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ABSTRACT. Within the framework of mixed Finite Element Methods, we analyze the numerical
analysis of an error indicator. It relies on the residual of a linearized Drift-Diffusion model of
the transport equation for electrons in semiconductor devices using Fermi-Dirac statistic. Inf-
sup condition, upper and lower bounds are proved. The results are optimal for the natural
norms of H(div) and L2.

RESUME. Dans le cadre de la méthode des éléments finis mixtes, nous présentons une analyse
mathématique des indicateurs d'erreur locale pour l'équation linéarisée de transport des
particules chargées. Celle-ci est issue du modéle de Dérive-Diffusion dégénéré pour les
semiconducteurs a hétérojonction. La condition inf-sup ainsi que les bornes inférieure et
supérieure de l'estimateur sont démontrées. L'estimateur obtenu est optimal pour la norme
usuelle de H(div) x 2.
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1 Introduction

In computational heterojunction semiconductor devices, as in other problems
of fluid dynamics or engineering, one often encounters the difficulty that the
overall accuracy of the numerical solution is disturbed by local singularities
such as those near heterojunction regions, critical points or boundary layers at
ohmic contacts (see [5]).

An obvious solution is to refine the discretization near the critical regions,
i.e., to place more grid-points where the solution is less regular. The question
‘then is how to identify these regions automatically and how to guarantee a
good balance of the number of grid-points in the refined and un-refined regions
so that the overall accuracy is optimal. Another closely related problem is to
obtain reliable estimates of the accuracy of the computed numerical solution. A
priori error estimates are in general not sufficient since they only yield asymp-
totic estimates which are not known explicitly. Moreover, they often require
regularity assumptions about the solution which, for practical problems, are
hardly satisfied.

The problem addressed in this paper is principally to establish an ‘a poste-
riori’ error estimator for linearized transport equation for electrons in semicon-
ductor devices. Initially, classical formulation of this equation is considered,
then introducing the current density # as independent variable, we deduce a
mixed formulation for the problem that is later linearized to obtain a linear
mixed equations in the variables p (electron quasi-Fermi level) and @ (current
density for electrons). A mixed Raviart-Thomas Finite Element method of
minimal order is used to approximate the continuous problem in H(div) x L2.
A priori estimations are also provided. Finally, two theoretical results which
guarantee the existence of an isotropic ‘a posteriori’ local estimator which con-
trols the approximation error are proved. No numerical experiences have been
carried out by now. Future works will consider the extensions to anisotropic
estimators as well as numerical comparison between isotropic and anisotropic
estimators.

2 Continuous problem

Considering the boundary conditions, the transport equation for electrons in
semiconductor devices is given by:

~div (a(z,p)Vp) + c(x,p) = 0 Q»
P = 4 aQD, (1)
(a(z,p)Vp)-n = 0 00,

where Q € IR? is a regular domain with 8Qp U 8Qy = 69.
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2.1 Mixed formulation

Let us consider
@ = a(z,p)Vp,

then the following mixed problem can be derived from equation [1]: find p
and i, two real value functions such that

a(z,pyi = Vp  Q,
—diw(@) +c(z,p) = O Q, @)

p = g 0Qp,

1_[ ‘n = 0 691\1,

with a(z,p) = a"(z,p).

2.2 Linearization of the continuous model

A linear version of the problem [2] in a neighborhood of a point (@, p®) is given
by the following equations:

a(z)—Vp-b(z)p = f(z) 9,
—div (@) + c(z)p = g(=) Q, 3)
p = g 0Qp,
i-n = 0 8Qpn,
with

a(z) = a(z,p’(x)),

bz) = ay(z,p°(2))@(z),

f(z) = ap(z, (@)@ (2)p°(2),

cz) = c(z,p()),

9(z) = cp(z,p°(2))p°(2) - c(z,p°(2)).

The problem (3] is going to be solved by a mixed variational method, thus,
the functions a(.), 5(.), ¢(.), f, g and g1 and the domain € are supposed to
be regular enough so that the mixed variational formulation to be well posed
in the function spaces L?(Q) and H(div,{) and to guarantee the existence,
uniqueness and regularity of the weak solution.

