
Automatic quadrilateral and hexahedral 
finite element mesh generation : review 
of existing methods 

Valerie Mounoury - Olivier Stab 

Centre CAO-Robotique 
Ecoles des Mines de Paris 
60 bd Saint-Michel 
75272 Paris cedex 06 

ABSTRACT. In this paper, automatic quadrilateral and hexahedral mesh generation methods 
are reviewed. A classification is proposed and each method is explained. The first class deals 
with conversion techniques. In the second one, generation methods are studied. 
Decompositions into topologically simple subdomains are often used. Most of the methods 
deal with two dimensional mesh generation techniques and with their possible extension to 
three dimensional domains. A few recent techniques which produce hexahedral elements are 
presented. The industrial use of certain methods is mentioned. 

RESUME. Cet article propose un etat de /'art en matiere de maillage automatique en 
quadrilateres et en hexaedres. Chaque methode est classee et les algorithmes sont presentes 
dans leurs grandes /ignes. On distingue d'une part, les methodes dites de conversion et 
d'autre part, celles dites de generation. Dans cette derniere classe, les techniques de 
decomposition en primitives topologiques simples sont les plus frequentes. La plupart des 
methodes sont initialement presentees en 2D et leur extension possible au cas tridimensionnel 
est finalement discutee. Peu de methodes produisent effectivement des maillages 
hexaedriques. L'utilisation en milieu industriel de telle ou telle methode est signalee. 

KEY WORDS : automatic mesh generation, conversion, node connection, grids, quadtrees, 
iterative and recursive decomposition, feature recognition, mesh templates, mapping 
techniques, transitional meshing. 
MOTS- CLES : generation automatique de mail/ages, conversion, connexion de noeuds, grilles 
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transition. 
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1. Introduction 

In recent years, researchers' attention has been focused on automatic finite 
element mesh generation, which is considered as a bottleneck in the finite element 
method. Most of the works deal with the discretization in triangles and tetrahedra. 
These elements are easier to be generated on complex 2D and 3D geometries and 
large meshes are created at a very low CPU cost. However, some finite element 
analysts still prefer quadrilateral and hexahedral elements due to a better results 
quality, using an equal number of degrees of freedom ([RAM 94][VIN 94]). This 
paper reviews automatic meshing techniques that generate such elements. 

The mesh generation methods are classified according to their input data. Two 
classes are defined : 

- conversion algorithms, working on domains already meshed into triangular or 
tetrahedral elements ; 

-generation algorithms for which input data are a boundary representation or a 
constructive solid geometry tree of the domain. 

Whereas semi-automatic techniques are as frequently used for hexahedral 
meshing as for quadrilateral meshing, very few automatic methods have been 
proposed for three dimensional domains. 2D techniques are the mostly reviewed 
here. Three techniques converting triangular meshes into quadrilateral ones ([LIU 
90][HEI 83][JOH 91]) are presented. Generation methods are mostly used; most of 
them are based on the decomposition into topologically simple regions ([ZHA 
92][GUR 92][YEU 73][RAZ 89]) which can be meshed by different kinds of 
classical mapping techniques ([CHI 91][WEL 88][BAL 85][HOY 92]) or by other 
techniques recently developed ([CHE 89]). 

2. Conversion methods 

During the past twenty years, many works were done to automate mesh 
generation on any domain. The most efficient algorithms produce exclusively 
triangular 2D meshes. So some researchers have decided to use this capabilities to 
develop new quadrilateral element meshing methods. 

These methods are based on the conversion of triangular meshes into 
quadrilateral ones. The easiest conversion method consists in dividing each triangle 
into three quadrilaterals (in 3D, each tetrahedron into four hexahedra), but the 
resulting elements are not well-shaped because of small angles at existing nodes 
shared by more than four triangles (in 3D, more than eight tetrahedra), and large 
angles at new nodes ([HO 88]). Conversion techniques deal only with combination 
algorithms. 

The problem is to combine the most of triangular elements while ensuring a 
good quality for the quadrilaterals. The conversion process can be divided into three 
main steps: 

-combination of triangular elements, 
- elimination of remaining elements, 
-improvement of the element shape. 
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The algorithms differ in the combination and elimination strategy which is 
based on three essential points : 

- the element processing order on which depends the number of remaining 
triangles, 

- the criteria to combine triangles so that quadrilateral elements can be well
shaped, 

- the operators used to eliminate the remaining triangles. 

