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Abstract

This work presents a mesh-free formulation that combines the method of
variable material properties (MVMP) with a collocation method based on
finite atomic basis functions (ABF) for the analysis of small elastoplastic
deformations. Unlike existing approaches that update only the tangent mod-
ulus of material hardening, the presented method simultaneously updates the
elastic modulus E and Poisson’s ratio ν (i.e., Lamé constants λ and µ) as
smooth fields. This reduces the nonlinear problem to a sequence of linear
elasticity problems. The algorithm is implemented using a strong formulation
and the finite Fup4 basis functions from the class of algebraic ABFs. Fup4
is an infinitely differentiable function that exactly reproduces polynomials
up to the fourth degree, maintains the continuity of higher derivatives, and
thus ensures numerical stability and fast convergence of the collocation-based
MVMP procedure. Due to the compact support of the basis functions and the
choice of the positions of the collocation points, the matrix of the equations
system retains its band form throughout all iterations, which improves the
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conditioning of the system and accelerates convergence. The accuracy of the
proposed approach has been verified on two classical benchmark problems
with analytical solutions: a one-dimensional bar under axial load and a thin
cylindrical disc subjected to internal pressure.

Keywords: MVMP, Fup4, atomic basis functions, collocation, material
parameters, small elastoplastic deformations.

1 Introduction

Modeling small elastoplastic deformations remains a challenge in computa-
tional mechanics [1]. Classical works [2–4] laid the foundation for plasticity
criteria and hardening laws, while the finite element method (FEM) [5] has
become dominant in numerical practice. However, nonlinear FEM analy-
ses require repeated stiffness calculations and may encounter convergence
problems and stress discontinuities in plasticization zones [6].

Most of today’s formulations only change the elastic modulus E, while
Poisson’s ratio ν is treated as a constant, which can result in discontinuities
and deviations from experimental results [7, 8]. In the last decade, mesh-
free methods have been developed [9–12], which generally update only one
parameter and suffer from limitations such as oscillations of the solution field
in transition zones.

The method presented in this paper builds on [2] but combines it with C∞

atomic basis functions (ABF) Fup4 [13–15] and the collocation method [16].
The main idea is that the modulus of elasticity E and Poisson’s coefficient ν,
or Lamé’s constants λ and µ, are not treated as constants but as smooth func-
tions of coordinates that are updated in each iteration according to the current
state of deformations. In this way, the nonlinear plasticization problem is
decomposed into a series of linear elastic problems, with a significantly sim-
pler stiffness matrix and reliable convergence of the iterative procedure. For
spatial approximation, MVMP uses the collocation method with Fup4 ABF
(see Appendix A1). These finite infinitely differentiable functions enable
the exact reproduction of polynomials up to the fourth order and a very
smooth reconstruction of the field of material parameters and their deriva-
tives, which is crucial for the stable solving of problems described by a strong
formulation.

The paper gives a brief overview of the MVMP approach. Then the
collocation MVMP formulation for the uniaxial stress state under the axial
load is described. Finally, the MVMP for plane and axisymmetric problems
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is described, the algorithm with implementation details is given, the model
is validated on the example of a thin cylindrical disc loaded with internal
pressure, and conclusions are presented.

2 Theoretical Basis of the Method

For small deformations and isotropic materials, the problem is written in a
strong (collocation) form, where the elastic parameters of the material are
treated as spatially variable functions that depend on the state of deformation
in plasticized zones. Such a dependence makes the system non-linear because
gradients of material parameters also appear in the operator. Within the
MVMP approach, this problem is linearized so that all nonlinear terms are
combined into the residual load and moved to the right side of the equation,
while the left side of the equation remains formally the same. Thus, in
each iteration, a linear elasticity problem is solved in which the material
parameters are taken to be the values obtained in the previous iteration. After
each iteration step, the elastic parameters (and their gradients) are updated
from the given deformation diagram. The procedure is repeated until the
convergence criterion for displacements and/or residual load is met, whereby
the volume and surface terms of the load quickly tend to zero. For the sake of
clarity of presentation and verification, a description of the method follows
on a uniaxial (1D) problem for which an analytical solution is known.

