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ABSTRACT. Anisotropy in the plastic flow of polycristalline solids can be computed based 
on the slip characteristics of individual crystals and included in finite element 
formulations as the constitutive description of the material. A variety of approaches exist 
for merging finite element formulations and polycrystal plasticity, and depending on the 
intended application the two may have different relationships to each other. We 
summarize two regimes that we refer to as large and small scale applications and outline a 
finite element formulation for each. Examples of both large and small scale applications 
are presented and some important issues associated with the implementation of each are 
discussed. 

RESUME. L'anisotropie dans l'ecoulement plastique de materiaux polycristallins peut etre 
formulee a partir des caracteristiques de glissement dans les grains, et prise comme loi de 
comportement du materiau dans une modelisation par elements finis. Diverses approches 
existent pour coupler des formulations par eliments finis et La plasticite polycristalline, 
se diffirenciant, selon les applications visees, par leur mise en ceuvre. Nous proposons 
ici deux approches, pour les problemes privilegiant respectivement une grande echelle et 
une petite echelle, et donnons une formulation par eliments finis pour chacune d'elles. 
Des exemples d'application, aux deux echelles, sont presentes et discutes, ainsi que 
quelques points importants de Ia mise en ceuvre. 
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1. Introduction 

The finite element method can be used in conjunction with polycrystal 
plasticity theory for modeling the anisotropic deformations of crystalline solids. 
Polycrystal plasticity provides a micromechanical model for slip dominated 
plast.ic flow and serves as a constitutive description of the material. The finite 
element method provides a numerical method for solving the partial differential 
equations associated with the balance laws for material motion. The two can 
be combined in different ways depending on the goals of a modeling effort. 

One possibility is to embed polycrystal theory within a finite element for
mulation as a constitutive theory in much the same way as is currently done 
for continuum elastoplasticity models. For this purpose we refer to a crystal 
ensemble as an aggregate. An aggregate underlies a continuum point and is 
interrogated at appropriate times in a simulation to evaluate flow properties. 
In turn, hardening of crystal slip systems and crystal rotations follow from 
the continuum fields of stress and deformation. Polycrystal plasticity can be 
viewed in this context as a state variable constitutive theory in which the 
orientation distribution of crystal lattices, along with the crystal hardnesses, 
comprise the description of state. A second combination of finite elements 
and polycrystal plasticity is associated with more detailed study of the crystal 
ensembles themselves. In this case, finite elements discretize the crystals and 
balance laws are applied to form an idealization of the microstructure. For this 
case, a crystal ensemble is called a polycrystal. Within an element the single 
crystal relations hold, with the finite element solution providing insight into 
the distribution of deformation and details of load sharing in the polycrystal. 

We will refer to these large and small scale applications, respectively. The 
two have many issues in common, including the effective methods for parallel 
computer architectures to exploit the concurrencies inherent with such models. 
However, there also are issues that are distinctly related to one application, or 
are much more important in one than the other. For small scale applications, 
the smoothness of properties cannot be assumed, as crystal interfaces exist and 
properties are not continuous across them. For large scale, the linking of micro 
and macro length scales arises through assumptions made in partitioning the 
deformation among crystals of an aggregate. The relationship between the 
dimensions of the aggregate and those of the body is a concern, but is not 
explicitly defined as in the small scale. 

In this paper, we discuss finite element formulations for both small and large 
scale applications. We begin with a review of single crystal equations, which 
are common to both. We then present the small scale formulation, followed 
by that for the large scale. As an example of a small scale application, the 
deformation of an aggregate of hexagonal close-packed crystals is presented; 
for the large scale formulation we show an analysis of the limiting dome height 
test. We finish with a discussion of issues concerning the implementation of 
finite element formulations that utilize polycrystal plasticity as the constitutive 
representation. 
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2. Single Crystal Relations 

The plastic flow is assumed to be a consequence of rate-dependent slip, 
occurring on a restricted number of slip systems and diffusely within the crys
tals [KOC 70]. From the velocity u the required kinematic quantities associ
ated with the deformation can be computed: 

gradu = Lc =De+ we, (1) 

Where Le l iS the Velocity gradient and nc and we are the deformation rate 
and spin (the symmetric and skew parts of Lc, respectively). The motion 
indicated by Lc is accommodated by the crystal's slip systems through a com
bination of shear on the active systems and rotation of the lattice. This de
composition may be written as: 

De =DP 

we= R*R*T + wr. 
(2) 

(3) 

The deformation rate and spin in a frame that remains coincident with the 
lattice may be expressed as a linear combination of the slip motion occurring 
on the active systems: 

(4) 

and 

(5) 

P 01 and Q 01 are the symmetric and skew portions of the Schmid tensor, re
spectively, and a indicates a specific slip system. The Schmid tensor itself is 
constructed from the tensor product of the slip direction and the slip plane 
normal vectors. R* describes the rotation of the lattice frame with respect to 
a reference, so updating R* for every crystal according to equation [3] evolves 
the c!'ystallographic texture. 

On each slip system, the resolved shear stress r 01 is related to the shear 
rate through a relationship of the form: 

( 

•
01 )m 01 pa ,c . I r = ·u =r - , 

a 
(6) 

where u' is the deviatoric Cauchy stress, r is the crystal hardness, .ya is the 
shear rate, and a and m. are material parameters. This relation is an approxi
mation to the actual dependency, which would include effects of temperat.ure 
and more p;eneral rate dependence [ASA 85]. 