These points are gone over for three conversion algorithms developed by 
Heighway (arbitrary combination), Johnston (frontal method) and Liu (rules 
system). 

2.1. Arbitrary combination 

Element processing order : Heighway ([HEI 83]) defines a priority for each 
triangle : the less candidates it has, the higher the priority is. A candidate is a 
neighbour that forms a quadrilateral with no reflex interior angle. Beginning with 
the elements presenting the smallest number of candidates reduces the number of 
remaining triangles. 

Criteria for the combination : if the base element has m<?re than one candidate 
then the choice is arbitrary. 

Operators for the elimination : each remaining element can "walk" towards 
another one across the mesh by diagonal inversion (see Figure l(a)). Both are paired 
to form a quadrilateral. As no new node is generated, the conversion is complete 
only when the number of elements in the initial mesh is even. Ill-shaped 
quadrilaterals can be formed by the "walking" process. The correction consists in 
adding a node in an adjacent quadrilateral (see Figure l(b)). Finally, the element 
shape is improved by a node replacement process. 

2.2. Frontal method 

Element processing order: Johnston's algorithm ([JOH 91]) uses the advancing 
front technique ; the boundary edges form the initial front. The element priority is 
defined from the number of candidates, like Heighway, and also from its position 
with regard to the front : the triangles sharing edges with the front have a higher 
priority, so the conversion proceeds from the boundaries towards the interior of the 
domain. 

Criteria for the combination : triangles with the highest priority are considered. 
If there are several such elements, the one that forms the best-shaped quadrilateral 
with the base element is chosen. If some elements have bad interior angles, they are 
corrected by nodal geometry changes (see Figure l(c)). 

Operators for the elimination : isolated triangles are combined with adjacent 
quadrilaterals by the operator shown in Figure l(d) ; so the conversion is complete 
without any special condition on the initial mesh. 
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(a) 
Diagonal inversion 

(b) 
Correction of an ill-shaped element by inserting a new node 

(c) 
Correction of an ill-shape element by dividing an edge 

(d) 
Combination of a triangle with an adjacent quadrilateral 

Figure 1. The operators used in the conversion methods 
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2.3. Rules system 

Element processing order : the initial step of Liu's algorithm ([LIU 90]) is the 
construction of element layers in the triangular mesh, which reduces the search 
space. A layer is constructed by grouping triangles with a maximum of two edges 
connected to other elements in the same layer (Figure 2). Afterwards, the layer 
processing order does not matter. The number of triangles in a layer must be even 
for a complete conversion ; if not, a triangle is divided. 

Criteria for the combination : the system considers four triangular elements 
within a layer at a time and through a set of rules (now 27) chooses the best adapted 
pattern. If the first two triangles form an ill-shaped quadrilateral, Liu lists 11 
patterns covering all cases of topological and geometrical configurations to mesh 
the six-sided polygon defined by the four triangles. Figure 3 displays some 
examples. Poor quality elements can occasionally be generated when using type 10 
or pairing two remaining elements in a layer. Flat angles are eliminated by node 
addition or elimination. 

(a) 
initial mesh 

Figure 2. An example of layer construction 

(b) 
one of the possible layer 

constructions 

Operators for the elimination : before the combination, a triangle is divided in 
layers with an odd number of elements. As the rules always combine two or four 
elements, no triangle remains and the conversion is complete. 

The major problem of these methods is that the quality of a converted mesh 
highly depends on the shape of the initial elements. Good triangular meshes do not 
necessarily provide good quadrilateral meshes. Rassineux ([RAS 92]) has suggested 
adapting the triangular meshes to the quadrilateral element generation with a more 
suitable point distribution : points are created on an orthogonal grid ; the triangles 
are not equilateral but the combination of two elements produces a perfect square. 

These methods may be extended to three dimensional domains. More 
combinations must be tested, since one hexahedron is formed by five or six 
tetrahedra. 
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type 6 

type 7 

type 10 

• nodes from the initial mesh 
o additional nodes 

Figure 3. Some examples of Liu 's mesh templates 

3. Generation methods 

Ho-Le's classification ([HO 88]) is adopted for the quadrilateral mesh generation 
review : as a mesh consists of a set of nodes and a set of elements, the basis for this 
classification is the temporal order of the creation of these sets. So there are four 
mesh generator classes : 

- generators which create the nodes first : the node connection approach, 

- generators which create the mesh topology first : the grid-based approach, 

- generators which create the nodes and the elements simultaneously : the 
geometric decomposition, 

- generators which adapt mesh templates : the decomposition into primitives. 

