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ABSTRACT. This work is concerned with the study of some numerical procedures used for the
integration of damaged elastoplastic constitutive equations which exhibit some induced
softening (or negative hardening) due to the damage effect. For this purpose, various
integration procedures are used. The implicit schemes are represented by the radial-return
and the generalized trapezoidal (or mid-point) algorithms modified to enhance the
consistency condition during the softening stage. The explicit schemes are represented by only
the fourth order Runge-Kutta algorithm in connection with two different techniques of
automatic time step size control. The efficiency and robustness of the studied solution
procedures are evaluated with numerical tests using both the single Gauss point and the
cantilever beam structure.

RESUME. Ce travail est consacré a I’étude des performances des schémas d’intégration
numérique des équations de comportement de solides élastoplastiques endommageables ayant
la particularité d’avoir un écrouissage négatif qui succéde a I'écrouissage positif. Pour ce
Jaire, une variété de méthode d’intégration a été utilisée. Les algorithmes implicites sont
représentés par la méthode du retour radial généralisée et la méthode du trapéze généralisée
modifiée pour satisfaire la condition de consistance par une correction de contrainte basée
sur algorithme précédent. Les algorithmes explicites sont représentés par le seul schéma de
Runge-Kutta d’ordre 4 mais avec deux techniques différentes de calcul automatique de la
taille du pas. L'efficacité et la robustesse de ces méthodes sont évaluées sur des tests
numérigues au niveau d’une structure simple.
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1.Introduction

Since the great development of the numerical methods for mechanical engineering
analysis, many studies have been published concerning the numerical integration of
various constitutive equations as a highly non-linear differential partial equations (see
the recent book by Crisfield [CRI 91] and the references given there). For the
particular case of the elastoplastic and elasto-viscoplatic constitutive equations
developed in the framework of the thermodynamics of irreversible processes with
state variables {LEM 85], many works concerned with numerical integration schemes
of the associated constitutive equations have been published ((NGU 72}, [GEL 85],
[ORT 86], [SIM 87], and [GOL 89],..). Recently, in [TOU 93] the numerical aspects
of the integration of elastoplastic constitutive equations without damage have been
studied, i.e., having only a positive strain hardening. After comparing some
integration schemes, they show that the Runge-Kutta algorithm with automatic step
size controls is particularly ecfficient compared to the generalised Trapezoidal
algorithms.

Therefore the numerical integration of the constitutive equations coupled with the
continuous damage mechanics have been much less studied in the literature ((CHA
717,783, [SIM 86], [BEN 89], [GEL 92}, [SAA 94], [FOR 95],...). In fact for this
type of coupled constitutive equations, characterised by the damage induced
softening, a special care must be taken to enhance the efficiency of the used
integration scheme in the post-critical stage (i.e. softening stage).

The present work is an extension of the work presented in [TOU 93] to the
coupled elastoplastic constitutive equations with damage softening effect. Both the
explicit and implicit integration scheme are studied. The fourth order Runge Kutta
Algorithm (RKA - RKB) associated to two different techniques of automatic step
size control as an explicit scheme, while the implicit scheme are represented by the
Return Mapping Algorithm (RMA) as well as the generalised Trapezoidal Algorithm
(GTA). The accuracy, the numerical stability, the CPU time and the enforcement of
the consistency condition of each used algorithm are studied and compared using
some numerical tests at Gauss point and using a simplified structure used by [TOU
93]. In section 2, the coupled constitutive equations proposed in [SAA 93] are
recalled and written under a suitable form. The section 3 is devoted to the
presentation of the studied integration schemes while the section 4 is concerned with
the application to both the simple Gauss point (material point) and a simple
structure ( bending beam).

2 Equations of elastoplastic flow with damage:
In this section, the formulation of the basic equations of the constitutive model

is considered, based on the thermodynamics of irreversible processes with internal
variables. This damage-elastoplasticity model adopts the following hypothesis: i)
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small displacements and strains , ii) linear, isothermal and isotropic elastic
behaviour, iii) isotropic plastic flow of Mises type with non-linear isotropic and
kinematic hardening. iv) isotropic plastic (ductile) damage. All these phenomena are
represented by the following couples of state variables :

* The observable State Variables (OSV)
(g;;,0y)the total strain tensor and the associated Cauchy stress tensor.

