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ABSTRACT. Modal superposition techniques are generally used to analyse low frequency
dynamic responses of complex structures. Within this context, modal effective parameters
allow us to characterize in a comprehensive and intrinsic manner the eigenmodes, and to
compute frequency response functions while controlling truncation effects. The general
Sformulation is first given, introducing the effective flexibilities, masses and transmissibilities.
These parameters provide a physical understanding of the dynamic phenomena; they also
respect summation rules related to particular static properties so that truncation effects can
be estimated in terms of residuals. Finally, they can be directly used for many purposes :
selection of important modes, comparison of modal bases, elaboration of equivalent models,
and computation of responses of any type.

RESUME. Les techniques de superposition modale sont généralement utilisées pour analyser les
réponses dynamiques des structures complexes aux basses fréquences. Dans ce contexte, les
parameétres modaux effectifs permettent de caractériser les modes propres de maniere
compréhensive et intrinséque, et de calculer les réponses fréquentielles tout en controlant les
effets de troncature. La formulation générale, introduisant les flexibilités, masses et
transmissibilités effectives est d'abord présentée. Ces paramétres donnent en premier lieu une
interprétation physique des phénoménes dynamiques ; ils suivent aussi des régles de
sommation faisant intervenir des propriéiés statiques, permettant d'estimer les effets de
troncature en termes de paramétres résiduels. En définitive, ils peuvent étre utilisés
directement a diverses fins : sélection de modes importants, comparaison de bases modales,
élaboration de modéles équivalents et calcul de réponses de tous types.

KEY WORDS : dynamic structural analysis, vibration mode, modal response, parameter
identification.

MOTS-CLES : analyse dynamique des structures, mode de vibration, réponse modale,
identification de paramétres.
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Nomenclature

Convention

X matrix X with rows and columns related to the i-set and the j-set
of degrees of freedom respectively - by reciprocity : X;; = X;;T and

X; symmetric

ij

Scalars and matrices

rigid body mode filtering transformation matrix
viscous damping matrix

distance

vector of applied forces

flexibility, center of gravity

dynamic amplification factor

unit matrix, scalar inertia

V-1

stiffness matrix

modal participation factor

mass, mass matrix

reference point

amplification factor at resonance = 1/2§
vector of modal coordinates

rotation

transmissibility

translation

vector of displacements

power spectral density function

general matrix or parameter

viscous damping ratio

matrix of constrained junction normal modes
matrix of constraint modes

RMS value

circular frequency
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Subscripts

c . constrained degree of freedom (c + 1 =1)
i : internal degree of freedom
Junction (interface) degree of freedom
normal mode
unconstrained degree of freedom (1 + ¢ =1i)
: rigid (statically determinate) junction degree of freedom
res : residual
: selected
excitation
y : response

e

> v
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Superscripts

X time derivation

Xr transpose of X ( X§ = X;i )

g effective parameter

X condensed matrix

/)2 variant of X or X

i vector in 3 dimensions
Abbreviations

DOF : Degree Of Freedom

FRF : Frequency Response Function

PSD : Power Spectral Density

1. Introduction

In the lower frequency range, the current practice for dynamic analysis of linear
structures is based on the computation of dynamic response of its eigenmodes,
considered as uncoupled one-DOF (Degree Of Freedom) systems. Dynamic responses
are then obtained by summing the contribution of the first few modes only. This
modal truncation decreases the computational effort, but may involve significant
errors if not treated adequately. In addition, even if the number of selected modes is
small with respect to the size of the system, they involve a large amount of data
difficult to analyse for physical understanding. To overcome these difficulties, it is
important prior to the dynamic response phase of the analysis, to identify the
significant parameters which govern the dynamic phenomena. This leads to the
general concept of modal effective parameters.