2.3 Mixed variational formulation of the linear model
equations

Let us define
X =X(Q) = H(div, ),

Xo = Xo(Q) = Ho n(div,Q),
Y = Y(Q) = LX(Q),
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where
H(div,Q) = {# € (L2(Q))? : div(¥) € L*(D)},

Hg p(Q) = {7 € H'(Q) : laq =0 over 6Qp},
Ho,n(div, Q) = {7 € H(div,Q): (#-n,%) =0 V& € H} ,()}.

The following mixed variational problem is considered:
find (d,p) € Xo xY so that:

Jqa@)@ - vdx + [ pdiv(?) dz
~ [ob@p-Tdz = (f,0)+ (T n,g) VFEXo, (4

- Jo9q9da VgeY

Jq div(@)qdz — [, c(z)pgdzx

Now, we note
Z=Z(Q)=XxY,

Zo = Zo() = Xo x Y,
U= ('E’p); V= (ﬁa Q)'
Let A be defined as

AU, V) = /Q a(z)@ - Tdr + /Q div (?)pdz — /Q b(z)p - vdz

+/9 div(ﬁ)qd:c—/ﬂc(m)pqdm,

by adding the two equations of problem [4]. The same process is applied to
define the continuous linear form

(f,V)=/Qf'z')'da:+<g1,17-n)—/nqum.

Therefore, the mixed variational problem [4] is equivalent to the following prob-
lem: find U € Zy so that:

AU, V) = (F,V) YV € Z,. (5)

Let us consider an arbitrary F' = (f,g) € Zj, with f € X and g € Y. The
second equation of [4] is equivalent to

| c@pade= [ div@ads+ 0,9 ©)
Q
Let us define C: L2(Q) — L%() as

/Q C(p)gdz = /Q c(z)pg dz,
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that is, (C(p),q) = (c¢(z)p, q), and suppose the following hypothesis: 3y > 0 so
that, for all z € Q, ¢(z) > v. In that case, C is invertible and

1

CY < —.

He=2 i < p

Let us define B: H(div,Q)) — L%(Q) as

/B(ﬁ)q dz = / div (@)q dz,
Q Q
i.e., (B(4), q) = (div (&), q). Thus, the equation [6] can be written as
C(p) = B(@t) + g & p = C~Y(B(@) + g)- (7)

Let us consider the following hypothesis for a(z): Ja > 0 so that for all
z € Q, a(z) > a, and define A: (L2(9))2 — (L"’(Q))2 as

/ A@) - Fdz = / o(2)i - da, ®)
Q Q

that is, (A(@),¥) = (a{z)@, ). With these notations, the first equation of the
mixed formulation can be written as:

(A@), D) +(B@),p) ~ (0.5-7) = (f,9) )
but p = C~1(B(@) + g), therefore
(A@),7) + (B(®) ~b-5,C7(B@) +9) = {£,7), VieXo, (10)
and this expression is equivalent to
(4@, ) + (C7B(@, BE) — (C~B(@,5-) =
(f,0) —(C'g,B(®)) +(C'g,b-7), Vi€ Xo.
Let us define the application
7 {f,7) = (C1g, B(7)) +(C g, b- ) = U(D), (11)
for which the following inequality holds:
L@ < 1Ifllxgl18llxo + 1C ™ gllz2 I B@I| +1IC " gl 2118 - 7] 2
< Gl + Hllllze + Zlallzal 1Bl 911,
that is, [ € X}. Let us study the properties of the bilinear form defined as

a(ii, #) = (A(id), %) + (C™*B(@), B(?)) — (C~*B(a),b - 9).
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o@D < NA@)ea|7z2 + IO B@) 21 B@)|2 + 110 B@)lcalif - a1z
< Jlallz la@llzelilze + 110 g idiv 2 ldiv 1] 2
HIC e div o) Bll oo 11
< (Hallzes + 110 lzee (1 + 1Bll =) ) 1]ty 18t

To prove the ellipticity of the bilinear form a(:,-) note that
(C™'B(3), B(9)) = (CT'B(9),C o C™'B(1)) > 7||C~' B(?)||3-
and

o 1
0 B@,5-0) 2~ (dlCT B@If + -4l ) ¢>0

N:Ip—t

o(5,) > al[f% +]|C B )nm—(nc L@ + 115 vnm).
Imposing € = -y, we obtain
1,.» 1 .- . 1 .=
21913 = 215+ a1 < ZIBIE 1,