* The Internal State Variables (ISV)
(Eeij,Gij) the elastic strain tensor and the associated Cauchy stress tensor

representing the elastic behaviour.
(o, X5) the Kinematic internal strain tensor and the associated internal
stress  tensor representing the kinematic hardening.
(r, R) the isotropic internal strain tensor and its associated intcrnal stress
representing the isotropic hardening.
(D, Y) the isotropic damage and its associated internal force representing the
isotropic damage.
Since the effect of the damage in the elastoplastic behaviour can not be neglected,
the hypothesis of total energy equivalence is used to define the following so-called
effective state variables (&, £%),(Xj;, 0y;) and (R, 1). These effective state

variables are used in the state and dissipation potentials to derive the constitutive
equations fully coupled with damage. The explicit form of thus potentials as well as
the detailed calculations to derive the fully coupled constitutive equations can be
found in [BEN 91}; [SAA 94]; here are only given the final form of the state and the
evolution laws:

* the state laws:

vE . E
o= (e 3e% § b ——— g
%j ((1+v)(1—2v))8“ i 1+v) & 2.1)
2
Xy =5 Coy 2.2)
R=Qr 2.3)
Y=Y, + Yy +Yg (2.4.2)
with
1 Ti(oy)
= — *
° 2 E(1-D)? (2.4.b)
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]
Yy = .z_éjg(x.,j) (2.4.c)
Y., = b Rr?

with the following notations being used:
E=(1-DJE, C =(1-D), Q=(1—D)Q
and c*—~(1+v)+3(l—2v)( )2

2 Gu)

where, C and Q are the kinematic and isotropic hardening moduli, oy is the
hydrostatic stress, E and v are the classical elastic properties of the isotropic medium

and J g (Z; )represents the Von-Mises norm defined in the stress space by:
deyd
(ZU) = Z,JZU (2.5)

1 . . .
where, Z;} =Z; - EZkkSij is the deviatoric part of the stress tensor Z;..

* the evolution laws:

if (s;;—X;j)€x < 0 = elastic unloading

=L%: ey (2.6)
. a

p a
with L) =L =L} = J =0

if (s — Xjj)€> 0 = damage-plastic loading

& = €% + &% @7
6 = Lintn (2.8)
& =Lty (2.9)
t =Lje; (2.10)

D =Lje; @.11)
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where the final forms of the operators Lukl Llel’ L’J i

elastoplastic module H (strictly positive) are dcfined as :

* The fourth order operators :

o)

Lija = Uk] + Lukl

o, vE

Lif = v = 2w Ji0K T ) Gkl 8ud)
(4] 3

L.p = Sy =Xy )+
ijkl — 2H(l+v)12[2(l+v)J Xk = %)

Y*
ﬁ‘“ij‘xij"’kl]

o« _91 E [(Sij‘xij)(skl‘xkl)
ikl = 4 H (1+v)1, ],

a 85 IJ)Xkl]

C Ni-D

* The second order operators :

r 31 B [ WR (35— Xyp)
§T2Ha+w" Qfi-p’ 1,

L= X.)
D 31« E (sl] i)
LY ==—Y +1-D —_——
2H (a+vy I,
with:
Y*= —-’
- D) ——— 1

1D and the tangent

(2.12)

(2.12.2)

(2.12.b)

(2.13)

(2.14)

(2.15)

(2.16)

and s;; is the deviatoric part of the stress tensor 0y. and the plastic hardening modulus

H given by:
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*
3 E R+—?1a(8ij - Xij)Xkl + Y Oy
2(+wv) 2 I, 1-D 2 (2.17)

It is worth noting that the material constants a and b characterise the non-
linearity of the plastic hardening and S, s and o characterise the evolution of the
ductile damage. So that the equations (2.1) to (2.17) defines completely the fully
coupled elastoplastic damaged behaviour under the small strain hypothesis. To
generalise these coupled constitutive equations to the large strain case the classical
rotated frame formulation is used as can be found in [LAD 80], [DOG 86] or [BEN
94] between many others.