Various attempts have already been made in this area. The mode-acceleration
method [WIL 45] [CRA 81] was used early to compensate the truncation errors by
improving the convergence. A semi-graphical method involving mobility
calculations was introduced in the mid-fifties [PLU 54]. The effective mass concept
was introduced and developed in the sixties and seventies [NEU 64] [BAM 71]
[WAD 72] and used intensely, in particular in the aerospace industry [IMB 78a]
{IMB 78b] [MOR 79], but it covers only one aspect of the problem. An extension
to other modal parameters was then made in the mid-eighties [GIR 86] [GIR 87] to
present a unified approach for these parameters. Since that time, extensive use of
this concept has been made in various fields of structural dynamics. In fact, as it
will be seen, the modal effective parameters have a simple physical meaning and can
be used for many purposes : detection and selection of important modes for a given
response, evaluation of truncation effects, comparison of modal bases from tests
and/or analyses, elaboration of simple equivalent models, and comprehensive
computation of responses of any type.

In the present paper the fundamentals of the concept are reviewed, considering the
general case of a structure excited by internal forces and/or interface motion and
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producing internal motion or interface force response (chapter 2). Modal
decomposition of the various types of frequency response functions yields the
definition of the effective parameters (chapter 3). Numerical examples on beams are
given for direct illustration, completed by a more complex case in an industrial
context (chapter 4).

2. Dynamic force and displacement responses
2.1. Frequency response functions

Let us consider a n-DOF linear structure with given boundary conditions
(interface with the outer world, named "junction" in the following, for mnemonic
reasons). The set of DOFs is therefore partitioned in two subsets, as illustrated in

Figure 1 :

- the junction or interface DOFs (j-subset, null for a free-free structure),
- the internal DOFs (i-subset).

Fi,ui /
0,

u;, K
/S /777 7 777777777 7

Figure 1. Structural displacements and forces

This structure is assumed to be subjected to prescribed junction motion
(displacements u; for example) and/or internal forces F. The dynamic analysis
objective is to provide estimates of the responses of unknown internal displacements
u; and/or junction forces F;. In the frequency domain o, the relationship between the
possible excitations F;, u;, and the possible responses u;, Fj, can be written using
FRF (Frequency Response Functions) :

[Ui(w)} _
Fj(w)
where G, T and K are the dynamic flexibility, transmissibility and stiffness matrices
respectively (Tj; = T;T from reciprocal principle).

M

Gi(w) Tij() } [Fi((ﬂ)j‘
- Ti(w)  Kjj(w) | {uj(w)
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Let's recall, as mentioned in the nomenclature, that the subscripts correspond to the
rows and columns of the matrices. For example, G;; designates a square matrix
where the rows, as the columns, are related to the i-set, while Tj; is a rectangular
matrix where the rows are related to the i-set and the columns to the j-set.

2.2. Equations of motion
The previous FRF can be expressed using adequate modes of the structure and

integrating the equations of motion. For that purpose, let's take the discrete
equations of motion written as :

Mu+Cu+Ku=F 2
where M, C, and K are the mass, damping and stiffness matrices, u the vector of
physical displacements, and F the vector of applied forces. The internal motion of
the structure can then be written as the sum of the motion due to the junction and

the internal motion expressed in the basis of the constrained junction normal
modes :

uj = ¥y + i Qi (3)

where W is the matrix of constraint modes and @ is the matrix of normal modes,
given by :

¥ij = - Kil Kij 4)
(-of Mii + Ki)) @ik = 0 5)

assuming that the j-set is sufficient to suppress the rigid body modes, redering the
K;; matrix invertible.

The following transformation :

[Uj } _ I 0
i ¥ Di
applied to Eq. (2) results in

M: L. L Ki 0 ‘ Fi+Y¥; F
e KR R R R RN R I
Ly mk Jk 0 ckl [ gk 0 ke L9 oy Fi
where R/I} and Ejj are the mass and stiffness matrices condensed on the junction, my,
Ck, ki are the generalized mass, damping and stiffness diagonal matrices (uncoupied

modal viscous damping [CRA 81]), and L,; is the matrix of modal participation
factors, given by :

H ©

Ly = ®u (Mii ¥ij + M) 8
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2.3. Solutions

Solving Eq. (7) leads to the following results for the FRF of Eq. (1) (details in
[GIR 85]) :