As the latter class is most often used, it is covered exclusively in Section 4. 
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3.1. Node connection approach 

This mesh generation approach consists of two main steps : point generation and 
mesh construction over these points. Lee ([LEE 83]) has proposed an algorithm for 
the quadrilateral element generation. 

triangle 

triangle 

triangle 

angle e 

fourth point 
research 

edge 
length 

quadrilateral 

division of e 

e is the angle formed by front edges at the current point 

Figure 4. Simplified decision tree 

The points generated on the domain must be well-distributed. Lee's algorithm 
works on a CSG representation of the domain. Distribution templates are used ; they 
are adapted to quadrilateral elements generation and take into account the topology 
of each primitive. The mesh construction algorithm is based on the concept of the 
front. The initial front is empty. Each new element is generated ahead of the front, 
leaning on one or more front edges (if some already exist). The search of the fourth 
point is based on angle tests. If any front point satisfies the conditions, the algorithm 
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looks for a new point near the ideal position. When the creation of a weJl-shaped 
quadrilateral fails, triangles are formed. A simplified decision tree is presented in 
Figure 4. 

For the extension to hexahedral meshing, Lee observes that the decision tree will 
be more complicated. No algorithm for 30 node connection is published yet. 

3.2. Grid-based approach 

These meshing methods are based on a simple observation : with an adjustment 
to the domain boundaries, a grid may become a mesh. The algorithms differ in the 
kind of grid and the adjustment technique. 

3.2.1. Regular grids 

Mesh templates of an outer comer 

' 
I 

Mesh templates of an inner comer 

Figure 5. Mesh templates of the comers 

A regular grid can be superimposed on the domain to get a uniform mesh. 
Whereas some grid cells are interior or exterior, others intersect the boundaries. 
Schneiders ([SCH 92]) only keeps interior ones. The remaining area between the 
domain boundaries and the interior cells is meshed in two steps : 

- templates which minimize simultaneously edge and angle sizes are chosen at 
the "comers" (see Figure 5), 

-areas between two "corners" are regularly subdivided. 
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Although this type of meshing guarantees an all-quadrilateral mesh with 
excellent interior elements, only uniform meshes can be generated. 

From an initial regular grid, Garcia ([GAR 91]) generates a mesh using a grid 
adjustment algorithm. A function of heterogeneity, which represents geometrical 
and physical characteristics, is defined for each element. The method consists of an 
iterative process which applies forces in order to reduce the size of the 
heterogeneous elements. The deformations are calculated by two ways : in the 
DEGA (Discret Elastic Grid Adjustment) method, the mesh is considered as an 
elastic grid ; in the FEMA (Finite Element Mesh Adjustment) method, the elements 
are continuous domains with elastic laws of behaviour. 

Garcia has also studied this method for three dimensional meshing. In this case, 
an additional processing ensures the flatness of the element faces after the node 
displacements. The experimentation is done only on two dimensional geometries. 
For instance, the method has been used in reservoir simulation ([GAR 92]) and 
Figure 6 shows a geological interpretation of an oil reservoir digitized into rock
types. 

Figure 6. Oil reservoir meshed with the DEGA method (different parameters) 

3.2.2. Quadtrees 

A quadtree is based on a recursive spatial decomposition that produce a set of 
disjoint squares called quadrants. This base structure was modified by Shephard and 
Yerry ([SHE 83]) to suit mesh generation : 

- internal quadrants were subdivided according to the mesh control 
information, 

- boundary quadrants were cut to approximate the domain boundary, 

- the quadtree was refined until only one tree level exists between adjacent 
quadrants. 
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Templates were used to mesh interior quadrants and boundary quadrant aswell. 
This caused the limitation of the geometric representation of the latters. Baehmann 
([BAE 87]) uses the same structure but brings some improvements to the original 
algorithm: 

- For an accurate representation of the domain geometry, real intersections are 
used to cut boundary quadrants. Polygons with narrow corners or tight geometries 
may be produced. They are processed by dividing the polygons and eliminating the 
short boundary segments. 