3. Some integration algorithms

The constitutive equations proposed above (first order non-lincar differential
equations) can be formally written under the following standard form :

y =®(y.t) - €RY)

where the vector y represents the set of state variables 6y, 0.;,r, D and ¥ their time
derivatives. These differential equations are highly non-linear particularly when the

damage is taken into account. Consequently, a small time step is often required in
order to solve these equations without loss of stability.

Note that an acceptable algorithm should satisfy four basic requirements: i) first
order accuracy; ii) numerical stability; iii) incremental plastic consistency; iv) low
cost. The conditions i) and ii) are needed for reaching convergence of the numerical
solution as the time step becomes small, condition iii) is the algorithmic counterpart
of the plastic consistency condition.

Various numerical integration algorithms have been used for solving the
constitutive equations (2.7-2.11). For all algorithms, the first step is the use of an
elastic relationship to update the stresses. If these updated stresses are found to lie
within the yield surface, the materiel response at the Gauss point will be assured to
have either remained elastic or to have unloaded in an elastic way from the yield
surface. In these circumstances there is no need to integrate the constitutive
equations. However, if the elastic stresses are outside the yield surface, it is necessary
to adopt one of the integration algorithms. All of these latter algorithms, excepting
the return mapping algorithm, require the intersection of the elastic stress vector
with the yield surface. In such case, the following condition is required to be satisfied

f(o; +BAcp=0 (3.2)
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where the original stress o are such that :
f(o;) <0 3.3)

and B is the variable determined by solving the second order equation resulting from
the use of Von Mises criterion.

3.1 Generalised trapezoidal algorithm:

The generalised trapezoidal algorithm is based on the following equations:
Yot =Ynt+ ALD o, (3.4)
Do = (1- )P (¥t )+ 6D (Yoistorr) (3.5

where, y, is the known variable at time t,, whereas y,,, are the unknown variables at

time t,,,;=t,+At, At being the time step. The algorithmic parameter 8 ranges from 0
to 1 so that :

¢ if 6=0, the forward-Euler algorithm is obtained. This algorithmm does not give
stresses that satisfy the yield criterion (fully explicit scheme).

* if 6=1 the backward-Euler algorithm is produced, which requires -an iterative
procedure at the Gauss-point level to solve the associated non-linear equations (fully
implicit scheme).

« for other values of 0, a generalised trapezoidal algorithm is produced which is also
an iterative type and become second order algorithm for 6=0.5.

In this study, this algorithm has been used in conjunction with a self-adaptive step
size control, where the time step size is regulated on the basis of a comparison
between an estimated error at t,,; and some desired accuracy . The truncated error is
given by:

5:—5—(1—29)¢(yn,tn)+~g—(l—39)¢(yn,tn) (3.6)

Therefore, if the error & is smaller in magnitude than 8, the step size could be safely
increased for the next step by using the following equation:

. { 3
At,,, = min(k,3 %%At"’kzm") 3.7

with @, k, and k, being coefficients determined by numerical experiment.
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However, despite the accomplished effort to solve accurately the constitutive
equations (2.7-11) by adaptive step size control and a sufficient prescribed accuracy of
the Newton-Raphson iterative technique, the algorithm produces stresses that lie
outside the yield surface. To alleviate this disadvantage, the "coalescing” of the
generalised trapezoidal and return mapping algorithms is proposed. In fact, the
adaptive step size control has been removed because it is at the origin of the high
CPU time and it is not sufficient to enforce the consistency condition. The
computation is carried out by a fixed sub-step size, which is reduced by half
whenever the maximal number of the Newton-Raphson technique is reached.
Moreover, this suppression is replaced by the corrector process of the return mapping
algorithm presented in section 3.3. The solution (does not necessary enforce the
consistency condition) obtained by the generalised trapezoidal algorithm is considered
like "plastic"” prediction and then the stress is projected onto the yield surface by the
relaxation process described in section 3.3. Thus, this procedure lead to a new kind of
predictor-corrector algorithm giving a good results and satisfying a good compromise
between performance and usefulness.