Gi() = z Hy() Lk P ©)
0.)% mg
Tij(®) = Z Te(w) 2k K L“J - M My (10)
Kji(0) =- ® (Z Tu(@) B9 4 My - My M3 Mij) + Kj (1)
k=1 mg

where Hy and Ty are the amplification and transmissibility factors of mode k, related
to its circular frequency ®; and its viscous damping ratio {; :

- 1

e
1+i 28 (m%)

ERE

Wk

T(w) = (13)

In the case of structural damping, 2{, (w/®,) is replaced by the modal loss
factor ny in Eqgs. (12) and (13). In Egs. (9), (10) and (11), the summation clearly
expresses the modal superposition, each mode behaving like a 1-DOF system. Every
n-DOF system is in fact equivalent to n 1-DOF systems in parallel [MAC 71]. For
free structures, the DOFs reduce to the i-set , and only Eq. (9) is relevant, with the
contribution of the rigid body modes reducing to ®;, ®/(-0* my) .

Equation (11) may be rewritten :

Kji(®) = - o Mj(®) + Kj (14)

where :
LJk LkJ

Mjj(w) = Z Ti(w) X84 M, - My Mil M (15)

M;j(w) is the dynamic mass matrix which excludes Ejj repieseming the static

contribution from statically indeterminate junctions (otherwise Kj; null). The static
terms outside of the summation over the modes in Eqgs. (10) and (15) are directly
related to the junction DOFs and result from the discretization itself. They tend
towards zero as the mesh is refined and may often be neglected in practice. In the
case of a continuous approach, they are null.
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3. Modal effective parameters

The three FRF matrices G, T and M (Egs. (9), (10) and (15)) have the same basic
form expressing each normal mode contribution as the product of an amplification
factor, Hi(w) or Ty (), and a matrix of terms independent of ® known as "effective”
parameters :

n ~
Gi(®) = ) Hi(®) Giix (16)
k=1
c -~ 1
Tij(w) = Y, T(w) Tijx - Mii Mj a7
k=1
. iyt 1
Mji(@) = Y T(@) Mjix + M;; - Mji Mii Mj; (18)
k=1
where
Giix = ik Pui (19)
(DE myg
~ b L
Tijk = —t) (20)
mg
ﬁjj,k Lik Lig 210
m

are the effective flexibility, transmissibility and mass matrices of mode k. These
effective parameters are independent of the normalization of the eigenvectors. They
have the same dimension as the corresponding FRF and are directly related to
physical quantities such as static flexibilities, constraint modes and masses.
Moreover, they characterize the importance of the mode in the overall behaviour,
independently of the nature of the excitation.

3.1. Summation rules

From Egs. (16) to (21), it can be shown that the effective parameters follow
specific summation rules. In particular, the direct summation may be derived from
Eq. (9), (10) and (15) with ® =0, leading to :

no._

2 Giixk = Gi 22)
k=1

n ~ [

Y Tix = Wi = Wi + Mii M (23)
=1

> Miji = My = M- (M - Mji Mii' My) 24)

=
1}
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where Gj; = Kj'! is the static flexibility matrix corresponding to the

i-set, discussed later, representing, along with ¥;; and Mj; , the physical static
properties of the structure with respect to the i- and j-sets (the additional terms
resulting from discretization, as previously mentioned). Eqgs. (22) to (24) can be
interpreted as a projection of the static terms in the normal modes basis. In
particular, Eq. (23) expresses the constraint modes as a linear combination of the
normal modes :

Lyj .
Yii = Y ®ik ' IS Y M;j; (25)
k myg
The summation rules can be generalized to include effective parameters multiplied
by powers of wy2, as shown in Table 1. This is useful for taking into account
higher-order terms such as inertia effects.