-As the boundary quadrants can assume an infinite number of shapes (due to 
real intersections), an algorithm based on iterative decomposition is used to generate 
the elements. Quadrilateral elements are removed from the polygons until only 
polygons with four, five or six nodes remain. Templates can then be used to 
complete the mesh. 

A smooth procedure is performed on the quadrants before the meshing process 
and on the elements after the process termination. Bachmann's algorithm produces 
all-quadrilateral meshes with better-shaped elements compared to the initial Yerry 
and Shephard's mesh generator. 

3.3. Geometric decomposition 

These methods generate simultaneously the nodal geometry and the mesh 
topology. They are based on recursive or iterative decomposition. 

3.3.1. Recursive decomposition 

Triquamesh ([SLU 82][JAI 86]) is one of the few mesh generators using this 
method. The user supplies the boundary of the domain and a value at all geometric 
points corresponding to the element size. The following steps describe the mesh 
generation process : 

-nodes are generated on the curves of the boundary according to the user given 
values; 

- concaYe regions are subdivided using the best splitting lines until only convex 
subregions remain ; 

- into convex subregions, layers of elements are cut off along a straight line as 
long as values of the angles are between 40 and 140 degrees. Remaining areas are 
divided into new convex subregions using the best splitting lines ; and so on until all 
subregions contain either four or six nodes ; 

-convex subregions with six nodes are meshed with either two, three, four, or 
five quads depending on their configuration. 

The core of this method is the determination of the best splitting lines. A 
splitting line always connects two existing nodes. The first one is chosen to be the 
most concave point. The second one is selected with respect to some geometrical 
criteria: 

-the splitting line should be as short as possible, 
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- the angles formed by the splitting line at the boundary should be nearly 
multiples of 90 degrees, 

- the number of nodes generated on the splitting line should be minimum while 
respecting the neighbouring node density. 

Triquamesh is the mesh generator available in the I-DEAS software by SDRC. 
Figure 7 shows the exemple of the crane-hook (found in [SLU 82]), meshed with 
I-DEAS version VI. The first mesh (Figure 7(a)) is uniform, the second one (Figure 
7(b)) is locally refined by a factor 2. 

Talbert and Parkinson ([TAL 90]) developped a mesher based on the same 
algorithm with some modifications : 

- to improve the accuracy of the finite element analysis, a layer of very well
shaped elements are generated by offsetting the boundary ; 

- refinement coefficients control the nodes placement in transition regions by 
specifying the fraction of a splitting line that must be discretized by equally spaced 
nodes. 

Control Data and Aerospatiale propose a complete family of tools called ICEM 
CFD/CAE for analysis pre-processing. ICEM QUAD, their unstructured surface 
mesh generator is the one developped by Talbert and Parkinson ([BER 94][RAN 
92]). Figure 8 shows a mesh from ICEM version 3.2. 

(a) (b) 

Figure 7. Meshes of a crane-hook by the Triquamesh algorithm 
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Figure 8. a Golf meshed in ICEM by Talbert and Parkinson's algorithm 

Triquamesh has extended the principle of recursive decomposition to 3D 
geometries. A loop is constructed around the volume by connecting edges of 
neighbouring faces with concave angles. This loop is generally non-planar but can 
be meshed by the same algorithm as the boundary faces. This 3D algorithm does not 
allow hexahedral elements generation : a subregion with a boundary meshed in all
quadrilateral elements is not always divisible into hexahedra without topological 
modifications on the boundary mesh, which then introduce incompatibilities 
between adjacent subregions. 

3.3.2. Iterative decomposition 

These methods use the advancing front technique. The algorithms consist of the 
following steps : 

- if it is required, cut lines transform multiply connected regions into simply 
connected and/or convex regions ; 

- nodes are generated on boundary segments and cut lines according to the user 
given densities. The created edges form the initial front; 

- an iterative process generates one element or a row of elements at once. The 
front is updated in each loop. 

Three algorithms are reviewed. They differ especially in the procedure of the 
element generation. 