3.2 Runge-Kutta algorithm

The basic idea of the Runge-Kutta method is to find a solution over a time step

by evaluating the right-hand side by many ways. The most often used one is the
classical fourth- order Runge-Kutta formula [BUT 87] written as:

ky = O(y,.t,) (3.82)
1 1

k, =d(y, + > Akt + > At) (3.8b)
1 1

k3 = <I)(yn + EAtkz,tn + —2*At) (3.8¢)

ky = O(y, + Atk,t +At) (3.8d)

At 5
Another kind of the fourth-order Runge-Kutta formula is given by:

ki =®(y,.t,) (3.10a)
1 1

k2 =¢(yn+§Atkl’tn +§At) (3.10b)
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1 2
k3=¢(yn—§A1k,+Atk2,ln +§At) (3.10¢)
ks = Oy, + Auk; —k; +k3),t +AY (3.10d)
_ At 5
Yas1 =Ya +‘8“(k1 +3(ky + k) +ky) +o(AL) (3.11)

The fourth-order Runge-Kutta method which is an explicit method is then a non-
iterative, stable and accurate schema. However, it’s an expensive one since it requires
four evaluations of the right-hand side over each time step. This weakness is avoided
when this integration method is combined with a self-adaptive scheme explained here
below.

Adaptive step size contr r Runge-Kutta scheme:

It is possible to associate with Runge-Kutta algorithm some adaptive control
over its own progress. This allows numerical errors which are inevitably introduced
into the solution. This latter can be controlled by automatic changing of the step
size and can achieve some predetermined accuracy with a minimum computational
effort. Implementation of adaptive step size control requires an estimation of its
truncation error. To evaluate this error, two techniques can be adopted:

1°) The step doubling technique, where each step is taken twice, once as a

full step of size 2At , then independently, as two half steps each of size At . Let us
consider y (t,+2At) is the exact solution for an advance from t, to t,+2At and y, the
numerical solution obtained from one step. The exact solution can be written as
follows:

y(t, +2A) =y, + (2A6)° @ + o(At®) (3.12)
and y, obtained from two steps:
y(t, +2A1) = y, + 2(At)’° ¢ + o(At®) (3.13)

Y1)
i

where ¢ is a vector of the magnitude . The difference between the two

numerical solutions is a convenient indicator of truncation error,

d=y, -y =30At5(p+o(At6) (3.14)
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This technique is expensive due to the several evaluations of the right-hand sides (11
cvaluations).

2°) An alternative step size regulation technique as proposed in [TOU 93],
based on the truncation error estimation without additional evaluation of the right-

hand side. It consists of approximating this latter @ irL[tn,tn+,] by a function @,
which leads to approximate y by Y, the integration of P.

Let k,, ks, k4, and k, be the estimations of ® given by (3.10). The approximate )
-of ®@in {t,.t,,,] is the Lagrange interpolate polynomial defined by:

D(t,) =k, (3.1523)
o At 1
&(t, +?):E(k‘ + 9k, +3k3 — ky) (3.15b)
- 24t 1
o, +—3__)=g(-kl + 3k, + 3k, + ky) (3.15¢)
_ 1
D(t, + At) = Z(kl -3k, +3k; + k) (3.15d)
t—t =
By using the notation x = A T then & can be wrilten as,
t
D) =p(x) = 3px” +8x +3 (3.16)
where, a = —%(2k1 - 3ky + ky) (3.17a)
v, 3
i :~E(5(k] —ky) - k; +ky) (3.17b)
(3.17¢c)
Let's suppose that:
b t
A=y, + [ABEKE=y, + [ B (3.18)
0 1

n

One has :



On some integration schemes 501

_ I 5 1 .

qx)=y, +Atx(§azx°+5a]x+ao) (3.19)
which leads for x = 1 to:

_ At s

qh=y, +~84(k1 +3(ky + k3)+ k) +o(AL) (3.20)

This expression is the numerical solution of y(t) obtained by equation (3.11).