1 A superscript c will refer to a crystal quantity for variables that are defined both at the 
crystal and aggregate (macroscopic) levels. 
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The hardness r evolves with straining according to a simple relationship 
that embodies a saturation hardness, T5 , which depends on strain rate and 
temperature: 

~ e ( T- To) . T= -o --- ")'. 
Ts- To 

(7) 

Here, 'Y is a net shear rate within the crystal, and 6 0 , To, and n are material 
parameters. Equal hardening is assumed for all slip systems of the same type, 
neglecting any variations from differing levels of slip system activity. No at
tempt is made to quantify the dislocation structure in any detail, but rather 
diffuse slip is assumed to harden the crystal uniformly over its volume. 

We can invert equation [6] to obtain the shearing rate on each slip system 
as: 

(8) 

which can be substituted into equation [4]. Use of the relationship between 
the resolved shear stress and the deviatoric stress (equation [6]) along with 
equation [2]leads to a non-linear relation between the rate of deformation and 
the deviat.oric stress in the crystal: 

or 

,c 
0' (9) 

(10) 

where Me is the crystal compliance tensor and is given by the expression in 
brackets in equation [9]. 

3. Small Scale Applications 

Small scale applications are ones in which the crystal dimensions are com
parable to the entire body. Finite elements typically have volumes similar to 
that of a single crystal, and in many cases the correspondence is one-to-one. 
In defining the mesh, one also is prescribing the topology of the polycrystal. 
Gradients of the deformation are permitted over an element, and thus over in
dividual crystals as well. The balance laws are applied directly to a polycrystal 
via the weighted residuals of the finite element formulation. The solution to 
the field equations renders the partitioning of deformation among the crystals. 

The single crystal anisotropy is the source both of interesting behaviors 
(and thus the focus of many studies) and of numerical difficulties in the so
lution of the model equations. For example, the nonuniformity of straining is 
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of particular importance. The tendency of deformations to localize into shear 
bands as the preferred mode of deformation has received considerable atten
tion. Also, an understanding of crystal to crystal variations in the deformation 
and their influence on texture development is necessary for improvements to 
models which employ simpler mean field assumptions such as the Taylor or 
Sachs hypotheses. The discontinuity of properties across the elemental bound
aries due to the single crystal anisotropy may cause difficulties. Conventional 
kinematically-based finite element formulations rely on increased resolution 
of the discretization to reduce traction discontinuities at elemental interfaces, 
and thereby approach convergence. However, since property discontinuities 
are an inherent feature of interfaces within a polycrystal, special attention to 
the element boundaries is necessary to assure converged solutions. 

Small scale simulations were reported as early as 1978 by Gotoh [GOT 78], 
in which 125 face-centered cubic (FCC) crystals were modeled using a planar 
arrangement of elements. Gotoh studied the initial yielding of this assembly 
assuming that crystals uniformly covered orientation space and were randomly 
positioned in the mesh. Needleman, Asaro, Lemond and Peirce [NEE 85] im
plemented the rate dependent formulation in a large strain elastoplastic frame
work and studied the localization of thin strips comprised of crystals with pla
nar slip modes. Harren and Asaro [HAR 89) studied the validity of the Taylor 
assumption using a similar formulation to Needleman et al[NEE 85). McHugh, 
Asaro, and Shih [MCH 93) applied this formulation to the study of metal ma
trix composites, showing the effect of strain localization around harder phases 
on the overall mechanical response of the composite. Becker [BEC 91a) and 
Kalidindi, Bronkhorst and Anand [KAL 92] have performed similar studies, 
but applied full FCC deformation modes to the crystal kinematics, although 
the meshes were constrained to two-dimensional deformation modes (as in
tended to replicate plane strain compression). In both studies the polycrystal 
models were implemented as user defined material subroutines in a general 
purpose commercial finite element code. Becker [BEC 91b) examined a similar 
problem with the same formulation in his analyses of the strain distributions 
in the deformation zone of a thin sheet subjected to bending. Slip system ac
tivity has been investigated using finite elements by Havlicek, Tokuda, Hino, 
and Kratochvil [HAV 92] and by Yao and Wagoner [YAO 93]. 

3.1. Hybrid formulation 

Hybrid formulations have been proposed [TON 69,ATL 75,BRA 83] as al
ternatives to the conventional kinematically-based finite element formulations. 
Within the context of a hybrid formulation, domain decomposition is applied to 
the polycrystal such that elements correspond to individual crystals [BEA 94]. 
The elements, or domain subdivisions, are constrained to be in mutual equi
librium by requiring that, in a weighted residual sense, the surface tractions 
vanish. 
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This constraint is written for all domains of the polycrystal2 : 

2:: [fr iP . te dr- r iP. t dr] = o, 
e r. lr, (11) 

where iP are weights. The superscript and subscript e denote an elemental 
surface. The traction, t, at any point on the boundary is related to the stress 
via the Cauchy formula.: 

t = ITn = (171- pi)n, (12) 

where n is the surface normal; pis the pressure; and I is the identity tensor. 
Substitution of the Cauchy formula into the traction equilibrium residual gives 
after integration by parts: 

L [1 tr[ (171- pi) \liP] dD- r iP. t dr] = 0. 
e n. ~. 