In the algorithm proposed by Zhu and Zienkiewicz ([ZHU 91]), regions must be 
simply connected with an even number of nodes on the boundary. A quadrilateral 
element is generated in four steps : 

- a front segment AB is chosen ; 
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- according to the density, a first triangle ABC is created. C is either a front 
node or a new node. The front is updated. If C is a front node, the front is 
subdivided into two subfronts ; 

- a second triangle ACD or CBD is created. If there are two subfronts, the 
second triangle is formed in the loop containing an odd number of edges. If D 
introduces two new subfronts, they should contain an even number of edges ; 

- the two triangles are combined to form a quadrilateral element. 

As the number of boundary nodes is even, this procedure ensures that the 
domain will be meshed into all-quadrilateral elements. The generation process does 
not take into consideration the element shape. A smoothing process and topological 
operators are used to enhance the mesh quality. 

In Sezer and Zeid's algorithm ([SEZ 91]), the iterative decomposition process 
applies to simply connected convex regions. Rows of elements are generated by 
connecting front nodes with offsetting nodes. The latter are determined by a ray
based free-form offsetting : 

-rays in the X-direction are generated on the domain ; 

- the intersections of the rays with the front edges determine a set of imaginary 
nodes. News nodes are created by offsetting these ones along the rays ; 

- some new nodes are eliminated to respect the density and avoid bad 
elements; 

- each front node is then connected to the nearest offsetting node to form either 
triangular or quadrilateral elements. 

When the element generation is complete, triangles and quads are divided to 
produce an all-quadrilateral mesh. 

Blaker's algorithm ([BLA 91]) generates rows of quadrilateral elements in 
multiply connected regions. The paving operation proceeds as follows : 

- the begining and ending nodes of a row are chosen according to their interior 
angle (the angle between two consecutive front edges) to form the most regular 
shapes; 

- each node of the selected row produces 1, 3 or 5 projected nodes depending 
on whether front angle is near 180, 270 or 360 degrees. The distance of the 
projection is chosen so that new quadrilaterals can be well-shaped ; 

- nodes are connected to form new elements ; 

-as layers of elements begin to coincide (small angles) or to overlap, they are 
connected together by a seaming process. 

To avoid expansion and contraction of the element size, due respectively to 
concave or convex curves of the boundary, 'wedges' and 'tucks' are added in the 
mesh (Figure 9). A mesh smoothing guarantees well-shaped elements after each 
step of the paving process. 
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(a) Insertion of a wedge 

.... 

(b) Formation of a tuck 

Figure 9. Cor-rection of element size expansion and contraction 

PSA uses Stresslab+, the Computer Vision tool Stresslab in which Blaker's 2D 
paving algorithm has been added for internal custom. 

Blaker has extended his method to .mesh 3D domains ([BLA 93]). The 
quadrilateral discretization of the boundary faces forms the initial front. Iteratively, 
a portion of the current front is projected to generate new hexahedral elements. 
'Seams' and 'wedges' are used to correct unacceptable configurations. When two 
faces sharing one or more edges are very close, they are seamed. In the other cases, 
elements with five faces, called wedges, are used. For a valid hexahedral mesh, a 
wedge must be resolved by forward or backward propagation until it terminates 
either in the current front or in the domain boundary. Propagations terminating in 
the current front are always preferred, as they leave the exterior boundary intact. 
Figure 10 shows a configuration where a wedge is needed and the mechanism of 
forward propagation. 

The requirements or problems of the convergence are not discussed. According 
to the author, simple geometries were successfully meshed but no example is given 
in the paper. Seams and wedges are especially introduced as powerful tools which 
may allow great progress in hexahedral meshing. 



Quadrilateral/hexahedral mesh generation 89 

Figure 10. Wedge utilisation in Blaker's hexahedral mesher 
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4. Decomposition into primitives 

Among all automatic mesh generation methods, those which use a 
decomposition into primitives and primitive templates are the most appreciated due 
to the very well-shaped quadrilateral and hexahedral element generation. 

This approach requires the decomposition of the domain into topologically 
simple subdomains. Quadrilateral and hexahedral primitives are usually used. 
During the last years, others primitives have been introduced and numerous 
algorithms have been proposed to automate the decomposition step. 

4.1. Decomposition techniques 

Rl!k.l: The subdivision line should divide the inner angle at the starting 
point as equally as possible; an angle less than 45° or larger than 135° is 

not acceptable. 

Rule 8: The dying point of the subdivision line, if it lies on a side of the 

polygon, should divide the side into two segments as equally as possible. 