Consequently, an estimation of the approximate error of® by D is given by:

e(l) = p(1) - @(t, + At q(1))

= B(1) = (1, + AL Y(L, + AD)+ o(AL) (3:21)
and the error on y is,

Ate(1)
b= (3.22)

Now, the error is approximately known by two methods. The relationship between &
and the step size At is written as:

0.2

)

(3.23)

where Aty denotes the step that would give the desired accuracy § and S is a safety

factor (equal to 0.9). This equation tells by how much the step size need to be
decreased, when & is larger than §. Otherwise, the following relation is used to

predict the size for the next step,

5 0.25
Aty =SAt-2] (3.24)

Remark 1: This algorithm does not require any correction of stress to avoid drift
from the yield surface including in the softening stage.

Remark 2: The second method of evaluating the truncated error is third order accurate,
when the algorithm is a fourth order accurate.

Remark 3: The second technique of evaluating the error does not cost anything since
no more evaluation of the right-hand side of the equations is required.
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3.3 Return mapping algorithm:

Several return mapping algorithms have been used for the integration of the
elastoplastic constitutive relations. For complex models, as in damage models, a
return mapping algorithm with the operator splitting methodology proposed by
[ORT 86} has been applied by [SIM 87] to their damage models. In accordance with
the notion of the operator split, we consider an additive decomposition of equation
(2.7-11) into the elastic part and plastic part.

Total = Elastic part + Plastic part
&= given &= given & = 0
Gy = Liutu =Lty 6; =Lkt
o = Lty Lf =0 oy =L ey
~.yD D _ _ 1D

Therefore, the return mapping algorithm may be viewed as an integration scheme
with two steps: elastic predictor and plastic corrector.

Elastic predictor:

a)during the step n+1, the elastic trial stress is evaluated as:

()R- ae
iy = Oij,,, TL CiaAE Y, (3.25)
. ('r) — T _
with, Ep = 85 ,am =0l ,rm =r and D( ) =D . (3.26)

b) check for plastic yield,

if £ <0 then

P oogP® o _oM o D m _
E’Jn E"-‘n+l ’a‘-’n a'—'n+l ’ rn r““ and D n+l Dn (327)
goto g)

if fﬁ? >0 then i=0
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Plastic corrector:

c) At this stage, the stresses are relaxed in a step-by-step process. For each
iteration, the yield function f is linearized around the current values of the
state variables obtaining:

f=fc® ,q® )+ (0(:) W Yoy -0 )+

1 l lJnl Un+l’q’Jn+l Un+t
(3.28)
)
i ol LqP )q;-q )
aqu n+l n+l n+l
where, g;; represents the internal state variables.

d) The plastic consistent parameter AA is determined by requiring f = 0.

Then, the update stresses and internal state variables are:

IF  IF oV
(H‘l) _ ) l.'n-rl
=0 - A?\[ k] — ] 3.29
ijns st i a Oy aY 1 -D ( )
oF JF
(i+1) _ (D) . i+ _ ()
g =gy —AA— ;o5 =0+ AA— 3.30
iju+1 iin+1 ao-u o+l Ynst axu ( )
oF JF
(l+l) =0 il . (i+1) _ (D ol
rnH + Ak JR ' D. 1 Dnu +AA Y (3-31)
e) if |t <elf®| then
— ) P o pUiHD) — g+,
ijnﬂ - Gijnol ! aijuol - Eijn&l ? aijlnl - aijlnl ? 3 32
r,, =r%” andD =DO 9
with, € being the prescribed tolerance
otherwise, i i+l goto c).

g) Beginning the new sub-increment and go to a).
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4. Numerical studies and applications:

The accuracy and robustness of the studied integration algorithms are evaluated in
this section. These algorithms together with the Coupled Constitutive Equations
(CCE) are implemented in the general purpose finite element code SIC (Systeme
Intéractif de Conception). To study the numerical performance of these integration
schemes, the simple case of Gauss point is treated and the results compared for
various situations. The example of the cantilever beam studied by [TOU 93] is also
treated using the CCE. In both cases the used material constants are those listed in
the table 1.