2.1 MVMP for Uniaxial Stress State

The differential equation of equilibrium in a uniaxial state of stress, assuming
small elastoplastic deformations and an isotropic material, in which the stress
is expressed in terms of displacement, is:

d

dx

E(x) · du(x)
dx︸ ︷︷ ︸

σ(x)

+ F(x) = 0, x ∈ [0,L] (1)

where u(x) is the longitudinal displacement, F(x) is the volume load, and
E(x) is the modulus of elasticity which in plasticized zones depends on the
state of deformation and is therefore a function of the coordinates.

By developing the derivative of the product E(x) · du(x)
dx in Equation (1),

the nonlinearity of the problem is generated even with the elastic form of the
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Figure 1 Bilinear σ–ε diagram for an elasto-plastic material with hardening.

constitutive law:

dE(x)

dx

du(x)

dx
+ E(x) · d

2u(x)

d2x
+ F(x) = 0 (2)

Since the nonlinear Equation (2) cannot be directly solved analytically,
within the MVMP approach, the problem is linearized by grouping the
nonlinear terms into a residual load and transferring them to the right side
of the equation:

E(x)
d2u(x)

d2x
= −F(x)− dE(x)

dx

du(x)

dx
(3)

and then an iterative procedure is applied to Equation (3)

E(x)(k)
d2u(x)(k+1)

d2x
= −F(x)− dE(x)(k)

dx

du(x)(k)

dx
(4)

with appropriate boundary conditions at the ends of the rod, either of the
Dirichlet (given displacements) or Neumann type (given stresses).

In the (k + 1)th iteration, the linearized elasticity problem is solved,
where the values of the field E(x)(k) from the previous iteration step
are taken. The procedure is repeated until the convergence criterion for
displacements and/or residuals is met.

The effective modulus E(x) for the bilinear elasto-plastic behavior of a
material with initial modulus E0, yield strength σY, and tangential hardening
modulus ET, using the relationships from Figure 1 (λY = σY ·(1−ET/E0)),
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Figure 2 Geometry and loading for the 1D uniaxial example.

has the following form [2]:

E(x) =


E0 for ε(x) ≤ εY

ET +
λY

ε(x)
for ε(x) > εY

(5)

Let us consider a rod of length L with constant cross-sectional area A be
supported at the left end and loaded at the right end with a force P. The rod is
also loaded along its length with a continuous load p(x) as shown in Figure 2.

The analytical displacement field u(x) along the rod is obtained by solv-
ing the differential Equation (1) subject to the Dirichlet boundary condition
u(0) = 0 and Neumann boundary condition σ(L) = P/A = E(L) · ε(L) =
E(L) · (du/dx)|x=L:

u(x) =
x

A · ET
[(P − λY ·A)− p(x) · x]

In the following example, we take L = 100 [cm], A = 4.0 [cm2],
P = 100 [kN], E0= 10 000 [kN/cm2],ET = 2 000 [kN/cm2], σY = 25.0
[kN/cm2].

For the load p(x) = 0.1 [kN/cm], the analytical displacement field has
the form

u(x) =
x · (600− x)

160000

whereas for p(x)= 1.0 [kN/cm] it is given by

u(x) =
x · (240− x)

16000
.

Figures 3–5 show a comparison of numerical solutions obtained by the
MVMP method with known analytical solutions for a rod subjected to a
continuous load p(x) = 0.1 [kN/cm] (Figures 3(a), 4(a), 5(a)), and p(x) =
1.0 [kN/cm] (Figures 3(b), 4(b), 5(b)).

The numerical solution was obtained by discretizing the area into 20 equal
segments (25 basis functions Fup4 given in Appendix A1).
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Figure 3 Comparison of the numerical solution of the displacement field with the analytical
one for (a) p(x) = 0.1 kN/cm and (b) p(x) = 1.0 kN/cm.

Figure 4 Comparison of the numerical solution of normal stress with the analytical one for
(a) p(x) = 0.1 kN/cm and (b) p(x) = 1.0 kN

cm
.

Figures 3 and 4 show a complete overlap of the numerical solution of the
displacement and stress fields with the analytical.

Instead of a table with data on convergence, Figure 5 shows a graphic
representation illustrating the change in modulus of elasticity (Young’s mod-
ulus) along the rod from the zero iteration to the final one in which the given
convergence criterion is reached. Convergence of the elastic modulus field
with the selected tolerance tol =10−5 was achieved in the 20th iteration.
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Figure 5 Changes in modulus of elasticity (Young’s modulus) along the rod by iterations (a)
for p(x)= 0.1 kN

cm
and (b) for p(x)= 1.0 kN

cm
.

