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ABSTRACT. In this paper a energy-based coupled theory of Continuum Damage Mechanics
(CDM) proposed by [SAA 92] and [BEN 92] is extended to the finite strain plasticity
formulated in the eulerian reference system. The classical framework of irreversible
thermodynamics with internal state variables is used to describe both the continuous
damage and the non-linear hardening (isotropic and kinematic). To ensure the objectivity
of the coupled constitutive equations a Rotating Frame Formulation (RFF) is used. The
associated computational framework divorces the "geometrical” non-linearities (large
streches and rotations) from the physical "material" ones (hardening and damage). Details
of the numerical algorithm are provided including the effect of the coupling between
classical elastoplasticity and the CDM. Finally a simple numerically oriented treatment
of the localized damaged plastic flow is presented.

RESUME. Dans cet article une théorie de la plasticité endommageable basée sur
I'équivalence en énergie proposée dans [SAA 92] et [BEN 92] est étendue a la plasticité en
transformation finie utilisant des variables eulériennes. Le cadre standard de la
thermodynamique des processus irréversibles avec variables internes est utilisé pour
modéliser les effets de I'endommagement continu et ceux de l'écrouissage non linéaire
(isotrope et cinématique). Une formulation dans un référentiel tournant a é1é utilisée. Elle
permet d'assurer lobjectivité des relations constitutives tout en séparant les non-
linéarités physiques et géométriques. Un schéma de résolution numérique du probléme
couplé bien adapté au régime postcritique a été développé. La prévision de la formation
des bandes de cisaillement dans une plaque en déformation plane est traitée en détail.

KEY WORDS : finite plasticity, isotropic damage, numerical integration, shear band
initiation.
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1. Introduction

It is now clearly established, from the physical point of view, that the ductile
fracture process of a wide class of materials is a consequence of large anelastic
(plastic or viscoplastic) deformations and rotations giving rise to initiation of many
micro-defects and their growth until final fracture. This legitimates the modeling of
this kind of ductile fracture by coupling the elastoplastic behavior with some
suitable description and measure of the damage under the finite transformations
hypothesis. To achieve this an efficient description of the damage process and it is
coupling with the elastoplastic behavior is nceded from both the theoretical and
numerical point of view. Many works in this field under the small strains and
rotations hypothesis can be found in the litterature : see for example {LEC 74], [BUI
81], [BEN 85], [DRA 85], [SAA 85], [TVE 86], [LEM 86}, [CHO 87], [DEB 87],
[MAZ 89] and references given there. However much fewer works in the same field
but under the large anelastic deformations and rotations hypothesis including damage
effect can be found in the litterature as in [ROU 80}, [TVE 82], [COR 82}, [GEL
851, [SIM 871, {JU 90], [LEH 91] and [VOY 92].

When coupled with damage the constitutive equations exhibit some softening
which increases with increasing damage. Hence the main difficulty encountered when
using any coupled constitutive equations is the localization of anelastic flow
associated with a change in the character of the incremental equations governing the
equilibrium of the body. For the quasistatic loading condition the time independent
equilibrium problem loses ellipticity, while under dynamic loading conditions wave
speed becomes imaginary. As a consequence numerical solutions to this class of
problems obtained by finite elements approximation show an inherent mesh
dependency. These theoretical aspects, related to the localization of anelastic flow,
have been observed by many authors in a variety of contexts and discussed from
divers perpectives [RUD 75], [TVE 81], [SAN 83], [CHA 84], [SCH 86], [KLE
86], [NGU 84], [ORT 871, [PIG 87], [BIL 87], [SAA 87], [BEN 89] and many other
works. Also many papers concerned with the practical and mathematical aspects of
the stability, bifurcation and localization in continuum mechanics can be found in
the recent collective books edited by {(BAL 88] and [MAZ 89].