Parameter Value Unit

- Isotropic elasticity E 200000 MPa
v 0.3 -

- Yield stress k 264 MPa

- Isotropic hardening Q 1000 MPa
b 16 -

- Kinematic hardening C 10000 MPa
a 20 -
- Isotopic damage S 10 -
s 1 -
o 1 -

Table 1. Used materiel parameters

The comparison has been performed for the following algorithms : Generalised
trapezoidal algorithm with 86=0.5 (GTA), Runge-Kutta algorithm firstly with double
step technique (RKA) and secondly with second technique of adaptive step size
control (RKB), Return mapping algorithm (RMA), Forward-Euler algorithm (FEM)
and Backward-Euler algorithm (BEM). Note that the numerical parameters used for
the different schemes are €=0.0001- RMA and GTA, §,=0.0001 for RKA and
8,=0:00001 for RKB. For the Newton-Raphson scheme the maximum iterations
number is 20 and the accuracy is 0.0001.

4.1 At Gauss point level:

The Gauss point is subjected to simple elongation (plane strain). The results of
computation for the accuracy analysis are summarised in the figures 1 and 2. These
figures show the variation of the equivalent stress versus the accumulated plastic
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400,000 -7

........ o.---.... RMA
E 300,000 “ea-O----  GTA
>
2 A= RKA
8 200,000
g ---B--- RKB
3
Z 100000 @ FEM
0

~-=-§---  BEM

0,000 ; , I

0,000 0,005 0,010 0015 0,020

Equivalent plastic strain

Figure 1. The equivalent stress-strain 6—¢ in small deformation (SS),
dr = 0.001

600,000
¢ GTA dt=1 E-3

O RMA di=1E-3

o RMA dt=5E-4

Equivalent stress (MPa)

0,000 l . OO
0,000 0025 0050 0075 0,100

Equivalent plastic strain

Figure 2. The equivalent stress-strain 0—¢ in large deformation (LS)
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a) GTA
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S o)
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S H
@
3 A
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>
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0,000 0,005 0,010 0,015 0,020
Equivalent Plastic strain
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©
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= A
2
g H
8
(7]
I
>
‘5
T
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00 -7 T I T

0,000 0,005 0,010 0,015 0,020

Equivalent plastic strain

Figure 3. Stability of the integration procedures
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¢) BEM
400 — H dt = 0.0005
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Equivalent plastic strain

Figure 3. Stability of the integration procedures
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€) RKB
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=
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>
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=

(o)
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Figure 3. Stability of the integration procedures
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strain, the curve corresponding to the smallest increments is taken as the ‘reference’
numerical solution. These curves show clearly the softening stage induced by the
damage effect i.e. the stress reaches a maximum value (0,,, = 350.0 MPa for the
small strain (SS) case and O, = 550.0 Mpa for the large strain (LS) case) and
decrease going to zero. The equivalent plastic strain at fracture is P=1.7 % in the
SS case and P,=9 % in the LS case. Figure 1 shows that the numerical solutions
obtained by all the algorithms are almost identical. However, the solution of the
return mapping algorithm deviates slightly from the others. This difference is more
important in LS case, where it decreases when the time step size decreases (see figure
2).