Finally, the following expression can be derived,
- = l—; 2°° — 7 _ —
@) > (a - '—',l,'%) 912+ Lo B@) (12)

supposing that HEH L is sufficiently small to verify

-

118]13
- >0>
o 2y 2 6>0, (13)
then,
of@,¥) > 6|97 + %HC‘IB(U)II%z
> 80122 + =t ||div 7l?
|| ”L2 2”0”%00 ”L2

Therefore, under the hypothesis:
1. ae L™, a(z) > a>0,Vz € Q,
2. ceL®, clz)>y>0,Vz e Q,
3. be L™, with ||b]| e verifying equation [13],
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the mixed problem [5] is well possed, i.e., for all f € X}, g € L?, the mixed
problem [5] has an unique solution (Z,p) and continuous dependence of the
solution with respect to data.

Remark 2.1 It is easy to verify that the application f defined by
o) = [ Fedda+ (o5
Q
is a linear form in X{.

As the mixed problem is well posed, then the bilinear form A(U, V') verifies
the inf-sup condition, i.e., there exists a constant § > 0 so that:

infsup A(U,V)

ALY s g5, 14
vvso O11zIVz =7 (14)

3 Internal approximation by a mixed F.E.M of
minimal order

The mixed variational problem [4] is discretized using the Raviart-Thomas F.E.
of minimal order. Let us consider a regular family of triangulations 73 of €,
0 < h <1, that is, there exists a constant ¢ independent of h so that ﬁg <o,
for all triangle K € Tp, where hg is the diameter of a triangle K and pg is the
diameter of the circumscript circle to K. Geometrically speaking, the previous
conditions is equivalent to ‘minimal angles of triangles bounded from below’.
Let us consider

RTo(K) = (Po(K))? + zPy(K); =z € R?,

Rﬁ(aK {q qc€ L2 aK) qui € PO(Fi)7 i= 1:2v3}7

where Fj, i = 1,2, 3 are the three edges of K and dim RTy(K) = 3. The degrees
of freedom for a triangle K are

Z = {(li)i=1,3 : RTo(K) = R}
K
where [; is a linear form defined by

L@ = / v-figds; Vq€ Ry(0K); Ve RTy(K). (15)
oK

Definition 3.1 (K, )., RTy(K)) is a F.E. of Raviart-Thomas.
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Remark 3.1 Using the degrees of freedom previously described, it is possible to
define a local interpolation operator wi (Ux), for all Ux € H(div, K), provided
Uk 1is slightly smoother than merely belonging to H(div,K). In general, it is
not possible to compute expressions like [, 7 Tw ds, where w € Ro(9K), as
g - 71 is only defined in H=1/2(8K). However, it is easy to check that if Uk
belongs to the space:

W(K) = {3k € (L*(K))? : divig € Lo(K)}, (16)

for s fized > 2, then such a construction is possible. In that case the interpo-
lation operator g : W(K) — RIo(K) is defined by

/ (’l_fK - ﬂK(ﬁK)) -fids =0. (17)
8K

It is clear that the spaces defined previously can be used to define an
internal approximation of H(div,{2). At this point, let us consider

Xy ={0€X: ¥k € RTo(K) VK € Th},

and
Ya={g€Y: q|lx € B(K) VK € Tp},

a global interpolation operator from
W(Q) = H(div, Q) N (L°(Q))?, (18)
(s fixed > 2) into Xj can be defined by simply setting
(In®)|k = 7k (T)k)- (19)

Clearly div (Xh) = Yh.
Now, due to boundary conditions, the following spaces are considered:

Xon = XoN Xy,

Zp=XpxY, and Zop = Zog N Zy.

The discretization of the mixed variational problem [4] is given by:
Find Uy, = (iip, pr) € Zon so that:
(20)
A(Uh, Vh) = (.7:, Vh)zl,z VVh € Zoh.-

The proof of existence and uniqueness of the previous discrete problem and
the following convergence results are given in [3].
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Theorem 3.1 Let (@5, pr) be the solution of the mized continuous problem [4].
Then, the approzimation error can be estimated by the inequalities

(@) |lp = prll2e) < Chllpliaz@),
(@) €~ dnlirz@) < Chllpllaz(),

(it) ||div(@ — @n)llz2) < Ch°(Ipllmo+2), 0<s<1.