2.2 Theoretical Basis of the MVMP Method for Plane and
Axisymmetric Problems

For bodies with variable material properties λ = λ(x, y), µ = µ(x, y) or
E = E(x, y), ν = ν(x, y), the equilibrium equations expressed in terms of
displacements, analogous to the uniaxial stress state, can be written in the
following form [17]:

Qel
x +Qpl

x + Fx = 0 (6a)

Qel
x =

1

3

σi
εi
∇2u+

(
E0

3(1− 2ν)
+

1

9

σi
εi

)
· ∂e
∂x

− κ
1

3

σi
εi

u

x2

Qpl
x =

1

3

∂

∂y

(
σi
εi

)(
∂u

∂y
+

∂v

∂x

)
− 2

9

∂

∂x

(
σi
εi

)
· e+ 2

3

∂

∂x

(
σi
εi

)
· ∂u
∂x

Qel
y +Qpl

y + Fy = 0 (6b)

Qel
y =

1

3

σi
εi
∇2v +

(
E0

3(1− 2ν)
+

1

9

σi
εi

)
· ∂e
∂y

Qpl
y =

1

3

∂

∂x

(
σi
εi

)(
∂u

∂y
+

∂v

∂x

)
− 2

9

∂

∂y

(
σi
εi

)
· e+ 2

3

∂

∂y

(
σi
εi

)
· ∂v
∂y

where σi
εi

is the law of behavior for both elastic and plastic area, κ is a
parameter that has a value equal to zero for plane problems and a value
equal to one for axisymmetric problems, and Fx,Fy are the volume force
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components. ∇2 is the Laplace operator

∇2 = △ =
∂2

∂x2
+

∂2

∂y2
+

1

x
· ∂

∂x

and e is the volume strain

e =
∂u

∂x
+

∂v

∂y
+ κ

u

x
.

In addition to the previous equilibrium equations, it is also necessary to
specify boundary conditions:

(a) Dirichlet boundary condition: the vector displacement function at the
boundary of the area is given

f = f(u, v) (7a)

where u, v are the components of the displacement vector along the x and y
axes, respectively.

(b) Neumann boundary condition: given a stress vector with components σn
along the normal direction and τn along the tangent direction at a point on the
boundary of the area:

σn =

(
E0

3(1− 2ν)
+

4

9

σi
εi

)
·
(
∂u

∂n
l1 +

∂v

∂n
l2

)
+

(
E0

3(1− 2ν)
− 2

9

σi
εi

)(
∂v

∂t
l1 −

∂u

∂t
l2 + κ

∂u

∂x

)
τn =

1

3

σi
εi

(
∂u

∂n
l2 −

∂v

∂n
l1 +

∂u

∂t
l1 +

∂v

∂t
l2

)
(7b)

The systems of Equations (6a), (6b) describe the equilibrium for the state
of plane deformation and the state of axial symmetry. For the state of plane
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deformation, the coordinate system is Cartesian x, y, and for the state of axial
symmetry, the x axis is replaced by the r coordinate, the y axis becomes the
z axis, and the direction of rotation has the coordinate ϕ. The state of plane
stress can be solved by the algorithm for the state of plane deformation, with
the addition of the substitute constant λ′ = 2λµ

λ+2µ for the Lamé constant of
the material λ.

Equations (6a), (6b) are extremely non-linear and for the numerical
procedure it is necessary to carry out a suitable linearization. The volume
force components Fx and Fy, as well as all terms containing the derivative
of the expression σi

εi
, should be placed on the right side of the equations. On

the left side of the equations, there remain the terms that describe the elastic
behavior for variable material properties. In this way, the task is reduced to
solving a series of linear elastic problems.

3 Numerical Model for MVMP

The numerical model for solving plane and axisymmetric problems is anal-
ogous to the model for the uniaxial state of stress from Section 2.1. At
the beginning of the procedure (zero iteration), the problem is solved with
the default elastic properties of the material and without residual load. In
the following steps (iterations), the results from the previous step are used
to correct the material properties in the area of plastic deformation. The
residual load and the difference in the expression for the Neumann boundary
conditions must “quickly” and unconditionally tend to zero, if the basic
assumptions for small elastoplastic deformations are met.