(13) 

Assumption of isochoric plastic deformations requires that the divergence 
of the velocity vanish (neglecting elastic deformations), resulting in: 

divu = trL = trD = 0. (14) 

A second weighted residual is formed on this incompressibility constraint equa
tion using weights P: 

l P (t.r D) dD = 0. (15) 

The crystal constitutive behavior is obtained from the relation between the 
rate of deformation and the deviatoric stress (equation [10]). A residual can 
be constructed using this equation together with appropriate weights, Tc: 

(16) 

To estimate the crystal stiffness, Me, equation [ 10] is solved using the deforma
tion rate corresponding to the previous iterate of the velocity field. This system 
renders an estimate for the stress for the prescribed deformation rate, but may 
be difiicult to solve if the rate sensitivity is quite low. A N ewton-Raphson 
procedure is employed with a line search algorithm to limit the revisions to 
the stress to ones that reduce the residual error. The first iteration begins at 
the stress vertex of the rate independent yield surface with maximum work. If 
the line search fails, a different vertex is used to begin the Newton iterations. 

2 For t.he small scale formulation presented here there is no distinction between the crystal 
and continuum scales, so the superscript c is not necessary. 
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Even for the more anisotropic crystals this procedure was successful for rate 
sensitivities as low as 0.005. 

Trial functions are introduced in the residuals for the interpolated field vari
ables. Using the hybrid formulation both the velocity and the stress ( deviatoric 
and spherical portions) are represented with approximating functions: 

( 17) 

For the deviatoric stress, piecewise discontinuous functions are specified which 
satisfy equilibrium within an element a priori [BRA 83]. 

Each residual is written in matrix form using the trial functions. For the 
crystal slip relation, equation [16], nodal stresses are related to the nodal ve
locities: 

[Hc]{sc}- [Rf {U} = 0. (18) 

(Matrix definitions are given in the Appendix.) The traction equilibrium resid
ual is given by: 

(19) 

The nodal stresses can be eliminated by inverting equation [18] and then sub
stituting the result into equation [19). This yields: 

(20) 

This equation is solved simultaneously with the discretized residual for the 
incompressibility constraint: 

(21) 

to give the velocity field for the polycrystal corresponding to its current ge
ometry and state. Special attention is needed in solving this system using the 
conjugate gradient method due to the poor conditioning resulting from the 
incompressibility constraint [BEA 93]. The geometry and state are then ad
vanced over a time increment by Euler integration of the coordinate velocities 
and the evolution equations for the lattice orientations and hardnesses. 

3.2. Simulation of small-scale processes 

Plane strain compression is frequently chosen for detailed study because it 
is an idealization of flat rolling (in which large strains may be accomplished) 
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and because a great deal is understood concerning the behavior of materials 
under this loading. Model results can be compared readily either to the ex
tensive body of experimental data for many materials or to the predictions of 
other models. The response of materials comprised of hexagonal close-packed 
(HCP) crystals under plane strain compression has been examined using this 
approach [DAW 94], and the results are summarized here. 

The material is viewed as a polycrystal in that the macroscopic response 
is the average response of a population of single crystals. By discretizing the 
microstructme crystal-by-crystal we can permit individual crystals to respond 
independently, constrained by balance laws and compatibility. The anisotropy 
of the crystal, together with the differences in orientation between neighboring 
crystals, leads to nonuniformity in the deformation field over the polycrystal. 
The nonuniformity stems from the kinematic degrees of freedom associated 
with the finite element discretization. These results can be compared to those 
obtained by making a more restrictive, but more easily implemented, assump
tion of uniform straining among all crystals that comprise the poly crystal (e.g. 
a Taylor assumption). The textures computed by these two approaches differ 
due to the local deviations from plane strain compression that are permitted 
with the discretized microstructure. This approach has been used to model 
FCC polycrystals. and has shown that the inhomogeneity in strains from crys
tal to crystal leads to the development of the brass component of texture under 
plane strain compression [BEA 94]. In the following discussion we describe the 
HCP system, the manner in which a discretized microstructure is constructed, 
and the trends that appear for increasing degree of single crystal anisotropy. 

HCP crystals [RON 84] often are categorized by the axial ratio ( ~ ratio, in 
the commonly used terminology). Here, we specify an axial ratio of 1.63, cor
responding to the ideal value for packing but not representing a specific metal. 
Basal and prismatic slip systems are assumed to be the principal contributors 
to the crystal deformations. Pyramidal slip also may occur on the { 1121} 
< ii23 > slip systems [HUT 77,TOM 91]. In the simulations performed the 
strength of these systems relative to the prismatic and basal systems (which 
were taken as equal) was varied from unity to ten. In all cases the rate sensi
tivity, m, was held fixed at 0.10, a value appropriate to higher temperatures 
where twinning is not an important contribution. To preserve the relative 
strength ratios with deformation, no slip system hardening was permitted. 

A sample of material is constructed from three dimensional brick elements, 
each consisting of an individual crystal. For the sample to be truly represen
tative of a real material, the number of crystals must be relatively large. In 
the examples that follow, 1000 elements form a poly crystal. The mesh used in 
the simulations, however, has 4096 elements with 16 elements in each of the 
three coordinate directions. The polycrystal is the inner 1000 elements of this 
mesh, leaving a layer of elements three elements thick around the outer sur
face that act as an effective medium through which the boundary conditions 
are imposed on the polycrystal. The lattice orientations of all crystals are 
assigned from an original orientation distribution which was close to uniform. 
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Some initial texture was present, which caused the asymmetry in the textures 
shown later. A specific orientation is chosen randomly for each element from 
the distribution. 