Rule 9: At the dying point the two inner angles formed by the subdivision 

line and the two original sides should be as equal as possible; an angle 

less than 45° or larger than 135° is not acceptable. 

Figure 11. Examples of decomposition rules 

Two of the proposed algorithms are based on a geometric decomposition. 
Blaker's algorithm ([BLA 88]) removes various primitives (triangles, circles, semi
circles and transional quadrilaterals) iteratively until the initial region is 
exhaustively decomposed. Zhang's process ([ZHA 92]) divides a domain into 
quadrilateral primitives using a recursive decomposition. The selection of the 
splitting lines are controled through rules, which consider geometrical and 
topological criteria. Some Zhang's rules are given in Figure 11. 

Other methods have the advantage of considering any natural axis of the form to 
mesh. Gursoy's algorithm ([GUR 92]) is based on the medial axis. This method was 
first used for feature recognition in computer vision ([BLU 73] [PAV 77]). In this 
technique, every interior point is associated with the nearest point of the domain 
boundary. The points that can be associated with several boundary points, form the 
medial axis (see Figure 12). Using this skeleton, the domain is divided into 
topologically simple subdomains. Adding some edges, the resulting subdomains are 
either three or four-sided subdomains. 
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Figure 12. Medial axis of a polygonal domain 
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Yeung's method ([YEU 73]) divides a domain which is defined by a simply 
connected boundary into meshable regions. For multiply connected regions, some 
auxiliary cuts are introduced from each inside boundary to the outside boundary. 
From an initial segment, coarse quadrilaterals are iteratively formed using only the 
boundary segments. If the number of segments is odd, the last element is a triangle . 

• 
, , , , , 

' ' ' ' ' 

The symbol e shows the initial segment 
The other decompositions are symetric 

Figure 13. Decomposition of a domain by Yeung's method 
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For anN-sided boundary, there are N possible initial segments and therefore N 
possible decompositions (Figure 13). TheN decompositions have to be valued in 
order to select the best one. Evaluation functions eliminate reflex angles, detect 
overlapping regions, and value the shape of the quadrilateral primitives. As no 
overlapping is allowed, it is not sure that such a decomposition exists for any 
domain. 

The method proposed by Razdan ([RAZ 89]) is the only one which works on 
three dimensional domains. The algorithm is based on geometrical and topological 
feature recognition. This technique is also used for automatic simplification of 
forms ([ANS 88] [FLO 89] [COR 91]). 

Feature recognition is heuristic and uses pattern recognition rules. The algorithm 
works on a boundary representation. Faces are classified according to their number 
of concave edges. Local configurations are analysed through a set of rules and 
identified as holes, slots, pockets or protusions. The isolation step divides the object 
into subdomains, each of them containing one feature ; the procedure is 
accomplished through bounding box expansion. The last step uses decomposition 
operators to divide each subdomain according to the feature type into convex 
volumes which have four, five or six faces. Figure 14 illustrated the three steps 
process. 

Concave surfaces 

Concave edges 

(a) Identification 

Feature boxes 

Feature boxes 

(b) Isolation 

Figure 14. Feature based object decomposition 

(c) Decomposition 

The main difficulty of this method lies in the exact rule writing. The algorithm 
still has some limits : for example, intersecting features are not recognized, so their 
decomposition is left to the user. 
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4.2. Primitive meshing 

Blaker uses various primitives as triangles, circles, semi-circles. But the other 
decomposition algorithms provide quadrilateral primitives. Most of the primitive 
meshing methods are based on mathematical transformations that allow to map a 
mesh template of a unit square (or a unit cube in 3D) onto a region with the same 
topology. 

P(l,l) 

(1,1) 
(0,1) 

v ----"Q 

(0,0) u (1,0) P(O,O) 

P(u,v) = (1-v) fl(u) + v t2(u) + (1-u) g1(v) + u g2(v) 
- (1-u) (1-v) P(O,O)- (1-u) v P(O,l) 
- (1-v) u P(1,0)- u v P(1,1) 

Figure 15. Transfinite mapping method 

Isoparametric and transfinite mappings are classical techniques. Whereas the 
isoparametric mapping approximates the boundary curves with linear, quadratic or 
cubic polynomials ([ZIE 71]), the transfinite mapping uses their analytic definitions 
([HAL 76]). The mesh is achieved by intersecting constant co-ordinate curves in u 
and v directions (Figure 15). 