Remark 3.2 We observe that the former theorem proves convergence in Xo x
Y, at an optimal rate and with minimal smoothness requirements on the solu-
tion.

4 ‘A posteriori’ error estimator for the linear
equations

As problem [5] is well-posed, that is, there exists a unique solution for it and
the suitable choice of approximation spaces imply the existence of a constant,
independent of h, § > 0 so that:

sup A(U - Uh,V)

> TR - 21
V0 HV“Z _ﬂ(”u uh”X+”p ph”Y) ( )

A(U - Uh7V)

/ al(z)(€ — dp) - vd.r+/ div (p — pr)dzx

- /b #(p — pr) dm+/ div (@ — @p)gq dz

| c@o-rnacs

Z (/Ka(x)(ﬁ—ﬂ'h) adz+/ div #(p — pp) dz
/bz) v(p —pn) dz+/ div (7 — 1p)q dz

/K c(z)(p — pr)g dz) :

Applying now the Green’s formula to the term:

/ div &(p — pp) dz,
K

and using the boundary conditions, we obtain
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AU = Uy, V) =—E<~/Ka(z)(a—ﬁh)-adz—/x 7-V(p—ps) dz
K
+ @ Ap-piox - [ U)o pn) do
K

[ dva—igda= [ c@)o-pa dx)

Let us define S(K) as the set of edges of K, F;, i = 1,2,3, so that F; ¢ 0Q.
Then, the following expression is obtained:

AU - Uy, V)

Z (/K (f- a(z)@n + Vpu + b(z)pr) - T dz

K

+ / (—g — divily + c(z)pn)g dz
K

+ Z (—phaﬁ'ﬁ>F + Z (gl _phaﬁ'ﬁ>F> .

FeS(K) FCAKN&p

Thus, for all V #0 € Zg, the following estimation is derived:

AU —Un,V . 3 .
AC-UY) o (117 - a(z)an + Vou + B@)pnllza
”V”Zo K
+ || = g —diviin + c(x)prllLa (k)
-1
+ Z Rt llonlliza + S hitllon - prllzae | -
FeS(K) FCOKNOQD
Noting
n(K) = Hf'“ a(z)@n + Vpn + b(@)pallL2(x)
+ || —g—divi, + C(w)ph”Iﬂ(K) (22)
—1
+ Z ht ipelllecry + D, hg2llor — pallrace
FES(K FCOKN89p

the following result is obtained:

Proposition 4.1 Let (d,p) be the solution of the problem [{] and (@n,pn)
be the solution of the discrete problem [20], then the following ‘a posteriori’
estimation is obtained:

& — @nllx + llp—pally <CCY. (E))E, (23)
KeTs

where C' 1s a positive constant depending on 8.
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Remark 4.1 If we note

KeTn

then n is named an ‘a posteriori’ estimator computed with the residual of the
equation and it can be used in isotropic mesh adaptation procedures.

In practice, equation [22] is replaced by

nr(K) = ||fmn — a(@)@n + Von + b(@)pnllL2(x)
+ || = gmn = dividy + c(@)pal|L2 (k) (24)
1 _1 _1
t o5 S htlloalllcaemy + Y, hxEllin(er) — pallzae
FeS(K) FedKndQp

where g.n (respectively fmh) is an approximation of g (respectively £, inis
an interpolation operator and m is an integer greater than zero. Trivially, an
analogous estimation to [23] can be derived:

Proposition 4.2 Let us consider the same hypotheses as in proposition [4.1],
then the following estimation is obtained:

i - anllx +llp—pally < CCY_ nr(K)? +Ilg — gmalliz(k)

KeT;,
+ I = Fonl ey (25)
— . 1
+ Y ke —in(a)Fagr)?
FebKnNotp

Remark 4.2 We are principally interested in deducing an ‘a posteriori’ error
estimation for the initial non linear problem. Thus, the error indicator n(K)
given in equation [22] can be considered as an approximation of first order of
the following estimator

NK) = ||~ a(z,pr)in+ VoullL2 k)
+ || = diviy + c(z, pr)ll L2 (k) (26)
1 -1 _1
+ ghe’ o lpallloamy +h® D g — pallzace-
FeS(K) FesKnop

Up to now, no theoretical proof of this estimator has been done. It will be
considered in future works.