The finite element polycrystal was subjected to boundary velocities cor~ 
responding to plane strain compression. The global coordinate directions are 
associated with the rolling process as: compression- normal (ND); extension
rolling (RD); and the out-of-plane- transverse (TD). A total of 100 equal time 
steps were imposed in order to reduce the polycrystal to one half of its original 
height. This produced a natural axial strain f 11 of 0.69, which corresponds to 

an effective strain ( E = J ~ fij fij) of 0.8. The initial lattice orientation changes 
with straining for each crystal; the spin terms needed to compute the reorienta
tion were evaluated at the centroid of the element. When the mesh distortion 

ND 

Figure 1: Initial and deformed finite element meshes for HCP polycrystal. 

became severe, a mesh was repaired by replacing the distorted elements with 
regular ones having the same aspect ratio as the overall polycrystal. The lat
tice orientations before repair were preserved after repair. The variability of 
straining among the elements/crystals is quite evident from the deformed mesh 
for the case where pyramidal strength is five times the basal strength as shown 
in Figure 1. 

The ratio of the pyramidal strength to basal/prismatic strength (relative 
pyramidal strength or RPS) was parametrically varied in the set of simulations 
performed. Beginning with the rather unrealistic case of RPS equaling unity, 
its value was increased to three, five, and finally ten. Two simulations were 
conducted for each value of RPS: one being the finite element polycrystal and 
the other being a Taylor model computation. As mentioned previously, t.he 
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Figure 2: < 0001 > pole figures from the Taylor and finite element models for 
the case of RPS = 1. Plane strain compression; effective strain of 0.8. 

Figure 3: < 0001 > pole figures from the Taylor and finite element models for 
the case of RPS = 3. Plane strain compression; effective strain of 0.8. 
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Figure 4: < 0001 > pole figures from the Taylor and finite element models for 
the case of RPS = 5. Plane strain compression; effective strain of 0.8. 

Figure 5: < 0001 > pole figures from the Taylor and finite element models for 
the case of RPS = 10. Plane strain compression; effective strain of 0.8. 
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Taylor computation imposes equal straining on all crystals of the polycrystal. 
Figures 2 to 5 give < 0001 > pole figures for each model for values of the RPS 
corresponding to 1, 3, 5, and 10, respectively. The principal features of the 
texture, especially for RPS values of 5 and 10, correspond generally to that 
reported for Zr 2.5%Nb rolled at elevated temperature [LEB 94]. 

Several trends are apparent. In every case the textures derived from the 
finite element simulations are more diffuse than the corresponding Taylor com
putation. The more diffuse texture coincides with the greater variability in 
straining experienced as the RPS increases. As the RPS becomes higher, each 
HCP crystal in essence inherits an inextensible direction along its lattice pris
matic axis. This makes it less likely that crystal deformations will coincide with 
the macroscopic value since each crystal becomes incapable of a full range of 
deformation modes. Thus the qualitative differences between the Taylor and 

1.2 1.2 
>- Deformation rate -·:;: 1.0 stanaara aevlatlon 1.0 n + Finite element £=0 

Cl) 5 cu I 

E 0.8 Q SliE s~stem activities 0.8 10:;:: 
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Cl) ~I 0 Taylor e=O c:·s: - " 0 Cl) (/) . ll. Finite element £=0 >- 0.6 t 0.6 :;::"C 
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a: 
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Figure 6: Slip system activities and deformation rate standard deviations for 
polycrystals having various relative pyramidal strengths. 

finite element polycrystal predictions emerge. As shown in Figure 6, the Taylor 
model continues to utilize the pyramidal systems even when the RPS is high 
because those systems offer the only means for extension along the prismatic 
axis. The finite element polycrystal exhibits greater crystal to crystal strain 
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variations as it prefers to shift straining to more favorably oriented crystals 
than to force the strong pyramidal systems to be active. This is quantitatively 
substantiated by the increasing value of the standard deviation of the shearing 
deformation rate component in the plane containing the transverse and rolling 
directions with increasing RPS value. This has a very substantial impact on 
the texture development, as is evident from Figure 5. 

4. Large Scale Applications 

Large scale applications are those in which the body, herein called the 
workpiece, is very much larger than individual crystals. Examples include 
the rolling of plates, sheet forming, and forging. A variety of technical issues 
arise as the focus of these applications, such as unsymmetric deformations 
(earing), texture gradients within the workpiece (and consequential effects on 
mechanical properties), macroscopic shear banding, and residual stresses. 

Finite element formulations require the material response as part of the in
tegration of elemental stiffness and force matrices arising from the residual on 
the balance of linear momentum. Polycrystal plasticity provides a microstruc
turally motivated constitutive model for the flow which defines the yield condi
tion and flow rule for a material element comprised of an aggregate of crystals. 
The distribution of lattice orientations, along with the hardness of the crystals, 
defines the material state. The balance laws are not applied to the crystals 
of the aggregate per se, but rather the aggregate is interrogated to define the 
stress and flow properties (as needed to evaluate the stiffness). Constitutive 
assumptions, such as a Taylor hypothesis or self consistent theories, are made 
in deciding how to project the macroscopic deformation onto the crystals of 
an aggregate and subsequently to average the resulting responses (stresses) of 
those crystals to obtain a macroscopic value. 

