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REsUME. Nous presentons dans cet article un nouvel estimateur a posteriori de l'erreur pour 
les equations de Navier-Stockes en regime incompressible. Le principe en est simple : il suffit 
de calculer deux solutions differentes avec, respectivement, un element conforme et un element 
non conforme. L'estimateur d'erreur est tout simplement La difference entre les deux solutions. 
Une strategie de remaillage adaptatifpermet ensuite une resolution precise des equations de 
Navier-Stokes pour les ecoulements stationnaires de jluides incompressibles. 

ABSTRACT. This paper presents an a posteriori error for the incompressible Navier-Stokes equa­
tions. Two different solutions are computed, one using the Crouzeix-Raviart element and the 
second one with the non-conforming Fonin-Soulie element. The error estimator is computed 
as the difference between these solutions. This estimate is used in an adaptative remeshing 
strategy for steady state solution of the Navier-Stokes equations. 

MOTS-CLES : estimation d'erreur; jluides incompressibles, elements conformes et non 
conformes. 
KEY WORDS : error estimate, incompressible fluid, conforming and non-conforming elements. 
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1 Introduction 

Over the past few years, adaptive methods have stirred much interest because 
they offer the means of tackling complex flow problems at a reasonable cost. 
Adaptive methods also provide a framework for controlling the quality and 
reliability of numerical simulations. 

This paper presents such a method for incompressible viscous flows. The 
solution is first computed with the triangular conforming Crouzeix-Raviart 
element [CRO 73]. A second solution is then obtained with a non-conforming 
variant of the Crouzeix-Raviart triangle introduced in Fortin-Soulie [FOR 
83]. The local error is linked to the difference between the two solutions. No 
formal theory exists to support this error estimator. 

In order to validate and verify the concept, the estimator is first applied to 
a problem with a known analytical solution to compare the error estimation 
with the true error. The method is then applied to the flow over a backward 
facing step. Predictions are compared with experiments. 

So far, no complete theory exists to support the proposed estimator. 
However, numerical evidence suggests that it is reliable and that it converges 
towards zero as the adaptive process refines the mesh. 

2 The Navier-Stokes Equations 

The classical form of the Navier-Stokes equations for an incompressible fluid 
can be written as: 

with: 

p(u · V)u 
'V·u 
u 

= -'Vp+f+'V·(u(u)) on n 
= 0 on n 
= 0 on an 

u(u) = 2wY(u) = J-L('Vu + (Vuf) 

where n is a bounded, connected polygonal domain in rn.n. 

(1) 

In order to solve this problem .with the finite element method, we intro­
duce the following Sobolev space and its associated energy norm: 

v = (HJ(n)t 

llvll~.n = E llvii~.K = E r u(v): .Y(v)d:v 
KeT KeT}K 

{2) 

We also define a norm on W = V x L2(i1) 

ll(u,p)ll~.n = L ll(u,p)II~.K = L {lluii~.K + .!_IIPII~,K} (3) 
KeT KeT 1-L 
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where 'T is a. triangulation of the domain n. The continuous variational 
problem can then be formulated as: 

Find (u,p) E W, such that for all (v, q) E W, we have: 

k {2p..Y(u): .Y(v) + p(u · V'u) · v- p\7 · v }d:z: = j f · vd:e, 
(4) 

fo q\7. u d:z: = 0 

Problem ( 4) is then solved by a. finite element method. 

3 The discrete problem 

Problem ( 4) is solved with two different finite elements shown on figure 1. In 
both cases the pressure is approximated with piecewise discontinuous linear 
polynomials. The only difference lies in the bubble function associated to 
the element controid. For the Crouzeix-Raviart triangle, the bubble is given 
by: 

Bcr = 27£1£2£3 

where the Li are the barycentric coordinates on the triangle. This element 
ensures continuity of the velocity field across element faces. For the non­
conforming Fortin-Soulie element, the bubble is given by: 

Because this bubble vanishes only at the gaussian points on the element faces, 
the velocity across element faces is only continuous at these gaussian points. 

Both elements are second order accurate for velocity and pressure. An 
augmented Lagrangian formulation [FOR 82] is used to solve the discrete 
problems. 