Interpretation: The two first terms of estimator [22] correspond to the
residuals of the two equations of the discretized mixed variational problem.
Thus, if the equations are assumed to be numerically well-solved, then these
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two quantities must be small. The third term controls the discontinuity of the
primal variable p across the mesh edges. Finally, the last term controls if the
imposition of the boundary condition over the device ohmic contacts is verified.
The first and the two last terms cannot be estimated in an optimal way. This is
due to the anisotropy of H(div, Q). Moreover, the traces of H(div, ?)-functions
are only in H=1/2(890). In order to avoid the negative exponent, different norms
must be used (in particular mesh-dependent norms).

A%

®K
Figure 1. Definition of wg
Let us proof a reciprocal result to proposition [4.1].

Proposition 4.3 With the definition [22], there is a constant C, which only
depends on the minimal angle in the triangulation such that

n(K) < CU1 - @l gediv.on + Bl — pallirny)s  27)
where wg = {Ko € Tr.: KoN K = F; edges of K, i =1,2,3}.

Proof
The proof of this proposition is quite technique and it is based on the study of
a function & defined by

E(V) = AU - Un, V), VV € Zo,

then

EV) = % [ (F-a@ih+ Vo +S@pn) - 7da
K ‘K

+ / (—g — diviy + c(x)pr)q dz
K

D A LR DI S A

FeS(K) Fe8Knatp
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Let us introduce the following notations:

I = |If - a(@)dn + Von + b(@)pall2 ),
I = ”—g—diV’lIh+C(1:)ph”L2(K),
1 1
oI = shg’ > lipallizaey,
FeS(K)
IV = h Y g =l
FedKnalp

For all triangle K € Ty, let us consider a function yx defined as:

N -1 . =
_J ProFg(z) freK
i (z) = { 0 otherwise,

where K is the reference element and ¢ % is real function verifying that:
o 0< ¢p() <1, forall & € K, with ¢4 (%) = 0, for all £ € K and
o Pz € CY(K) and V@, € L®(K)2.
Clearly, for all K € T3 and for all ¥ element of a finite dimensional subspace

of L2(K), using the fact that norms are equivalent in finite dimentional spaces
and passing through the reference element K, we obtain

CollFxll L2xy < Tk ek (@) llp2a) < Cullkllz2 ey, (28)
where Cg and C are independent of K and ¥x. We can also obtain that
1xox (@)lL2(x) < 1Pk |lL2x) (29)
Majoration of I: Let us consider the following test function
Tk = ok (z)(f(z) = a(z)is + Vpn + b(z)ps)-

From its definition ¢’k is an element of H(div,) (fx € H(div,K) and we
have the continuity of the normal component ¥k - 7ir,, where F; are the interior
edges of K, in fact their are all 0). Denoting by V = (¢x,0) then

EWV) = /K (F — a(z)idn + Vpn + B@)pn)Peox de

(7~ a(@)n + Vou + E@)pn)o ke
> CYIf - a(z)in + Von + g(w)PhH%z(K),
thus,
(D)? E(V)
CillU = Unllzao IVl z¢x)
Cy (|l - Thll g div gy + 1P = PrllLe(x)

(7~ a(@)@n + Ven + B@)pn)ex iy s

IN N IA
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now, using the equivalence of norms in finite dimentional spaces in the reference
configuration and an inverse inequality for the div-norm we obtain

I< G+ W) (1 — il iy ) + 1P = Pl z2s0).
Majoration of II: Let us consider the following test function
ax = i (=g — div @, + c(z)pa).