X Giik Tij Mjji
é of X Mii Mi' Ka ({;ij :}\Iji Kii \/{\’jj
éi X Kl Wij = Wy + Mil My M= ¥ Mii ¥
kg iﬁik Kil M Ki Ki' M C};ij \/‘I;ji Mii Kl Mi; l/{\lij

Table 1. Summation rules for effective parameters

3.2. Truncation effects

When computing responses with a truncated set of modes, the contribution of
the excluded modes may be approximated using the previous considerations. Since
their eigenfrequencies are significantly higher than the excitation frequency, their
amplification factors (Eqs. (12) and (13)) approach 1 and their contributions to the
FRF in Egs. (16) to (18) reduce to their effective parameters (first order
approximation), leading to :

m ~

Gii(®) = Y, H(®) Giix  + Giires (26)
=1
m ~

Tij(@) = Y, Ti(®) Tijx  + Tijres 2N
=1

m

ij((,l)) = 2 Tr(w) Mjjx + ﬁjj.ms (28)
k=1
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where k denotes the m-set of truncated modes and Gi; res » Tij res » Mijres are residual

terms representing the contribution of the higher modes and the junction due to
discretization :

Gires= Y, Giik (29)

k=m+1
- 1

Tijres = z Tijx - Mi Mj 30)
k=m+1

J— n ~ |

Mjjres= Y, Mjx +Mj- Mji Mii Mjj 31)
k=m+1

These residual terms can be directly derived from the static terms and the effective
parameters of the retained modes, from Egs. 22 to 24 :

m
Giives = Gii - 3, Giik (32)
=1
m —~
Tijres = Wi - Z Tijk (33)
k=1
—_— — m —~
Mij res = M - 2 Mjjk (34)
k=1

Neglecting these terms in the computation of the responses can lead to
significant errors. Using them minimizes truncation effects by taking into account
the static contribution of the higher modes, while neglecting only the additional
contribution due to their dynamic amplifications, which is small if the truncation is
coherent with the frequency content of the excitation.

3.3. Statically determinate junction
The particular case of a statically determinate, or rigid, junction with (up to) 6

DOFs does not affect the flexibilities, but simplifies the basic terms for masses and
transmissibilities as shown in table 2 (j-subset renamed r-subset).

General case Rigid junction Interpretation
J r (up to) 6 rigid junction DOFs
Wy Vi, 6 rigid body modes
Ejj 0 condensed stiffness matrix null at junction
ij Mn 6x6 rigid body mass matrix
ﬁjj,k ﬁn,k 6x6 "physical” effective mass matrix

Table 2. Particular case of statically determinate (rigid) junction



242  Revue européenne des éléments finis. Volume 6 - n° 2/1997

In general, the r-subset may be composed of DOFs of several distinct nodes.
However, it can always be reduced to the 6 DOFs of a single reference node by
means of a rigid body transformation, as will be supposed in the following.

Each modal effective mass matrix Mg (6x6) has only 1 non null eigenvalue
which is in fact the "mass" of mode k acting in the eigendirection L,y (see Eq. (21)).
To illustrate this point, let's suppose that the r-set is related to the 6 DOFs of a
node O, (translations 1, 2, 3 and rotations 4, 5, 6), as shown in Figure 2. In this

case, Mk represents the masses, moments and inertia of the mode with respect
to O, including :

Mix=Mnk + Mok + M33k (35)

iOk = MM,k + ﬁss,k + Mse,k (36)

where ﬁk is the scalar mass acting in direction tx (Ly1,Lx2,Lk3), and iOk the scalar
inertia acting around the direction a: (Lka,Lxs,Lxs) [BAM 71] [WAD 72].

Figure 2. [-DOF system from effective masses

Additional considerations can be derived concerning the physical interpretation
[GIR 91]. The center of gravity G, of My may be found by considering its moment
with respect to O, giving :

> —

0Gx =“|<Q—|;k 37)
tk

and the inertia with respect to Gy is given by :
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Itk rk’

Ic, (38)

|tk‘ mg

A physical representation of each mode may then be derlved Each mode k is

equivalent to a 1-DOF system havmg the mass/inertia (Mk , IGk) moving at Gy

like a corkscrew in the direction tk with a coupled translation and rotation in the

- L, |—2 = ~

ratio (tx . rk)/’ tx | = Y IgW/My , on a spring giving the frequency wy and a dashpot
giving the viscous damping ratio (i, as depicted in Figure 2. This leads to an
equivalent model for the structure with respect to the point O made of a collection of
1-DOF systems completed by a residual term (from Eq. 34). The general case is
difficult to depict graphically, but practical cases can be easily represented such as
axial models (DOF 1) shown in Figure 3-a, and lateral models (DOFs 2 and 6)

shown in Figure 3-b where the pure masses Moy« (Igk = 0 in Eq. (38)) act in
direction 2 at distances dy = Ly¢/Ly, from O (from Eq. (37)). Similar results may
be found for any r-set.