In the (k + 1)-th iteration, the elastic boundary value problem is
formulated by determining two displacement functions u(k+1)(x, y) and
v(k+1)(x, y) that satisfy the following differential equations in the domain Ω:

µ∗∇2u(k+1) + (λ∗ + µ∗)
∂e(k+1)

∂x
− κ · µ∗u

(k+1)

x2
= −(Fx + Fx

(k+1))
(8a)

µ∗∇2v(k+1) + (λ∗ + µ∗)
∂e(k+1)

∂y
= −(Fy + Fy

(k+1)) (8b)

and on the boundary Γ for Neumann boundary conditions

(λ∗ + 2µ∗)

(
∂u(k+1)

∂n
l1 +

∂v(k+1)

∂n
l2

)
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+ λ∗

(
∂v(k+1)

∂t
l1 −

∂u(k+1)

∂t
l2 + κ · µ∗∂u

(k)

∂x

)
= fn − fn

(k+1) (9a)

µ∗

(
∂u(k+1)

∂n
l2 −

∂v(k+1)

∂n
l1 +

∂u(k+1)

∂t
l1 +

∂v(k+1)

∂t
l2

)
= ft − ft

(k+1)

(9b)

where λ∗ and µ∗ are Lamé’s elastic parameters in the k-th step or iteration.
Volume deformation e becomes

e(k+1) =
∂u(k+1)

∂x
+

∂v(k+1)

∂y
+ κ

u(k+1)

x
.

In Equations (9a), (9b), fn and ft denote the projections of the surface
load vector along the normal and tangent lines at the edge point of the area,
respectively.

In the area of plastic deformation, material properties change, which leads
to residual volume forces Fx

(k+1) and Fy
(k+1), and surface forces fn(k+1) and

ft
(k+1) in the following form:

Fx
(k+1) =

∂

∂x

[(
2µ− 2

3

σi
(k)

εi(k)

)
·

(
2

3

∂u(k)

∂x
− 1

3

∂v(k)

∂y

)]

+
∂

∂y

[(
µ− 1

3

σi
(k)

εi(k)

)
·

(
∂u(k)

∂y
+

∂v(k)

∂x

)]

Fy
(k+1) =

∂

∂x

[(
µ− 1

3

σi
(k)

εi(k)

)
·

(
∂u(k)

∂y
+

∂v(k)

∂x

)]

+
∂

∂y

[(
2µ− 2

3

σi
(k)

εi(k)

)
·

(
2

3

∂u(k)

∂x
− 1

3

∂v(k)

∂y

)]
(10)

fn
(k+1) =

(
2µ− 2

3

σi
(k)

εi(k)

)
·

(
∂u(k)

∂y
+

∂v(k)

∂x

)
l1l2

+

(
2µ− 2

3

σi
(k)

εi(k)

)
·

(
2

3

∂u(k)

∂x
− 1

3

∂v(k)

∂y

)
l21
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+

(
2µ− 2

3

σi
(k)

εi(k)

)
·

(
2

3

∂v(k)

∂y
− 1

3

∂u(k)

∂x

)
l22

ft
(k+1) =

(
µ− 1

3

σi
(k)

εi(k)

)
·

(
∂u(k)

∂y
+

∂v(k)

∂x

)(
l22 − l21

)
+

(
2µ− 2

3

σi
(k)

εi(k)

)
·

(
∂u(k)

∂x
− ∂v(k)

∂y

)
l1l2 (11)

In Equations (10) and (11), µ denotes the initial parameter of the material.
According to the method of variable material properties (MVMP), the

elastic modulus E∗ and Poisson’s ratio ν∗ depend on the relationship between
stress and strain in the material, and are calculated using [17]:

E∗ =

σi
εi

1 + (1−2ν)
3E0

· σi
εi

; ν∗ =
1
2 − (1−2ν)

3E0

σi
εi

1 + (1−2ν)
3E0

σi
εi

. (12)

The Lamé parameters λ∗ and µ∗ are also functions of the coordinates and
are determined based on the solution of the problem at the end of the previous
iteration:

λ∗ =
E∗ν∗

(1− 2ν∗)(1 + ν∗)
→ λ(k+1) =

E0

3(1− 2ν)
− 2

9
· σi

(k)

εi(k)

µ∗ =
E∗

2(1 + ν∗)
→ µ(k+1) =

1

3

σi
(k)

εi(k)
(13)