The figures (3a to 3f) are plotted to show the stability and the accuracy of the
procedures as the time step size is increased. It appears that, before the softening
stage, the numerical solution is stable for all algorithms as it is observed in the case
of classical elastoplastic model. After the softening stage where the effect of damage
is more important, the RKA, RKB and GTA algorithms present a stability in this
stage. However, the other algorithms become no accurate. In fact, the RMA scheme
gives a wrong solution and the FEM and BEM schemes produce a solution changing
when increasing the step size. These differences can be explained by the high non
linearity of the constitutive equations when the damage is taken into account,
Therefore, the resolution requires a small time step size to have a stable numerical
procedure. Whereas, the stability of some algorithms is due to the high order
accuracy of the Runge Kutta algorithms in conjunction with adaptive step size
control and for the iterative algorithms where the accuracy is always assured
throughout iterations.

CPU time
dt RMA GTA RKA RKB FEM BEM
0.0005 1.6 3.8 2.3 1.9 2.6 4.0
0.0010 1.2 34 2.1 1.7 2.1 3.7
0.0050 - 1.1 0.8 0.7 0.1 0.2
0.0100 - 0.2 0.6 0.6 0.1 0.2

Table I1. Comparison of CPU time ( Dec Station 5000/200).

Moreover, comparison of CPU time indicates that the amounts of CPU times are
quite different. Table II shows that, for small step size, the RMA scheme is more
efficient computationally than the RKB scheme which is faster than the others and it



510 Revue européenne des éléments finis. Vol. 5 - n° 4/1996

consumes 1.2 more CPU time than RMA scheme. However, as the size of time
steps increases, this latter is not stable and the efficiency of RKA, RKB becomes
comparable. This result is justified by the fact that although the second technique of
adaptive control size shown in previous section does not cost anything, the emor
evaluation is less accurate. Thus, this leads to the small sub-step size and then many
more sub-steps for each load step (see figures 4 and 5), in comparison to the step
doubling technique where the error estimation is more accurate and the control of the
step size is more efficient. Consequently, this costly latter algorithm scheme
becomes computationally comparable to the previous one when the step size
increases. The table II shows also that the GTA is more efficient for large step size,
it consumes 3 times less of CPU times than RKA and RKB.

Another aspect can be demonstrated in this algorithm analysis for checking the
plastic consistency condition, i.e., the states of stress computed from the algorithms
remain always within the elastic domain. Figure 6 shows the evolution of the yield
function during the numerical integration. All the algorithms enforce the consistency
condition as shown in figure 6. The iterative procedures satisfy normally the
consistency condition because of the stress correction. While, in the case of the
explicit Runge-Kutta algorithm, this satisfaction is realised without any need to
correction process. In addition, the figures 7 and 8 show for this latter algorithm that
the consistency condition is more enforced when the size of the time step or the
prescribed accuracy are increased. The same comment can be made for the RKA
algorithm.

4.2 At structural level:

To analyse the performance of the studied algorithms the well known example of
a straight cantilever beam under a prescribed displacement applied at its free end is
considered [BRA 86]. The geometry and mesh involving 8 nodes quadrilateral
elements are shown in figure 9. The simulation are conducted with finite element
code SIC, where, the calculations are performed in finite elastoplasticity fully
coupled with damage under the assumption of plane stress and Jaumann objective
derivative. The material properties are the same given in table I. Note that in the
classical elastoplasticity without damage the obtained results match closely with
those given in [TOU 93]

The cantilever beam is bent until the displaced point cover a distance equal to the
width of the beam. The finite element analysis of this case with an efficient CPU
time require a computation with a large increment of time . It’s worth noting that
the CPU time for this example (Dec Station 5000/200) was 729.39 s for RKB,
840.82 s for GTA and 941.62 s for RKA.

The table III summarises some typical results for the coupled case obtained inside
the elements number 4, 5, and 48 shown in the figure 9. The values obtained with
smallest increments (At = 0.0005) are taken as the reference numerical solution.
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From these results we can observe that for the clement 4, where the reference value
of the damage is 0.45, the GTA, RKA and RKB schemes gives the closest solutions
while the RMA schemes gives a very different solution ( i.e. fully fracture of the
element). Hence this algorithms nceds a smallest value of the time step to get a
better solution.

i y

1 mm

,

3 mm

Figure 9. The Geometry and the mesh of the cantilever beam
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For the eclement 5 the same conclusion can be made where we can clearly
see that the better solutions are given by the Runge-Kutta algorithms. Note that for
the fully damaged element the stress is zero (i.e. when the value of the damage at
each Gauss-point reaches 0.99), the Moduli E, C and Q are explicitly put equal to
zero as indicated in the constitutive equations. The figure 10 shows the iso-damage
inside the cantilever beam. One can notice that the damage initiates inside the

element 5 and propagates in the direction normal to the axis of the beam.