Truncation
Miix
T é l# % l'1|j (= I Mll,msl
r=1 | M1 - Mii Mil Mj; ]
a) Axial Model
Truncation

WA~

| M2k

Cres

dk F M22,res |

=2,6 M - Mii Mit Mir |
b) Lateral Model

Figure 3. Equivalent effective mass models

These "effective mass models” are very useful in defining equivalent models with
respect to the junction. They can easily be connected to the adjacent structure for
coupled analysis. Although they are related to the junction and therefore excited by
u;, they can also be used in the general case of excitations F; and u, . The force F,
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in this case is proportionally distributed on each effective mass My x according to

the corresponding effective transmissibility %ri,k :
Frx = Trix Fi (39)
as depicted in Figure 4.

F; +ui
I

Frk Auck

—~

Mrr,k

: : :

Fr,k

A
Frlur

Figure 4. Effective mass model - General case

-  —

This is equivalent to considering an effective force/moment (Ek, M x ) applied
directly to the mass/inertia (My , Igk) , with :

Fo =15 @y F; (40)
mg
My = YTk Fy @n
| tk |

which represents the generalized force properly normalized. The effective mass
excited by F; and u, results in a translation/rotation giving the displacement u;x and
the reaction force F,, . The physical displacements u; are then recovered by

summing the u;x weighted by the effective transmissibilities, whereas the reaction
forces are recovered by summing directly the F :

U=y, Tiex Ok (42)
X
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l:"r = z Fr,k (43)
k

In case of modal truncation, residual terms have to be added :

[ Uj res ] :|: Gii,res ’I;r,r_es jl [ Fi:l (44)
Fires ~Trires - O Mires |Lur

This can be directly extended to any statically indeterminate j-set, even if the
physical interpretation is more difficult.

3.4. Static and pseudo-static flexibilities

In dealing with constrained structures, the static flexibility matrix G;; introduced
in Eq. (22) is the inverse of the stiffness matrix K;;. In practice, only a subset s

(selected) of DOFs i is concerned by excitation forces. In this case, the problem
reduces to :

Kii Gis = I (45)

where I is an identity matrix partitioned on the s-set. Eq. (45) can be solved
efficiently using a forward/backward substitution applied to the s-set.

In the case of free structures, the summation of Eq. (22) is limited to the elastic
modes. The stiffness matrix Kj; is singular and the rigid body modes must be filtered
to obtain the pseudo-flexibility matrix representing the flexibilities of the structure
around its center of gravity. A classical approach is to constrain the structure at
arbitrary DOFs ¢ which prohibit all rigid body motion in order to obtain a
"constrained flexibility matrix" G;i. The pseudo-flexibility matrix G;; is derived
using the rigid body mode filtering transformation A (non symmetric) :

Gii= AT Gii A (46)
where
—-1
Aii = Iii - Mii "Pic Mcc \Pci (47)

with '¥;, the rigid body constraint modes. A procedure similar to Eq. (45) may be
applied to find more efficiently the submatrix G, in two steps using the partitioned

stiffness matrix Ky with 1=1i- c. First, Gjs is obtained by the following two
relations [RUB 75] [CRA 81] :
Ges =0, and K Gis= Ay (48)

Secondly, G;, is derived by filtering the rigid body contribution from Gjs :
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Gis = AiiT st (49)

The columns of G contain the inertia relief modes of the free structure with
respect to the s-set.