An outline of this paper is as follows. Some basic concepts of large
deformations and rotations, nceded for subsequent developments, are reviewed.
Particularly the so called "Rotating Frame Formulation" (RFF) associated with the
objectivity requirements is presented. In the second part, a continuum energy based
damage model coupled with elastoplasticity at finite strains is proposed within the
framework of irreversible thermodynamics with internal variables. The isotropic and
kinematic hardening phenomena together with the isotropic damage are represented
by some local internal variables. The coupling between the elastoplastic behavior
and the isotropic damage is made by using the classical effective state variables with
the hypothesis of the total encrgy equivalence. Within the framework of the RFF an
objective set of constitutive equations accounting for both the positive hardening and
damage softening is proposed as a natural extension of the classical infinitesimal
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coupled damage elastoplasticity. The third section of this work is concerned with the
computational aspects of the coupled evolution problem. First the global
equilibrium equations are written in the framework of classical Virtual Power
Principle (VPP) with the eulerian variables. Then an implicit algorithm is used for
an "efficient” integration of coupled constitutive equations. This integration scheme
is carefully discussed on the light of the numerical stability and accuracy in post
bifurcation (softening) stage. Finally the shear band problem is treated with both
initiation and growth stages.

2. Kinematic preliminaries of large deformations

Let a continuum represented in its initial (undeformed) configuration Cq by the
cartesian position coordinates X = (X1, X2, X3). After some loading the body takes
a new current (deformed) configuration C¢ represented by the cartesian position
coordinates x = x (X.,t). The transformation of the body (pure deformation and
rotation) between Cq and Cy is then described by the transformation gradient ¥ given
by :

i
=9X [

The commonly used way to describe anelastic components of strain is the
multiplicative decomposition of the gradient F into elastic and plastic parts F¢ and
PP as initially proposed by [LEE 69] and widely used in the litterature :

F=F°FP=RU = VR {2]

where use has been made of the classical polar decomposition theorem with R being
the rotation (orthogonal) tensor. U and V respectively denote the left and right
strech tensors.

Differentiating eqn. [2] and using the usual definition of the spatial velocity
gradient L leads to the following decomposition of it into a pure strain rate tensor D
and a spin rate tensor W :

L=FFl=pD+W=RRT+RUUIRT [3.a]
D:%(]L+]LT)=%]R(UU'1+U'1U)RT [3.b]
W=%(]L-LT)=%R(UU‘l-U‘lU)RT+RRT 3.c]

where the superimposed dot () denotes the usual material derivative.
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From eqn. [3.c] the spin rate W is the sum of two terms. The first one represents
the non triaxial character of the pure deformation (antisymmetric part of U U‘l).The
second term is the rate of rigid body rotation and is noted 2 = R RT. It is clear

that the first term of eqn. [3.c] is zero if the tensors U and U have the same
principal axes (or the principal axes of D coincide with those of the stretch tensor
V). In that case the spin rates W and £ are identical.

The decomposition in eqn. [2] implies the concept of the virtual unloaded
intermediate configuration Cj which is defined with an arbitrary rotation. To satisfy
the objectivity requirements (frame indifference) there are two possible methods :

a. The undetermination of the rotation of the intermediate configuration is
assumed and some invariance conditions are explicitely imposed to the constitutive
equations. This means that the rotation of Cj does not have any effect in the
constitutive equations. This approach of invariance is called "the intermediate
configuration” approach ([LEE 69], {SID 73] and others...).

b. The orientation of the intermediate configuration is fixed by an adequate
"director frame" related to the microstructure of the Representative Volume Element
(RVE) and governed by an appropriate constitutive equations ((MAN 73], [DAF 79],
[STO 82]). This approach is called the "natural local configuration".

In the present work the intermediate configuration approach is used and the
-objectivity requirements are ensured by using the RFF concept. This approach
widely used in the recent litterature ((LAD 80], [REE 83)], [LOR 83], [DAF 87],
[DOG 89], [HEA 92)],...) uses a rotational transport between the configuration Cg
and Cy with the rotation tensor Q rather then the classical convective transport with
the gradient F. The rotation tensor Q has the same nature then R given by eqn. [2]
and usually Q is taken identical to R.