The rolling of plate and drawing of wire using an Eulerian formulation 
were reported by Mathur, Dawson, and Kocks [MAT 89,MAT 90a,MAT 90b] 
using both Taylor and relaxed constraints assumptions for aggregates com
prised of FCC crystals. Here the material was assumed to have an initially 
uniform orientation distribution, and texture gradients in the products were 
predicted. van Bael, van Houtte, Aernoudt, Hall, Pillinger, Hartley, and 
Sturgess [VAN 91) have implemented a procedure for computing the anisotropic 
stiffness from an approximation to the average Taylor factor written using a 
series expansion of terms involving the strain rate. The expansion param
eters may be computed from the texture and thus updated with continued 
deformation. They have implemented the model in a Lagrangian elastoplastic 
formulation and simulated rolling of BCC metals. Kalidindi, Bronkhorst and 
Anand [KAL 92) reported on the implementation of a polycrystal model based 
on Taylor assumption into a commercial elastoplastic displacement-based code. 
They compared the textures computed to those measured for laboratory mi
croforgings of copper. Chaste! and Dawson [CHA 91,DAW 93) modeled the 
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rolling of initially textured silicon steels with an Eulerian formulation using 
a model for pencil glide slip modes. Detailed comparisons of through thick
ness texture variations were made with experiment. Chaste!, Dawson, Wenk 
and Bennett [CHA 93b] used the same Eulerian viscoplastic formulation to 
study texturing of rocks in the earth's mantle. Here, because of low crystal 
symmetry an equilibrium based model was employed to partition the defor
mation among crystals of an aggregate [CHA 93a]. Comparisons were made 
between computed and measured seismic velocities through the mantle. Ma
niatty [MAN 91] extended this Eulerian viscoplastic formulation to include 
elasticity and examined the influence of initial texture on the residual stress 
distribution in the product. Smelser and Becker [SME 91] have studied draw
ing of cups with a commercial code that calls the polycrystal theory through a 
user defined module, both using single crystal and polycrystal representations. 

Recent progress in parallel computing has been exploited for large scale 
applications. Parallel computing hardware, together with rewriting of algo
rithms for this architecture, have made it possible to simulate 3-D defor
mations involving several thousand elements each with hundreds of crystals 
defining every aggregate. For example, Beaudoin, Mathur, Dawson and John
son [BEA 93] examined the evolution of texture in compression test speci
mens; hydroforming was studied by Dawson, Beaudoin, Mathur, Kocks and 
Korzekwa [DAW 92a,DAW 92b] with respect to the formation of ears. The 
hydroforming simulation demonstrated the ability to predict both the location 
and strength of ears in the initially textured aluminum sheet. 

4.1 Linking micro and macro length scales 

In applying polycrystal plasticity, it is assumed that the properties at any 
point in the sheet are determined from a collection of anisotropic crystals that 
underlies that point. The modes of the crystal deformation are set by the 
slip system geometry, given that slip is the dominant deformation mechanism 
and other mechanisms can be neglected (including twinning, grain boundary 
sliding, and diffusion). An a:;;sumption, or rule, is employed to partition the 
macroscopic (average) strain among the individual crystals within an aggre
gate. A variety of rules are possible, some of which constitute bounds. By 
modeling the linkage between the microscopic (crystal) and macroscopic (con
tinuum) scales with partitioning rules, the need to define each crystal's neigh
bors is circumvented. Instead, the aggregate of crystals can be thought of as a 
set of co-existing orientations whose averaged responses define the macroscopic 
properties. The orientations play the role of state variables, together with the 
crystal strengths and the grain shape. As state variables, the orientations re
place the need to remember the deformation path, but require initialization to 
begin au analysis. 

Several different assumptions which are commonly used to link the micro
scopic and macroscopic length scales and to provide a means to partition the 
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deformations and the stresses among the crystals of an aggregate are discussed 
here. For high symmetry crystals such as BCC crystals, and when the crystals 
are nearly equiaxed, it often is assumed that each crystal of the aggregate ex
periences the same rate of deformation. This partitioning rule (referred to as 
the Taylor assumption) is extended to include the spin, so the crystal velocity 
gradient is common to all crystals [ASA 85). However, heavily worked crystals 
can become flat and elongated. Then, based on the aspect ratio of the grains 
(as computed using the principal stretches of the macroscopic deformation gra
dient), some crystals within an aggregate are subjected to relaxed kinematic 
constraints [HON 78,TOM 84). For these crystals the continuity of the trac
tions and displacements is imposed based on the orientation of the largest. in
terface between crystals. Given that each crystal deforms homogeneously, this 
leads to a mixed combination of stress and deformation constraints between 
crystals of an aggregate. 

Stated in terms of the crystal kinematics, the extended Taylor assumption 
requires that the macroscopic velocity gradient equals its microscopic coun
terpart. Separating this requirement into the symmetric and skew symmetric 
parts and removing the volumetric response gives: 

D'c=D' (22) 

and 
wc=W, (23) 

where D and W are the macroscopic deformation rate and spin, respectively. 
In contrast to the Taylor assumption, when relaxed kinematic constraints are 
imposed only those components of the deviatoric rate of deformation that lie 
in the plane of the shared flat grain boundary are required to be the same from 
crystal to crystal and equal to the macroscopic quantity. Letting n be a vector 
perpendicular to this plane and m be any vector lying in it (so n · m = 0): 

D'c · 111. = D' · m. (24) 

Furthermore, the tractions on this plane are equal, giving: 

fC I 
u ·n = u ·n, (25) 

where u' is the macroscopic deviatoric Cauchy stress. The deformation rate 
may vary from crystal to crystal, but must average to the macroscopic value: 

D' = ~ LD'c, (26) 

where N is the number of crystals in the aggregate [KOC 81,MAT 90b). An 
equilibrium-based partitioning can be achieved in a trivial manner by requiring 
that the stress in every crystal be the same. Because the macroscopic stress is 
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the average of the crystal stresses, we obtain: 