Transfinite mapping method has the advantage of generating nodes on the exact 
boundary curves. Moreover, a special case, called discrete transfinite mapping 
([HAB 81 ]), allows to represent a boundary curve as a finite set of points located on 
the curve. So, some complex curves which have no accurate mathematical 
description can be used. 

These mapping methods impose an important restriction on the mesh topology : 
two opposite sides of a quadrilateral primitive must have the same number of nodes. 
Therefore, non-uniform mesh generation is not possible using these techniques. To 
generate transitional mesh, other methods, some of them based on classical mapping 
techniques, were developped. 
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I 
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' (a) (b) 

(c) 

(a) Superimposition of a super-element on the initial mesh 
(b) Super-element mesh after the elimination process 

(c) Final transitional mesh of the domain 

Figure 16. Chinnaswamy's method 

Chinnaswamy ([CHI 91]) uses an inverse transfinite mapping. A super-element, 
superimposed on a regular mesh of the domain, is mapped by an inverse transfinite 
mapping on a unit square. The external elements are removed ; those which 
intersect the square boundary are deformed or cut. Afterwards, the mesh is mapped 
again on the region. Figure 16 shows an example. 

The technique described by Wellford ([WEL 88]) also transforms a regular 
mesh into a transitional one. Two polynomial equations, called node definition 
functions, where zeros correspond to the nodes of the initial mesh for the first one, 
and to the nodes of the transitional mesh for the second one, are determined. The 
"sweeping" function is defined as the weighted sum of these two equations. The 
limiting values 0 and 1 of the weighting factor are respectively associated with the 
initial and final node definition functions. The weighting factor is slowly increased 
to sweep the nodes from their initial position to their final position ; some of them 
may be driven out of the domain (Figure 17). 

The latter two methods allow transitions in the two co-ordinate directions with 
no restriction on the element densities. The resulting meshes contain some triangles. 
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Figure 17. Transitional mesh by sweeping function 
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Figure 18. Hoyte's technique 
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(b) intermediate mesh 
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Hoyte ([HOY 92]) has developped a very simple technique to generate 
transitional meshes, in all-quadrilateral elements, on a topologically square super-
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element. The only restriction is the even sum of the boundary divisions. Quadratic 
segments of a grid are cut away from each corner ; the new sides are "glued" 
together to re-establish a four-sided polygon (see Figure 18). Parameters for the grid 
size and the quadratic segment size are calculated by solving equations defined from 
the user given number of elements for each side. 

u-plane 

w=F(u) w=G(u) 

/ 

Q 

-1 
w-plane .... ~~-- w=F(G (z)) 

Figure 19. Confonnal mapping 

"' 
--- z-plane 

Hoyte has studied this method to mesh tridimensional blocks. Raws of elements 
are removed along the block edges. The author presents five operators, which are 
the configurations where gluing process is possible. Some of these operators may be 
used simultaneously. Two adjacents blocks, independently meshed with these 
operators, have the same discretization on the common edges, but not necessarily 
the same mesh topology on the common face. Blocks can not then be connected 
together. This reduces the interest of the 3D method. 

Other techniques have been proposed to generate transitional meshes without 
any initial regular mesh. The conformal mapping is more general than the other 
mapping methods : polygons may have more than four sides. Brown ([BRO 81]) 
presented a special technique using the Schwarz-Christoffel transformation : a 
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complex half-plane is associated with the interior of an arbitrary polygon. Two 
transformations are defined : F, which transforms the half-plane onto the region to 
mesh, and G, which transforms the half-plane onto a simple or master mesh 
polygon. The transformation parameters are calculated by numerical methods. The 
master mesh is mapped onto the region by applying Foo-l (Figure 19). Baldwin and 
Schreyer ([BAL 85]) have improved the method for the quadrilateral generation and 
the density specification. 