In this work Q is defined as a rotation between the Global Frame (GF) and a
given Rotating Frame (RF) attached to the RVE by an appropriate manner. It takes
into account not only the rotation between the frames but also the material rotation
due to the deformation of the body. Hence Q appears as an "internal variable" related
to the orientation of the deformed configuration Ct. The evolution law (constitutive
equation) governing this "geometrical" internal variable Q is postulated as in [DOG
89]:

QQT =w, with Q(to) = 1 (4]
where Wg (Wg = - W) is the spin rate of the RF. It is worth noting that if Wq =

W then the corotational frame is recovered, and if Q =R and W = R RT, the
proper rotational frame is recovered.



Anelastic Flow Localization 31

For any second order tensor Z, the objective rotational derivative with respect to
the RF is given by :

Doz ¢
DQt=Z=Z+ ZWy-WqZ (5]
from which the classical Zaremba-Jaumann and the Green-Naghdi derivatives can be
obtained as particular cases.

Using the early defined time dependant rotation Q, the "rotated” second order
tensor Zg is obtained by the tensor Z transforming according to :

z,=QTzQ [6]
and by using eqn. [4] to [6] we have a simple and useful relation between the
derivatives ZQ and 2 :

20=0T2Q y

Hence the first main advantage of this RFF concept is that the constitutive
equations involve only the classical material time derivatives of any objective
tensorial state variables Z; by using eqn. [4] to [7]. Another main advantage comes
from the fact that within the RFF the coupled elastoplastic constitutive equations are
simply formulated in a particular intermediate configuration Cq obtained from Cj by
a rotation Q. Consequently the classical thermodynamics of irreversible processes
with rotated internal variables can apply as in the small strain theory.

3. Finite elastoplastic-damage constitutive equations

In this section a natural extension of the infinitesimal damage elastoplasticity to
the finite deformations and rotations framework is presented using the RFF concept.
The starting points are the elastoplastic constitutive equations with isotropic and
kinematic non linear hardening (see [CHA78] and [LEM 85]) together with the
isotropic CDM theory. The formulation is made using the following hypotheses :

. H1 : the thermal effect is neglected and only the isothermal elastoplasticity is
considered

. H2 : the elastic ‘strains remains vanishingly small compared to the plastic
strains. This is closely followed by ductile metals having an elastic modulus order of
magnitude higher then the flow stress. Consequently the kinematical decomposition
of the velocity gradient is considerably simplified and reduced to the additive form as
in small strain theory. This can be summarized as following :

FC=VC=1+g® with €f<<«1 (8.a]
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L~LE+LP - D ~DE+DP=gJ + DP (8.b]

where €€ is the classical elastic small strain tensor and €’ its Jaumann derivative.

. H3 : the elastic behavior is supposed linear and free from the plastic
hardening effect,

. H4 : the plastic flow is supposed isotropic of Mises type with non-linear
isotropic and kinematic hardening.

. H5 : the plastic damage is supposed isotropic and represented by one scalar.
internal variable in the Kachanov's sense ( [KAC 58]).

- H6 : at the advanced stage of straining and damage (post localization stage)
the isotropy of the anelastic flow is kept as a first approximation.

3.1. State variables

The classical framework of thermodynamics of irreversible processes is used with
only one Observable State Variable (OSV) and three Internal State Variable (ISV) :
* The strain tensor as a unique OSV which is represented by the strain rate
tensor D,
* The three ISV are :

— (r, R) as a scalar variable representing the isotropic hardening
with R being the measure of the yield surface radius.

— (@, X) as a second order (purely deviatoric) tensor representing
the kinematic hardening, with X being the measure in the stress space of the
displacement of the yield surface center.

— (D, Y) as a scalar variable representing the damage phenomena
in the KACHANOV's sense ([KAC 58]). Y is the damage energy release rate [CHA
781.

