0.3 0.4 0 0.1 0.2 0.3 0.4
Poisson Ratio () Poisson Ratio () Poisson Ratio ()

Figure 17 Joint MCMC correction coefficients dependent on Poisson’s ratio with uncer-
tainty, compared to individual Tension, Shear, and Bending test results.

5 Conclusion

This study presents a Bayesian inverse method to calibrate lattice element
models for accurate elastic behaviour. Due to their discrete and irregular
structure, lattice models can represent only limited range of elastic defor-
mations associated with Poisson ratio. Additionally, they posses non-uniform
stress and displacement fields. To overcome this, we introduced correction
coefficients into the discrete Timoshenko beam lattice model for axial, shear,
and bending stiffness to improve its performance and to enable a wide range
of lateral deformations. Irregular meshes based on Delaunay triangulation
and Voronoi tessellation offer a good balance of homogeneity and isotropy,
affecting the mechanical response and required corrections.

Using gPCE and MCMC, we efficiently identified stiffness correction
coefficients across tensile, shear, and bending tests. Longitudinal and shear
coefficients were consistently identifiable; bending stiffness could be only
identified using bending test. The coefficients depend on mesh structure,
geometry, and test type, indicating no universal set exists. With calibrated
stiffness matrices, lattice models closely matched reference FEM displace-
ment fields, validating the approach. Although the identification procedure
must be repeated for different Poisson’s ratios, tensile tests conducted on
two mesh resolutions demonstrate that the identified coefficients are mesh-
independent and remain nearly identical across both meshes.
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Lattice models, which are not calibrated with correction coefficients,
struggle with alterations due to Poisson’s ratio variation and often fail to
reproduce a uniform displacement field under uniform loading, indicating a
deviation from the expected continuum elastic response. In contrast, our cali-
brated approach achieves better accuracy in simulating lateral strains induced
by the Poisson effect and yields more uniform displacement fields. This
provides advantages in modeling heterogeneous materials and establishes a
robust foundation for non-linear fracture simulations. The Bayesian frame-
work quantifies parameter uncertainties, enhancing model understanding and
reliability for applications like concrete or rock analyses, where the one-time
calibration effort is justified by improved simulation outcomes.

This framework bridges discrete and continuum modelling in elastic-
ity and sets the basis for future work on non-linear fracture and crack
propagation.
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