I fC 
u =u . (27) 

This relationship is straightforward to apply if it is the stress that is always 
known, but more complicated ifthe macroscopic deformation rate is the known 
quantity. For the average of the crystal deformation rates to match the macro
scopic value, we must also enforce equation [26).3 

To complete the link between the microscopic and macroscopic scales the 
material spin within each crystal must be related to the macroscopic spin. For 
the Taylor hypothesis, the crystal spin typically is equated to the macroscopic 
spin. Conceptually, the relaxed constraints model is intended for those in
stances when crystal are flat and the aggregate can be thought of as layers of 
thin flat crystals. Throughout the deformation the layers remain parallel. This 
assumption is accomplished by requiring that the principal axes of the stretch 
ellipsoids of all crystals under relaxed constraints remain aligned. Based on 
this requirement, the microscopic spin of a crystal is defined by equating the 
rate of rotation of the principal axes of the crystal stretch ellipsoid (grain axes) 
to r.hat of the macroscopic motion: 

nc = n, (28) 

where nc is the microscopic grain axes spin and n is the spin of the axes of 
the macroscopic stretch ellipsoid. For the equilibrium-based assumption, it is 
possible to apply either of the above rules for determining the crystal spin, 
with the choice being based on the physical attributes of the system. 

4.1 Velocity-pressure formulation 

The governing equations which result from balance of momentum and con
servation of mass are solved using a finite element discretization of the domain. 
A weighted residual is formed from the differential form of the equilibrium 
equation and appropriate weighting functions, ¢ 4 : 

in c/J·(divu+b)d0=0 (29) 

By means of standard finite element techniques, equation [29) may be rewritten 
as: 

l (grad cP) · u' dO- l ( div cP) · p dO = l cP · b dO+ 1r ¢ · t df (30) 

:l The relative importance of each crystal could be independently weighted if desired with
out changing the overall structw·e of the model. 

4 Inertial effects in the momentum balance and elasticity in the material response are 
neglected here. 
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where the stress has been split into deviatoric (u') and volumetric (p) parts, 
and t represents the surface traction vector. u' is eliminated from equation [30] 
using a viscoplastic constitutive relationship of the form 

u' = C: D' (31) 

where C is a fourth order stiffness tensor obtained by inverting and averag
ing the single crystal compliances. This is achieved by forming the weighted 
average of the crystal level constitutive matrices 

Introducing shape functions for the velocity and pressure fields 

u = [Nu]{U} and p = [NP]{P}, 

and substituting equation [31] into equation (30] gives 

or 

l[Br[C][B]dD.{U} -l[B]T {h}[NP]dD.{P} 

+ l[Nu]{t}df 

[I<]{U}- [G]{P} = {!} 

(32) 

(33) 

(34) 

(35) 

This equation is combined with the incompressibility constraint, which appears 
in an identical manner to the hybrid formulation: 

(Gf {U} = {0} (36) 

to give the global system of equations: 

[ I< G]{ U }-{!} GT 0 -P - 0 ( 37) 

for the velocity and pressure fields. The resulting matrix equation is nonlinear 
and is solved with an iterative scheme. This requires information about the 
mechanical behavior at the integration points for a given estimate for the flow 
field. For our applications we assume that an aggregate is located within every 
element of the finite element mesh and that the mechanical behavior can be 
determined by interrogation of the aggregate. At each iteration on the velocity 
field, C is re-computed based on the macroscopic deformation rate and the rule 
for partitioning that deformation rate among the crystals within the aggregate. 
The stiffness C and the deformation rate are then used to eliminate the stress 
tensor from the weak form of equilibrium and to compute a new estimate for 
the flow field. As in the case of the hybrid formulation, the presence of the 
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incompressibility constraint requires special attention in the conjugate gradient 
procedure [BEA 93]. 

4.3 Simulation of large-scale processes 

The limiting dome height test is used widely to assess the formability prop
erties of metals. The test, shown schematically in Figure 7, consists of stretch
ing a rectangular sheet over a hemispherical punch. The sheet is constrained 
by a circular drawbead. Because the sheet is rectangular, the extent to which 
it is constrained by the drawbead is dependent on its width in comparison to 
the radius of the drawbead. By having a wide sheet, the stress state is near 
biaxial tension at the punch pole. With a narrow sheet, the stress state is 
closer to uniaxial. 

The effect of processing practice on formability has been reported for an alu
minum alloy [BRY 94] in which the measured R-ratio for each rolling practice 

VIewed from 
long side 
of sheet 

Viewed from 
short side 
of sheet 

Figure 7: Schematic diagram of limiting dome height test. 

has been correlated with its measured dome height prior to failure. The vari
ous processing practices induce different crystallographic textures in the sheet, 
which translate to different initial conditions for the limiting dome height test. 
Pole figures for two of the practices reported in [BRY 94] are shown in Figure 8. 



Modeling of polycrystalline solids 561 

Figure 8: < 111 > pole figures for sheet from two processing practices. 
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They differ principally in the strength of the Goss component, with greater 
Goss strength occurring in the sheet with higher measured R-value. The crys
tallographic texture affects the performance in the limiting dome height test 
through the effect of anisotropy in plastic flow on the thinning of the sheet. 