3.5. Dynamic Responses

In the frequency domain ®, a dynamic response is obtained by muitiplying the
dynamic excitation by the corresponding FRF, as in Eq. (1). This covers the case of
sinusoidal forces of pulsation ®, and also the case of transient forces by using
Fourier transforms. The basic FRF given in Egs. (16) to (18) have the same shape
due to their similar expressions, as shown in Figure 5. Each mode behaves as a
1-DOF system, and contributes by its amplification factor multiplied by its effective
parameter. At ® = 0, the FRF is equal to the accumulated effective parameters, i.e.
the static value. Near each natural frequency, the corresponding mode is generally
predominant (resonance) and the FRF is close to its contribution. Between two
resonances, the bordering modes create a minimum : an antiresonance if the effective
parameters of the bordering modes have the same sign, a trough if the effective
parameters have opposite signs. Many other features concerning the FRF shape may
be found by interpreting Eqs. (16) to (18). In addition, the shapes may be
qualitatively found by considering only the natural frequencies, the damping ratios
and the effective parameters.

A (n) | X|

I;(k‘ Qx

*  same sign

** opposite sign
for consecutive Xy-

Wk (In) ®

Figure 5. FRF and effective parameters
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In the case of a transient response, an equivalent effective mass model as defined
previously and manipulated through Egs. (39) to (44) may be used for frequency
response spectrum calculations to provide directly the maximum contribution of
each mode to the internal displacements and reaction forces.

In the case of a random excitation x described by its PSD (Power Spectral
Density) W,(w) in a given frequency range, the PSD W (®) of a random response y
is given by :

Wy(@) = | Xyx(0) |* Wx(®) (50)

where X,, is the FRF between x and y. The mean square value of the response y,?
is obtained by integrating Wy in the entire frequency band. If X,, is one of the three
basic FRF of Egs. (16) to (18), y,? is generally well approximated by the following
formula, assuming that W, is slowly varying in the vicinity of the natural
frequencies and that the modes are relatively well separated :

~2
W= XL 6 Qu X Walth) + Xres WE (51)
k

where k is the set of modes included in the frequency band, fy the natural frequencies,

Qy = 1/28; the amplification factors at f, ;ik the effective parameters related to
Xyx» Xres the corresponding residual term (see Eqs. (32) to (34)), W,(fy) the
excitation PSD at f, , and y,2 the mean square value of the excitation. As in the
case of FRFs, each mode contributes as a 1-DOF system, and the last term of Eq.
(51) represents the static contribution of the higher modes.

3.6. Conclusions

Modal effective flexibilities, transmissibilities and masses are inherent to
solving the equations of motion in a modal basis. These parameters follow specific
summation rules to recover relevant static properties so that truncation effects can be
estimated by means of residuals. Consequently, they play a fundamental role in the
context of modal superposition, providing physical understanding of dynamic
responses. They can be used for many purposes as described in the introduction.

These basic considerations are derived from the equations of motion for the
reaction forces and displacements related to the structural DOFs. It is possible to
extend these considerations to the next step of analysis, i.e. the recovery step at the
element level, especially for the dynamic stresses which are often of primary
importance [GIR 86] {GIR 87].
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4. Examples
4.1. The Cantilever beam example

Let's consider the cantilever beam of Figure 6 in pure bending, with length L,
mass M, and bending stiffness EI (shear effect neglected). The r-set (statically
determinate junction) is composed of DOFs 2 and 6 at the clamped end, and the i-set
considered here is just composed of DOFs 2 and 6 at the free end. The static
properties (Egs. (22) to (24)) related to the i- and r-sets are as follows :

L3 L2
3EI 2EI 1 L v; M ML
Gi=|3E ¥y = M, = 2 (52)
L° L 0 1 ML ML?
2El  EI Ty 3

Numerical results related to dimensionless modal parameters are given in Table 3
(continuous system formulation - see details in [GIR 85] [GIR 86] [GIR 87]).
Accumulated effective parameters are plotted in Figure 6 versus frequency, showing
the convergence with respect to the summation rules (Egs. (22) to (24)).