\'eloctty :F:-essu.r:: 

Crouzei:.::-R<wiart (Conforming) Element 

;\ A <=> /q_ A 
~~ ~~ 

Veloc1ty Pre:~:scrc Ve1oc1l}' Prc::::~urc 

Fortin-Soulie (Non-Conforming) Element 

Figure 1. Conforming and non-conforming elements 
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4 A Posteriori Error Estimation 

Let (uc,pc), (unc,pnc) and (u,p) denote the conforming, non-conforming and 
analytical velocity-pressure solutions respectively. The objective is to obtain 
an estimate of the error on each element given two different approximations 
of the same order. The conforming finite element solution is the one to be 
analysed for accuracy. Hence the non-conforming one is used as an accessory 
tool for error estimation. 

On each element I<, the velocity error is then defined as 

eK = llu- uciiE,K, (5) 

that is the energy norm of the difference between the analytical solution 
and its conforming approximation. Our a posteriori error estimation is then 
defined as 

(6) 

which is the norm of the difference between the conforming and the non­
conforming approximations. We now give a heuristic proof that ( 6) is an 
estimator to ( 5). More precisely, we will show that there exists constants 
D1 and D2 such that 

(7) 

This ensures that a reduction of the error estimate garantees a reduction of 
the true error. A similar result holds for the pressure. 

Since both our elements are second order accurate, their respective errors 
satisfy 

llu- ucllE,I< 

I 2 c2 llu- unc IE,K ~ C2h = cl CK 

{8) 

for some constants C1 and C2 • The following proof is heuristic since the 
approximation ( 8) will be taken as an equality. We however believe that 
the conclusion is valid but this is still to be proven in a more formal manner. 
The proof requires two steps. 

1. The first step uses the Cauchy inequality to find an upper bound for 
e:K and proceeds as follows. 

e:K = liuc- uncl·IE,K = lluc- U + U- UnciiE,K 

< lluc- ullE,K + jju.- U.nciiE,K 

c2) = {1 + C, eK = D2eK 
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2. Two possibilities now exist, depending on wether C1 < C2 or C1 > C2. 
We first have 

eK = lluc- uiiE,K = llu- Unc + Unc- uciiE,K 

which leads to 

(1- ~:)e~c:::; eK 

Unfortunately, if C2 > C1, (1 - ~) < 0 and this result is trivial and 
useless. However, we also have 

c2 (C
1 

)eK = llu- u"ciiE,K = llu- uc + uc- u"ciiE,K 

< llu- uciiE,K + lluc- u"ciiE,K 

which implies that 

Since C2 > C11 ~ - 1 > 0. Thus for all possible cases we obtain a 
bound for the error estimator by the error and vice versa. This ensures 
that a reduction of the error estimator garantees an improvement in 
the solution. 

At first glance, the cost of error estimation may appear prohibitively 
expensive since two solutions must be computed. Error estimates are in fact 
obtained at a reasonable cost. First note that the velocity approximation is 
written in a hierarchical manner: 

6 

uh(x,y) = L:uiNi + u1B 
i=l 

where the Ni are the standard quadratic shape function and B is the bub­
ble function. Hence, the element degrees of freedom are identical for both 
element except for the bubble function. This has two consequences: 

1. The global stiffness matrices for both approximations are identical ex­
cept for the terms involving the bubble function (i.e. about 1/3 of the 
coefficients are different). In other. words, the global matrix for the 
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non-conforming element is a. perturbation of that of the conforming 
triangle. 

2. The solution obtained with the conforming element is a. very good es­
timate of the non-conforming solution. 

In practice, starting from the conforming solution, one or two iterations 
a.re sufficient to obtain the non-conforming solution (to 10-3 relative error). 
In most cases, this represents a.n increase of 20% to 30% in computations. A 
cost that is indeed acceptable. 

Further saving ca.n be achieved if one iterates for the non-conforming 
solution using the Newton matrix for the conforming element. In this case, 
only the residual for the non-conforming element approximation needs to be 
assembled and no factorization is required. 

5 Adaptive strategy 

The next key issue lies in how to adapt the mesh given the error estimate. 
First, we define the velocity and pressure errors as 

and the corresponding estimators 

The chosen adaptive strategy is based on remeshing [4,6] and proceeds as 
follows: 

1. Generate an initial mesh 

2. Compute a conforming solution 

3. Compute a non-conforming solution 

4. Compute the error estimate 

5. If (II ( eh, fh I \w,n > Tolerance) then 

(a) Compute grid function (element size) for the improved mesh 

(b) Generate a mesh using the new grid function 

(c) Go to 2 

6. else 

(a) Stop, required accuracy has been achieved 
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The element sizes for the next grid can be evaluated with [4]: 

where: 
SK the predicted element size for element K 
T the specified error reduction rate (usually 0.25 or 0.33) 
N the number of elements in the triangulation 
hK the diameter of element ]{ 