Simulation of the limiting dome height test was conducted using the large 
scale velocity-pressure formulation outlined above for initial textures prescribed 
for the high and low R-value processing practices. The mesh used to dis
cretize a symmetric quarter of the test specimen was comprised of 3600 brick 
elements. each with an aggregate of 256 weighted crystals. The orientation 
and weighting of the crystals was determined with the popLA code [KAL 90]. 
Identical hardening parameters were prescribed for each sheet based on tensile 
tests performed on samples from the sheet. All test specimens were oriented 
with the sheet rolling direction corresponding to the long axis of the speci
men. Specimens were constrained against movement where they contacted the 
hold-down tooling; the drawbead was not explicitly modeled. Sticking friction 
was prescribed for the interface between the punch and the specimen, which 
corresponded to the unlubricated conditions used in the experiments. The full 

Thickness (mm) 

Figure 9: Deformed mesh of the limiting dome height specimen for the case 
of high R-value sheet. Shading shows thickness contours corresponding to the 
deformed mesh. 
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operation was simulated on a CM-5 using 40 time steps. 
Shown in Figures 9 and 10 are the deformed meshes for each material, 

depicting the contours of specimen thickness. The simulation corresponding 
to the texture having a high R-value shows a greater tendency to thin as 
the dome height increases. This is consistent with experiments, which show 
greater dome height with lower R-value. Further, part failures are observed 
experimentally near the locations of smallest thickness shown in these plots. 

5. Implementation issues 

Like models for polycrystal plasticity, finite element formulations come in 
many different forms. Because of this it is not advisable, nor even feasible. to 
attempt to establish the best wedding of microstructural theory with numerical 
treatment of a boundary value problem. For example, finite element codes 
are available based on explicit dynamic formulations as well as implicit static 

Thickness (mm) 

Figure 10: Deformed mesh of the limiting dome height specimen for the case 
of low R-value sheet. Shading shows thickness contours corresponding to the 
deformed mesh. 
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methodologies. Both displacements and velocities have been chosen as the 
primitive kinematic variables. Some formulations neglect elasticity while others 
are constructed around its existence. Introduction of a polycrystal plasticity 
model into a finite element formulation introduces further variants; polycrystal 
plasticity models have been developed that incorporate an extended Taylor 
hypothesis while others utilize self consistent premises to allow for richer variety 
of grain interactions. It is not surprising that various combinations of these 
have been investigated, nor is it surprising that no single combination has 
demonstrated clearly its overall superiority. 

One special concern arising with formulations that include elasticity is the 
effective integration of the stress. This involves the crystal kinematics, espe
cially the decomposition of motion in term of elastic and plastic components. 
Both explicit and implicit procedures have been devised. Peirce, Asaro and 
Needleman [PEl 83] developed an explicit procedure. Implicit procedures have 
been reported by Kalidindi, Bronkhurst, and Anand [KAL 92] and by Mani
atty, Dawson and Lee [MAN 92]. 

As a state variable representation for plastic flow, polycrystal plasticity 
theory has several distinct advantages. Implicit with the use of state variable 
models is the ability to initialize the state. Orientation distributions are di
rectly accessible via x-ray measurement and well-established methodologies for 
interpreting those measurements. The crystal hardness distributions are not 
as direct, but for the restricted assumption of common hardening among all 
crystals of an aggregate the hardness may be initialized from simple compres
sion testing. Polycrystal theory also provides a direct means for updating the 
material state via integration of the evolution equations for the crystal lattice 
orientation and the hardness. 

In large scale applications, the aggregate is not a body, but rather only 
an abstract representation of the microstructural state. Care must be exer
cised in assuring consistency between the macroscopic material element size 
and the aggregate dimensions. It is possible to think of macroscopic deforma
tion gradients within the workpiece that are large, yet only vary slowly across 
the dimension of an aggregate. As such we may consider the aggregate to be 
subjected to a uniform deformation locally. Locally here refers to a point on 
macroscopic scale, so that we permit only single (tensor) values of stress and 
velocity gradient. Thus the dimension of a crystal must be small compared 
to the dimension over which the macroscopic velocity gradient changes appre
ciably. In turn, the aggregate of crystals must contain a sufficient number 
and inherent appropriate symmetry relations such that the above arguments 
of homogenization are justified. 

In most finite element implementations, isoparametric elements are em
ployed in which gradients of velocity (or displacement) may exist across an 
element. Further, elemental integrations are performed using quadrature in 
which the integrand is evaluated at specific points within an element. One can 
consider the material in the vicinity of a quadrature point as a region on which 
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the homogenization is performed on the crystal responses of an aggregate. Suf
ficient crystals must reside in this region for the homogenization to be valid, as 
discussed in the previous paragraph. Variations in the velocity gradient within 
an element imply, however, that all of the quadrature points are not experienc
ing the same strain rate. The material's rate sensitivity, texture, and hardening 
characteristics become important then because of the influence they exert on 
the variations in stress in the presence of differences in the strain rate over the 
domain of the element. For convergence of the finite element solution for the 
motion, the stress should approach a smooth distribution within an element 
and across its boundaries to neighboring elements. Smoothness of stress will 
not be achieved without some smoothness of the properties. This requires that 
the number of crystals within an aggregate be sufficiently large to represent 
an orientation distribution well, and that the distributions within an element 
not vary greatly. In fact, the use of a single aggregate within each element, 
placed at its centroid, provides excellent performance in finite element simu
lations because it restricts the possible variations of stress. For consistency 

then, as elements become sufficiently small that smooth stresses are achieved, 
they each must still remain sufficiently large to physically contain an aggregate 
that is representative of the complete distribution and over which a legitimate 
homogenization may be performed. 