(a) 
A label is assigned to each point from the required 

subdivision level of the adjacent faces 

Vi vi *It!' 
v4Dv3 

v'4 v'34 v'3 

v'41EBv23 
v'1 v'12 v'2 

v'i = max(O, vi- 1) 
v'ij = min(v'i, v]) 

v1 

v' = 0, if v'ij = 0 V (ij) 
v' = min(v'ij > 0), otherwise 

v2 

(b) 

~vi=O 

v'4 v'3 

v'41E{] 
v'1 v'l2 v'2 

v'1 = v1- 1 
v'i = 0, i :t. 1 
v'12 = v'41 = v' = 0 

The two subdivision templates 
and their rules to assign news labels to points 

Figure 20. Subdivision process in Cheng's decomposition 
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The technique proposed by Cheng ([CHE 89]) allows transitional mesh 
generation on a quadrilateral primitive network. The principle is similar to the 
recursive spatial decomposition. The user supplies a subdivision level to each 
primitive. A label is then assigned to each point (the maximal subdivision level of 
the faces sharing this point) to control the subdivision process (Figure 20(a)). 
Primitives are recursively divided using two subdivision templates : one creates four 
new subquadrants, the other creates only three. Figure 20(b) presents the two 
templates and the rules to assign new labels to points. The second template is 
applied when only one point of the quadrant has a non-null label. To ensure the 
conformity of the mesh, edges with the same point label assignment must always be 
divided in the same way. Edges with two null point labels may be divided or not. To 
avoid the division of such edges, quadrants with (O,O,i,j) assignments and all 
assignments obtained by permutation of these values must not occur. A 
preprocessing phase modifies the initial set of point label assignments to eliminate 
non-admissible configurations. 

This technique allows parallel processings, while ensuring the conformity and 
the smoothness of the resultant mesh. The quality of the mesh will be acceptable 
with a regular quadrilateral network only : interior vertices would rather be shared 
by four regions, as the subdivision templates do not take into consideration the 
quadrant shape. 

A lot of methods are now available to generate transitional quadrilateral meshes. 
Very few authors tackle the 3D problem. No general transition model is known for 
hexahedral meshing. 

5. Conclusion 

In this paper, automatic quadrilateral and hexahedral generation methods are 
reviewed. Very few techniques have been proposed for the three dimensional 
meshing. Most of the two dimensional methods seem to have a natural extension to 
the hexahedral element generation. But, in fact, moving on to three dimensional 
cases complicates the problems which yet appear in 2D and often induces new ones. 

Methods based on the mesh conversion or on the node connection approach 
have not been tested on 3D domains because of the very high number of possible 
combinations. 

Some geometrical problems appear with hexahedra. Whereas criteria for the 
triangular, quadrilateral and tetrahedral element generation only consist of angle and 
edge measurements, hexahedral elements have to be checked for warped faces. This 
additional criterion has to be considered in the generation and smoothing processes 
to limit the deviation of the element faces from planar faces. 

The most important difficuty lies in the topological aspect of 3D meshing. The 
recursive decomposition methods have not been developped for hexahedral 
generation because of the impossible configurations in mesh topology. Some local 
operators are available to modify the topology of 2D meshes, but topological 
operations on 3D meshes are often difficult and induce propagations in the whole 
meshes. , 

Blaker has recently proposed a new hexahedral mesh generator, but conclusions 
can not be drawn because of the lack of information about experimentation on 
simple and complex geometries. 
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The methods that use a decomposition into primitives and primitive templates 
are the most frequently used. Primitives templates allows to control the local 
topology of the mesh, but templates available for 3D primitives do not allow any 
transition between low density and high density regions. Some solutions were 
proposed to generate transitional meshes on quadrilateral domain, but topological 
problems avoid a natural extension to hexahedral elements. 

With Razdan's method, the decomposition into primitives becomes identified to 
feature recognition. But, his algorithm has still important limits. For many years, 
researchers have been studying a more "intelligent" decomposition. For exemple, 
Alagar suggests in [ALA 90] to use geometrical, topological and physical 
information stored in a semantic CSG tree. Holt ([HOL 86]) proposes the formation 
of a knowledge base containing theorical and practical information about finite 
element analysis. In both methods, adding semantic allows the systems to deduce 
some characteristics of the geometry (axis of symetry, prismaticity, ... ),to choose 
the element type and size, to define the primitive processing order. So, mesh 
generators tend to become expert systems, which determine themselves the best 
meshing strategy. 

Figure 21. PSI mesh tool using boolean difference 

Because of the lack of a general solution at the present time, industrialists still 
develo~p tools dedicated to specific applications. For example, Pam System 
InternatiOnal (PSI) proposes a tool, based on the boolean difference to mesh a fluid 
volume intersected by a solid body like shown in Figure 21 ([PSI 90]). 
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