Figure 11 shows the global response of the beam throughout a variation of the
global effort F versus the displacement U. It can easily be noticed that as expected, F
increases as U increases as long as the local damage D is negligible. As the damage
becomes significant, the variation of the related variables F and U is quite different.

Element Algorithms Oy Oy Oxy P D

4 Reference  697.72  57.73 60.48 0.2825  0.4509
RMA 0.00 0.00 0.00 0.3142 1.0000
GTA 700.61 56.59 59.18 0.2811 0.4464
RKA 696.14  54.39 59.76 0.2819  0.4491
RKB 696.14  54.39 59.76 0.2819  0.4491
FEM 704.46 4220 53.48 0.2752  0.4252
BEM 668.28  51.49 68.73 0.2877 04755

5 Reference  0.00 0.00 0.00 0.3590  0.9964
RMA 0.00 0.00 0.00 0.3307 1.0000
GTA 0.00 0.00 0.00 0.3589 1.0000
RKA 0.00 0.00 0.00 0.3588  0.9968
RKB 0.00 0.00 0.00 0.3588  0.9968
FEM 0.00 0.00 0.00 0.3628  0.9978
BEM 0.00 0.00 0.00 0.3509 1.0000

48 Reference  -341.17 -12046 89.87 0.0010  0.2454E-4
RMA -306.17 -128.76 91.52 0.0010  0.2394E-4
GTA -342.40 -121.05 90.09 0.0010  0.2458E-4
RKA -34225 -121.05 90.08 0.0010  0.2458E-4
RKB -342.25  -121.05 90.08 0.0010  0.2458E-4
FEM -345.58 -120.11 89.45 0.0010  0.2452E-4
BEM -33745 -12142 90.15 0.0010  0.2459E-4

Table III. Numerical results for some integration points (At = 0.01)
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In fact, the presence of the damage tends to reduce the value of the global effort when
the displacement reaches a critical value. In this case of loading, the critical value of
U is of about 0.75 mm corresponding to the maximum force F,,, = 70.0 N. This
traduces the weakness of the structure which is induced by the damage.

Figures 12 and 13 show the local responses of the points A and B located inside
two elements as shown in the figure 10. These figures present the typical variation
of the local stress versus local accumulated plastic strain for the first damaged Gauss
point (figure 12); and for the neighbouring point where the elastic unloading takes
place after some value of the local damage (figure 13). This unloading in the point B
is due to the fully damaged state of the point A.

' 0‘0

B 0.4
LIVINCY
.0.3

2 0.4

. 0.5
=0,
204
5;52-g
3044501

Figure 10. Damage distribution inside the deformed cantilever beam

5. Conclusion

The present work is an extension of the work by Touzot and Dabounou [TOU
93] to the fully coupled constitutive equations characterised by induced softening
behaviour. For the non coupled constitutive equations, the results obtained in this
reference are recovered. However for the case of fully coupled constitutive equations,
the following conclusion can be made:

* The Runge-Kutta schemes ( RKA and RKB) together with the GTA schemes are
stable and accurate.

* The BEM and FEM schemes are enough accurate but need a very large CPU time.

* The RMA scheme is the less efficient one.
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Hence, on the light of the examples studied herein, the Runge-Kutta schemes
seems to be very interesting in regards to the implementation facilities (explicit
schemes). The implicit scheme GTA has a very interesting numerical properties but
its numerical implementation is less simple.
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Figure 11. Global effort vs dispalcement
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Figure 12. Local response at point A
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