6. Parallel Computing Strategies 

Finite element formulations that employ polycrystal plasticity model are 
computationally demanding. If a large scale application is pursued on a single 
processor computer architecture the calculations related to the crystal equa
tions can take up to 95% of the execution time. For these models the materials 
related computations dominate. This is a switch in the primary computational 
demand in finite element model from most of the resources being consumed 
satisfying the balance laws to most of the resources being used for materials 
related computations. However, parallel computer architectures are ideal for 
these models as they contain a high degree of concurrency. 

The parallel implementation of the mathematical formulation discussed 
here consists of three independent data structures: a set of unassembled finite 
elements; a set of assembled nodal degrees of freedom; and a set of crystals. 
Any interaction between the three data structures results in communication 
between the processing nodes of the parallel architecture. These three data
sets must be mapped to the processing nodes of the parallel architecture such 
that there is arithmetic load balance, the locality of reference is maximized, and 
the contention for the communication channels in the network interconnecting 
the processing nodes is kept to a minimum. 

The finite elements in the mesh are grouped into sub-meshes for mapping to 
the processing nodes using a parallel implementation of the recursive spectral 
bisection algorithm [JOH 94a,JOH 94b,TMC 94]. No assumptions are made 
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regarding the topology of the mesh. The mapping obtained by this algorithm 
attempts to maximize the locality of the sub-mesh residing on each process
ing node by ensuring that the finite elements comprising the sub-meshes are 
geometrically connected and have a surface area to volume ratio that is close 
to optimal. 

Nodal points that are interior to the sub-mesh residing on a processing 
node are mapped to that same processing node. Boundary nodes must be 
assigned to one of the processing nodes with which they are associated, or 
replicated on all of the processing nodes in which they appear. Only boundary 
nodes necessitate communication. The implementation reported here assigns 
the boundary nodes to one of the partitions with which they are associated in 
a random manner. Randomization minimizes the contention for the commu
nication channels that interconnect the processing nodes [VAL 82]. 

The finite element formulation outlined earlier permits an arbitrary num
ber of crystals in each element. For the case of one crystal per element, the 
crystals are mapped to the processing nodes using the same mapping as the 
finite elements. For the case when the crystal to element ratio is greater than 
one [BEA 93], the set of crystals is viewed as a two-dimensional data set (a 
dense matrix). The rows of the matrix represent the crystals with an aggregate 
and the columns of the matrix represent the aggregate. The number of aggre
gates ( = number of columns) is the same as the number of finite elements 
(N.) comprising the finite element mesh. The number of rows is the crystal to 
element ratio (Nc)· The data interaction between the set of unassembled finite 
elements and crystals involves broadcast and reduce operations. A broadcast 
is necessary for replicating the aggregate values to the individual crystals com
prising the aggregate. A reduce operation is necessary to average the data 
values of individual crystals within. an aggregate. Both the broadcast and re
duce operations must exploit parallelism within the rows and columns of the 
two-dimensional data-set. A blocked (consecutive) mapping scheme ensures 
an optimal layout for the parallel broadcast and reduce operations. The group 
of crystals reside in an array of shape Nc X Ne. The local sub-array on each 
processing node is of the shape r !fr; l X r !jr; l 1 where P1 and P2 are the number 
of processing nodes along the two axes (P1 x P2 = P and Pis the number of 
processing nodes). 

All the finite element meshes that are used in the simulations reported here 
are comprised of one type of element only. The arithmetic operation count for 
each crystal is almost uniform. Consequently, there is near perfect arithmetic 
load balance for all element-wise computations. The blocked mapping scheme 
results in an even distribution of the crystals on the processing nodes. This 
is sufficient for achieving arithmetic load balance without sophisticated data 
dependence. 
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Concurrency is exploited at the level of unassembled finite elements, assem
bled nodal points and crystals. The crystal behavior equations (equation [16]) 
and the nodal stress-nodal velocity relation (equation [18]) are solved/inverted 
concurrently for all the crystals in the aggregate. The unassembled element
wise matrices in equation [20] are evaluated concurrently for all finite elements 
in the mesh. The resulting sparse linear system (equation [20]) is solved us
ing a conjugate gradient method; no explicit assembly of the sparse coefficient 
matrix is required. The poor condition of the coefficient matrix caused by the 
incompressibility constraint (equation [21]), however, requires special treat
ment [BEA 94]. 

7. Summary 

Finite element formulations that utilize polycrystal plasticity as the consti
tutive description have progressed significantly over the past decade. Gains has 
been reported both in the use of poly crystal descriptions to better understand 
fundamental aspects of the deformation behavior of crystalline solids and in 
the investigation of commercial forming operations for these materials. While 
considerable progress has been made, a variety of issues remain open as to the 
best way to merge the two. The relative size of crystals and elements plays 
an important role in this respect. In all cases, the computational demands 
are heavy, but the opportunity for concurrency is great. Formulations can 
exploit this concurrency with implementations designed for massively parallel 
computer architectures. 
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Appendix 

Matrices used in the finite element discretization are given below. 

(R) = { [B]T (Nu]dO 
ln. 

[GJ = - fn. [Bf { h }[NP]dn 

{!} = l. (Nuf {t} dB 
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[He]= 1 [Nq]T[sc][Nq]dQ 
n. 

[B] is the usual matrix containing the gradient of the velocity shape functions, 
{t} is the vector representation of the tractions t, and {h} is a vector form of 
the trace operator. 