εi is the equivalent strain used to test whether the material at a point in the
region has exceeded the limit of linear elastic behavior. If so, the equivalent
stress σi is calculated according to the behavior law diagram, and then the val-
ues of the Lamé parameters λ∗ and µ∗ in the (k+1)th iteration are determined
according to Equation (13). The equivalent strain εi is calculated by:

εi
(k) =

√
2

3
·

(∂u(k)

∂x
− ∂v(k)

∂y

)2

+

(
∂u(k)

∂x
− κ

∂u(k)

∂x

)2

+

(
∂v(k)

∂y
− κ

u(k)

x

)2

+
3

2

(
∂u(k)

∂y
+

∂v(k)

∂x

)2
1/2

(14)
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As already mentioned, at the beginning of the numerical process the param-
eters E∗ = E0, ν∗ = ν are used and in the initial iteration the problem of an
elastic isotropic body is solved, where

σi
εi

=
3E0

2(1 + ν)
. (15)

4 MVMP Algorithm

The proposed numerical implementation algorithm of MVMP using ABF
Fup4 and the collocation method consists of the steps described below.

4.1 Initialization

Setting the geometry, boundary conditions, elastic material parameters
(E0, ν0) and Lamé’s constants (λ0, µ0); discretization of the domain with
equal segments ∆x in 1D problems (rod), ∆x and ∆y for the plane states,
or ∆r and ∆z for axisymmetric problems; constructing the base of Fup4
functions.

4.2 Initial Assumption

The material is treated as elastic with known initial values E0 and ν0, or Lamé
coefficients λ0 and µ0.

4.3 Stress and Strain Calculations

From the obtained displacements u(k), the deformation and stress com-
ponents are determined, from which the equivalent deformation εi

(k) is
calculated according to Equation (14) and the corresponding equivalent stress
σi

(k) is calculated from the material behavior diagram.

4.4 Updating Material Parameters

For each collocation point, the value εi
(k) is tested. If εi(k) ≤ εY, the linear

elastic parameters are retained, and if εi
(k) > εY, the hardening law is

applied according to Equation (12). From E∗ and ν∗, λ∗ and µ∗ are calculated
according to (13).
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4.5 Calculating the Values of the Material Properties

Since the derivatives of the material parameters are needed in the plastic area,
they are approximated by Fup4 basis functions. The coefficients of the basis
functions Cj are obtained by an iterative process so that the solution in the
kth step represents the start vector for the (k+1) iterative step.

4.6 Solving the System

The system of Equations (8)–(11) is solved.

4.7 Convergence Criterion

The displacement norm ∥u(k + 1)− u(k)∥2 is calculated. If ∥ · ∥2 ≤ tol, the
procedure is stopped; otherwise, the iteration procedure continues until the
convergence criterion is met.

4.8 Output Results

The displacement fields are calculated and the stress and strain
fields are derived. The fields of changes in the material parameters
E(x), ν(x), λ(x), µ(x) are also determined, which illustrate the plasticized
zone.

5 Example: Thin Disc Loaded with Internal Pressure

A thin disc with a circular hole around the center is considered, which is
in an elastoplastic state of deformation (Figure 6). The material from which
the disc is made is incompressible without hardening (σi= const. =σY, ε0 =
0, ν = 1/2). With these assumptions, it is possible to obtain a closed-form
solution. This allows a comparison of the analytical and numerical solutions.

If t ≪ r2, the problem is consistent with the assumptions for a plane
stress state. Also, the problem is consistent with the assumptions for a axial
symmetry state.

The load acting on the disc is the pressure on the inner edge, while the
other surfaces are unloaded. The input parameters are:

r1= 4 [cm] inner radius
r2= 10 [cm] outer radius
E0= 10 000 [kN/cm2] Young’s modulus
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Figure 6 Geometry of a disc with a circular hole around the center.

ν= 0.5 (0.49999) Poisson’s ratio, the value in brackets is used in the
numerical procedure
σY = 25 [kN/cm2] yield stress
ET = 0 tangent modulus of hardening
p = 20 [kN/cm2] pressure on the inner surface
t = 1 [cm] disc thickness
rY= 5.786105 [cm] radius of the boundary between the elastic and
plastic parts
Ψ1 = Ψ(r1) = 2.336189 value on the inner edge
ΨY = Ψ(rY) = 1.903459 value at the boundary of the elastic and
plastic deformation range

The symbols rY, Ψ1 and ΨY are used in the analytical procedure (see
Appendix A2).