As in the previous estimation, it is clear that gk is an element of L%(2). Noting
by V = (0,¢qk) then

£V) = / (=g — div s + c(@)pn) o dz
K
1
= |l(~g — diviin + c(@)pr) e |72 (k)
2 0111” —g—divi, + C(x)Ph”%,z(K),
therefore,
am? < &v)
< GIIU = Unllzao IV Il zex)
< G318~ all gdiv gy + 1P = Pallzzcx))
|(—g — divin + c(x)pn) k|| L2 (k)
< C:{I(Hﬁ— ah”H(div LK) +|lp —ph||L2(K))

l| — g — diviis + c(@)prl|L2(k),

thus, II is upper bounded by

I < O3 (Il = @l grdiy gy + Il — Pillzzce))-

Remark 4.3 To stablish similar the majorations of I and II, we can also work
with polynomial interpolations fr, gn, cn, an and by, of f, g, ¢, a and b.

Majoration of III: Let F' be an internal edge, therefore, there exists two
triangles K¥ and K{ so that F = K¥ N K¥. Let us define wr = KF U K¥
(see fig. [2]). Observing that [py]|F is constant, then a suitable function Pr is
constructed by:

o (z) ifre K

Pr(fpn)) () = { 7

7% (x) otherwise (30)

where #F (respectively 9%f') is the unique polynomial defined over K{ (respec-
tively KI') in RTy so that each degree of freedom is 0 except the one in F
that it is imposed to be [pn]. It is clear from the definition of Pp([ps]) that
it belongs to H(div,wgk). Similar constructions can be considered if [pp] is
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Figure 2. Definition of wp = Kf UK{

polynomial over F using the appropriated generalized Raviart-Thomas F.E. Tt
is not very difficult to prove that Pr is linear and verifies

1
1P ([prDl sty ory < CRENPRlIIL2E),

Let us consider the test function

V = (Pr([ps), 0),

then . B
EV)— Ykcxrurr Ji(f — a(z)in

li[palliZ2(ry < . '
+Vpn + b(z)pr) Pr([pn]) dz

thus
ipalllzzgry < AU = Ubllzwe) l1Pr(paD] z(wr)
+ |1f - a(@)ih + Vpn + B(2)phl| L2(wr) |1 PE(PADI L2 ()

using now the majoration of Pr we obtain

~1
he?|lpalllz2ry < CRYINU — Ubll z(ur)-

Majoration of IV. Finally, let F' be a boundary edge satisfying F' € 0lp
and let KT be the triangle containing F. For the sake of simplicity, let us
suppose g; constant over F'. In this case the function Pr is constructed:

Pr(g1 — p)(z) = 1 (z) (31)

where ¥ is the unique polynomial defined over K{" in RTj so that each degree
of freedom are 0 except the one in F that it is imposed to be g; — pp. As in
previous case, Pr is linear and verifies

1
1Pr (91 = Po)ll gdiv xFy < ChEllgr — pallLzry,
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Let us consider the test function
V = (Pr(g1 — pn),0),
then
W)= [ (F-a@is+ Vo + Eoimn)
|lg1 —Ph||2},2(F) < Ky )
Prp(g1 — pr) dz
thus
lgr — pullZaey < AU = Unllzexery|1Pr(g91 = pa)ll 2k
+ |If - a()@n + Von + g(x)PhHLz(Kf)
||Pr(g1 — Ph)”L?(le),

using the majoration of Pr we obtain

3
he2llgr — pullzagry < CEYIIU — Unllz(xF)-

In the general case, where g, is not constant over F, then a suitable poly-
nomial approximation g,, is considered. In that case the following estimation
is obtained: '

-1 1 .
he21lgr — palloaqry < CRY (WU = Unllzxery + B2 191 — gusllL2(ry)-

Finally, if the estimator given by the equation [24] is considered, then the
following proposition can be derived:

Proposition 4.4 With the definition [24] the following estimation is obtained
nr(K) <C (18~ @l gdip wey + bx 1P = PhllL2(ur)) (32)

- - -1 .
+  f = fmnllezr) 119 = gmnllr2wi) + A llg1 — in(g1)llL2(6xn000)
where wg = {Ko € T, : KoNK = F; edges of K, i =1,2,3} (see fig. [1]).

5 Conclusion

The paper has outlined an ‘a posteriori’ local error estimator based on the
residual of the linearized transport equation for electrons. Two theoretical re-
sults gives an idea about the efficacity of the error estimator. Future works will
consider the construction of an anisotropic estimator based on local corrections
of numerical solution as well as numerical experiences comparing the isotropic
and anisotropic estimators.
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