This distribution of element size S~; tends to distribute the error equally 
on all the elements of the new triangulation T [ODE 86]. The new mesh is 
generated by an advancing front technique.[PER 87] 

6 Validation 

We now present adaptive computations performed on a problem with a known 
analytical solution which presents a l?oundary layer. Since the exact solution 
is readily available, the estimator can be compared to the true error to assess 
its performance. The solution to this problem is given by: 

'U = (1- e-"11 ,0) 
p = 1-x 

a = 1¥ y 
X 

n = [0.1; 1.0] X [0.0; 1.0] 

where: u is the the velocity field, a a similarity variable, p the pressure field, 
Re the Reynolds number and n the computational domain. This problem 
produces a velocity field that closely resembles that of a boundary layer over a 
flat plate which thickens in the streamwise direction. The transverse velocity 
component is obtained by integrating the continuity equation from the wall to 
the free stream. The solution (u,v,p) is substituted into the Navier-Stokes 
equations {1) and body forces fz and / 11 are computed to ensure that the 
momentum equations are satisfied. 

Figure (2) shows the streamlines for Re = 200. It clearly shows the 
thickening of the boundary layer. This test case retains many non linear 
terms of (1) thus providing a stringent test for the error estimator. The 
adaptive strategy attempts to generate improved meshes such that the error 
is reduced by a factor of three at each adaptive cycle. 

The next table summarizes the convergence history of the adaptive pro­
cess. First one will notice that, as expected, the number of unknowns in-
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creases at each adaptive cycle. Rows 2 and 3 indicate that both the error 
(e, t) and the estimator (eh, fh) decrease with each adaptive cycle. This in­
dicating that the estimator is driving the adaptive strategy so as to produce 
improved solutions at each cycle. The relative errors in row 5 confirms this. 

~~=-
---i--~---

--
-------
r------------------------------------r--------- --

f~-----
------------t- -----

Figure 2. 2-D Boundary Layer: Streamlines 

The fourth row of this table shows that the efficiency () of the estimator, 
(which is the ratio of the estimator to the true error) does not tend towards 
unity. However, the estimator leads to "near" optimal meshes. 

Figure (3) shows the initial coarse mesh and the one obtained after 3 
cycles of adaptation. Figures ( 4,5) and ( 6) clearly shows the convergence of 
the approximate solution toward the e:xact one. 
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Iteration z 0 1 2 3 

Nb Unknowns neq 283 517 981 2129 

True error ll(e, c:)llw,o 0.191 0.127 0.032 0.023 

Estimator ll(eh, c:h)llw,o 0.073 0.063 0.019 0.006 

Efficiency 
ll(e, c:)llw,o 

0.38 0.49 0.57 0.26 
ll(eh, c:h)llw,n 

Relative error II( e, c:)llw,n 
2.7% 1.8% 0.46% 0.32% 

ll(u,p)llw,n 

7 Application 

In this section, we illustrate the usefulness of the proposed error estimator 
by solving the laminar flow over a backward facing step at Re = 389. The 
geometry and boundary condition are shown in figure 6. Figure 7 shows the 
initial grid. A parabolic velocity profile is specified at the inlet. No slip is 
enforced at the walls anf the fluid flows from left to right. The velocity and 
pressure fields computed on the initial grid are also shown on fig. 8. 

Figure 9 shows the results obtained after 2 cycles of adaptation. One can 
see that the adaptive strategy leads to an improved allocation of elements 
and nodes. Finally figures 10 and 11 show comparison between predictions 
and experiments [ARM83] for Re = 389. The agreement is excellent ev­
erywhere, even at xfs = 7.76, a station located immediately downstream 
of the reattachment point. Good predictions in this region of the flow are 
notoriously difficult to obtain. 

Figure 3. 2-D Boundary Layer: Adaptative Meshes 
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Figure 8. Backward Facing Step: Initial mesh and solution 

_____ ..._. 

Figure 9. Backward Facing Step: Third mesh and solution 
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Figure 10. Backward Facing Step: Comparison with experiments 
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8 Conclusion 

An error estimator for the Navier-Stokes equations has been introduced and 
has been shown to be reliable by solving a problem with a known analytical 
solution. Is was shown to be convergent in the sense that the error tends 
towards· zero with adaptive mesh refinement. 

Finally, it should be noted that the proposed error estimator is, to our 
knowledge, an improvement over other techniques applied on convection 
dominated flows. It seems to possess very stable properties even in highly 
non-linear situations. However, it still lacks a complete theoretical founda­
tion to assess its limitations more thoroughly. 
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