For example, concerning the effective masses ﬁzz,k the first mode concentrates
61 % of the total mass M, the second mode 19 %, etc. These values can be directly
used to derive the equivalent model of Figure 3b, the parameters dy being given by

ﬁzﬁ'k / I\A/izz,k, i.e. 0.7265 L for the first mode, 0.2092 L for the second mode, etc.

4.2. Industrial example

For complex structures, modal effective parameters are extremely useful in
detecting modal contribution and assessing truncation errors. An industrial example
is presented using a symmetrically modeled car seat and floorboard shown in
Figure 7. The finite element model obtained using MSC/NASTRAN™ [MSC 95]
contains over 50 000 degrees of freedom. It is clamped along the edges of the
floorboard and "guided" in the plane of symmetry, thus generating 77 symmetrical
modes up to 300 Hz.

Modal effective flexibilities computed using PROTO-Dynamique [ITS 97] are
illustrated in Figure 8a for a point dynamic flexibility at the base of the car seat.
Individual modal parameters are shown by circles and spikes, whereas the cumulative
sum is shown as a staircase plot. The horizontal line represents the corresponding
static term. Note that for the given transfer, over 70 % of the total contribution
(given by the static term) is coming from only 6 modes. Moreover, the
contribution of the 77 modes results in a truncation error of approximately 10 %
with respect to the static flexibility. The corresponding dynamic flexibility
calculated with 2% modal damping and including the static residual flexibility is
plotted in Figure 8b.
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K o~ K K~
Y Mek | D, Giik > Tiex
A —— =" A -
Mr Gii Y
1 2
66022 | 62
26 [
22=66
22(66) — 1
1 | M— o
26 l I
(In) (O]9 (In) Wy
El El
ML’ ML
0 >» 0 >
k=1 2 3 4 k=1 2 3 4
-W6
Op—2
-1
wé
Ol Y,
LSS 2
Figure 6. Cantilever beam - Accumulated effective parameters
K o M22/M2> I\r\/izs,k/ﬁzs ﬁﬁé,kIM“ %22,k Ta6,k Ters
El |=Ge6x/Gos|= G26/Ga6|= Gaou/G22| = Tee.x L
M1’
1 3.516 0.6131  0.8908 0.9707 + 1.5660 +1.1377 + 2.1556
2 2203 0.1883  0.0788 0.0247 -0.8679 -0.1815 -4.1494
3 61.70 0.0647 0.0165 0.0032 + 0.5088 +0.0648 + 3.9936
4 1209 0.0331  0.0060 0.0008 -0.3638 -0.0331 -4.0002
>4 (<2k-1>n)2 (- )2 (= )3 3 (4 )4 BCDS -16CD"
2 @k-Dr) \@k-Dn) 4 \@k-Dn) @k-Dr (@k-Dr)
2 - 1 1 1 1 1 +2

Table 3. Cantilever beam - Dimensionless modal parameters
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Figure 8. Industrial example - Car seat and floorboard model

A second transfer function involving the transmissibility between the base of the
car seat and the rigid junction of the floorboard is illustrated in Figure 9. The modal
effective transmissibilities shown in Figure 9a have both positive and negative
values leading to a non-monotonic cumulative sum which "overshoots" the static
term of 1 (unit translation). As before, a small number of modes account for the
majority of the total static contribution. The dynamic transmissibility is plotted in
Figure 9b and displays a characteristically intricate behavior including antiresonances
as a result of the sign changes in the modal effective parameters. Note that at low
excitation frequencies, the response converges to the exact static value thanks to the
addition of the residual term.

5. Conclusions

Modal effective parameters within the context of modal superposition techniques
play an important and integral role in terms of better understanding the behavior and
limitations of the modal representation of a physical structure. Independent of mode
shape normalization, the modal effective parameters bridge the gap between the
modal and physical (static) worlds and allow the engineer to quantitatively identify
important modes and compensate for mode truncation effects. In addition to their
diagnostic features, the modal effective parameters can be directly exploited in
response calculations including stresses, and used to elaborate equivalent models for
analysis or substructuring,

The authors hope that this paper will allow engineers to benefit from the
simplifying and practical aspects of modal effective parameters and use them as a
general and efficient tool in dynamic analysis and design problems.
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