The selected example fulfills the basic conditions of the plane stress state
and it is possible to obtain a closed-form solution given in Appendix A2. The
selected example also fulfills all the conditions for the axial symmetry state.
The numerical procedure described in the algorithm in Section 4 was used
for the solution.

Figure 7 shows a comparison of the obtained numerical solution of the
displacement and stress fields with the analytical solutions. It can be observed
that the values of displacement and stresses obtained by the method proposed
in this paper perfectly match the exact solution in both the elastic and plastic
parts of the area.

Figure 8 shows a graphic representation that illustrates the process of
convergence through the calculation of stresses σϕ(r) and σr(r). From Fig-
ure 8, it is possible to see the regularity of changing the parameters of the
material by which the stress components are calculated according to iterative
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Figure 7 (a) Displacements ur(r) and (b) stresses σr(r), σϕ(r), σz(r).

Figure 8 Illustration of the convergence process through stress calculations σϕ(r) and σr(r).

steps. A total of 40 iterations were used to obtain the numerical solution.
It is evident that already in the first 10 iterations, the numerical solution
approached the analytical values. For the point on the inner edge of the disc
(r = r1), Figure 9 shows the changes in the elastic properties of the material,
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Figure 9 Convergence of material parameter values at the point r = 4 [cm] (a) elastic
modulus E∗ and (b) Poisson’s ratio ν∗.

from the zero iterative step where the initial parameters are E0 and ν0, to the
last iteration. From Figure 9, it is evident that the numerical solution for the
material parameters practically coincides with the analytical one after about
30 iteration steps.

6 Conclusion

The proposed MVMP-ABF procedure solves elastoplastic problems as a
series of linear elastic tasks, where the nonlinearity is mapped into residual
volume and boundary terms, and also into spatially variable elastic param-
eters (λ, µ) that are iteratively updated. This avoids the classical formation
and updating of tangent stiffness, and the focus shifts to stable collocational
discretization and smooth reconstruction of the material property field.

A key step of the method is the linearization of the differential equation
where all terms involving gradients of material parameters (∇λ, ∇µ) and
induced volume/surface forces are moved to the right-side of the equation,
while the left-side remains an elastic operator with currently ‘frozen’ prop-
erties. This provides a clear demarcation between the ‘main’ linear problem
and the ‘residual’ correction. The algorithm of successive approximations is
carried out until the stopping criterion is met. With the assumptions of small
elastoplastic deformations, the residual terms quickly tend to zero.

The collocation method with the application of ABF Fup4 basis functions
ensures that the higher derivatives required in the strong form are calculated
stably, without oscillations and without the need for remeshing. Compared
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to the FEM-variants MVMP/VEP, which often update only the modulus of
elasticity E per element, here the Lamé constants λ and µ are simultane-
ously updated as smooth fields, which reduces discontinuities in stresses and
enables C1 continuity, especially in the transition zone from the elastic to the
plastic region.

The method was verified on two classic examples that have analytical
solutions. Numerical solutions obtained by the proposed method for an
axially loaded 1D rod and an axisymmetric disc under the action of internal
pressure show a fast convergence and, at the end of the iterative process, an
excellent match with the analytical solutions of the mentioned problems.
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Appendix

A1 Atomic Basis Functions

The simplest and basic atomic function is up(x). The up(x) function does
not have an analytical record but is generated using a special order that is
numerically calculated. It is possible to calculate the function up(x) and its
derivatives up to machine precision, but this approach is sufficient for all
practical purposes. Mathematical expressions for Fupn(x) and their deriva-
tives are obtained using linear combinations of shifted up(x) functions and
their derivatives, respectively. All details regarding the calculation of the
function up(x) values and values of Fupn(x) and their derivatives are provided
in [13–15].

Fupn are finite C∞ functions with compact support that accurately
describe polynomials up to degree n. For n = 4 (Fup4), high smoothness
is obtained with a small support, which is favorable for strong formulations
where multiple derivatives appear. Figure A1 shows the basis function Fup4
and its first four derivatives.

The support of the function contains six characteristic segments. By
linearly combining these functions shifted by the length of the characteristic
segment, algebraic polynomials up to degree 4 can be accurately represented.
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The basis on the interval is built by shifting the function Fup4 by the
characteristic segment.

In order for the collocation method on the domain to be effectively
implemented using these basis functions, it is necessary to write additional
conditional equations for the basis functions that have nonzero values inside
the domain and whose vertices are outside the domain. These equations are
based on the condition that the fifth derivative on two segments along the
boundary of the domain is equal to zero. Compared to splines, the Fup4 basis
requires fewer functions for the same level of accuracy and provides smoother
derivative diagrams.

Figure A1 Function Fup4 and its first four derivatives.
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A2 Analytical Solution of a Thin Disc Loaded with Internal
Pressure

A closed-form solution was obtained [2] with the assumptions that ET =
0, and that the material is incompressible, ε0 = 0. Poisson’s coefficient is
ν= 0.5 or ν = 0.49999 for the numerical procedure. In this case, for the plane
state of stress in the plastic area of deformation, the stress components are:

σpl
r =

2√
3
σYcos(Ψ(r)); σpl

ϕ =
2√
3
σYcos

(
Ψr −

π

3

)
. (A1)

The Huber-Misses plasticity condition (σ2
r + σ2

ϕ − σrσϕ = σY
2) is

unconditionally fulfilled in the area of plastic deformation.
The function Ψ(r) for the selected radius r is determined numerically

from the following equation:

r

r1
=

[
e
√
3(Ψ1−Ψ(r)) ·

sin
(
Ψ1 − π

6

)
sin(Ψ(r)−π

6 )

]1/2
where, from the Neumann boundary condition σ(r1)= −p, it follows

Ψ1 = arccos

(
−
√
3

2

p

σY

)
; Ψ1 = Ψ(r1); ΨY = Ψ(rY). (A2)

The function ΨY at the boundary between the elastic and plastic regions
is determined by numerically solving the following transcendental equation:

r2
r1

=

[
1√
3
e
√
3(Ψ1−ΨY) ·

sin(Ψ1 − π
6 )

cos(ΨY − π
6 )

]1/2
(A3)

and the radius rY between the elastic and plastic regions

rY
r2

=
4
√
3√

tg(ΨY − π
6 )

. (A4)

The stress components in the elastic region of deformation are determined
from the remaining three conditions:

σel
r (r2) = 0, σel

r (rY) = σpl
r (rY), σel

ϕ (rY) = σpl
ϕ (rY),

σpl
r = σYcos

(
ΨY − π

6

)(
1−

(r2
r

)2)
;

σpl
ϕ = σYcos

(
ΨY − π

6

)(
1 +

(r2
r

)2)
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Radial displacements in the plastic and elastic regions are calculated
using:

upl(r) =
σr · rY
E

sin(ΨY) · e
√

3
2
(Ψ−ΨY) ·

[
sin(ΨY − π

6 )

sin(Ψ− π
6 )

] 1
2

uel(r) =
σY · r
2E

cos
(
ΨY − π

6

)
·
(
1 + 3

(r2
r

)2)
The critical load pcr(r1) that leads to the beginning of the plasticization front
is determined by the plasticity condition σ2

r + σ2
ϕ − σrσϕ = σ2

Y.
Including stress components σr and σϕ according to Equation (A1), the

critical load is obtained:

pcr = σT
r22 − r1

2√
r41 + 3r42

.

By increasing the load, the area of plastic deformation expands. At rY =
r2, the bearing capacity of the section from r1 to r2 is exhausted. From (A4)
it follows that ΨY = π/2, where the Equation (A3) becomes(

r2
r1

)2

=
2√
3
e
√
3(Ψ1−π/2) · sin

(
Ψ1 −

π

6

)
. (A5)

Ψ1 can be determined from the known relationship r2/r1, and after that the
corresponding load is determined from (A1).

From Equation (A1) it can be concluded that the highest load occurs at
Ψ1 = π and it amounts to

pmax =
2√
3
σY.

The size Ψ1 = π in accordance with Equation (A5) gives r2/r1= 2.963. If
the ratio r2/r1 is greater than 2.963 then, for any load up to pmax, part of the
section from r1 to r2 remains in the elastic area of deformation.
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[15] N Brajčić Kurbaša. (2016 ). Exponential atomic basis functions: devel-
opment and application. University of Split: PhD Thesis.

[16] Q Li et al. (2024). Review of collocation methods and applications
in solving science and engineering problems. Computer Modeling in
Engineering & Sciences, 140(1):41–76.
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