According to the RFF concept the above tensorial state variables must be
replaced by the following "rotated” state variables indiced Q :

60=QT 6 Q e =QT et Q Do=QTDQ
a=QTaQ Xo=QTxQ [9]

where Q is the rotation between the cartesian frame attached to the RVE and the
cartesian fixed frame as defined in section one, (eqn. [4]).
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3.2. Damage effect : effectives variables

According to the well known concept of the effective stress ([CHA 78], [LEM
85]) together with the hypothesis of elastic energy equivalence ([COR 79]) the
following effective stress and elastic strain tensors are defined :

o= —20__ €€ = 172 &
%= ()12 e =(1-D)12e§ [10]

When used in the state potential these effective variables introduce the damage
effect into the elastic behavior as can be shown later.

This elastic energy based concept is extended by [SAA 92] to the stored energy to
define the effect of the damage in the hardening variables :

~ X ~
Xq= H%_) oo =hy(D) o
(11]
~ R ~ _
R= —h2 ©) r =hp(D)r

where h1(D) and hy(D) are positive scalar valued decreasing functions of the damage
variable D. Their explicit form must be determined phenomenologically according to

the available experimental data [SAA 88]. In this work, for the sake of simplicity,
the functions h1(D) and hy(D) are taken identical :

h1(D) = hy(D) = (1-D)1/2 : [12]

So that the effect of the damage on the elastic and plastic behaviors is the same.

3.3. Constitutives equations

In the reference [SAA93], the authors have proposed a set of phenomonological
constitutive equations based on the thermodynamics of irreversible processes with
internal variables under the small strain hypothesis. These constitutive equations
take into account the fully coupling between thermal effect, non-linear isotropic and
kinematic hardenings, and the CDM represented by a single scalar variable as
specified in §3.2. This model was found to be efficient for the description of the
overall behavior of an anelastic material in both the hardening stage and the
softening one induced by the damage growth.

By using the "rotated" tensorial state variables given by eqn. [9], these
constitutive equations can be extended to the finite transformation hypothesis in the
framework of the RFF [BEN 92].
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For the sake of simplicity only the final form of these constitutive equations
will be given here in the strain space and under isothermal conditions :

State laws
oo=A:ed [13]
2 ~
R=Br [s)
Y=Yg+Yx+YR [16]
-Y0=0’Q!AQ:CQ [17]
1 2 =
-Yx="—"71, Xo) [18]
2C
1 ~
-YR=—-R)? [19]
2B
with KQ = (1-D) A, Z.Q = &'fz , C=(1-D)C and B = (1-D)B are material
properties of the damaged material.

Complementary laws

* If of ‘A.:D_>0= damage-plastic loading :
BGQ Q"7 Q

. Additive split of strain rates :
D, =D§ +D§ [20]
. Small elastic strain (D = €$)

e§= A;zl G+ A&l; S, [21]
. Damage-plastic constitutive equations (large plastic strains)

O, = Lg: ]DQ [22 a}
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o, =Lg: D, (22 b]
r=L;:D, 22cl
D=Lp: D, (24]
Lo=~Q-ﬁt(KQ A Q)<zz>( or Q)--g-f?(a?,f—Q%Q)@%] (23 a]
La_-é(%;xq)®§)% [23 b]
Le=-£ & aiquzxq) 4]
M:%%—f{ a—f—q—:&@ 24 b]
f ?Q < 0 = purely elastic behavior (small elastic strain)
e5=2g . q 25 al
64 =L :D, s
Lg= ;\'Q (26 a]
La=Lr=Lg=0 [26 b]
Where the isotropic yield function f is given under the following form :
f=J2(0,- X)-R-k [27 4]
and the plastic potential F is written as :
Fef+ 20 &) +72R2+ 2 <L i (1.1l>)<1 [27b]
Jg (Z) define, in the stress space, the following norm :
J% (YA =%ZD :ZD [28]

with ZD =Z - % tr (Z) 1 is the deviatoric part of the tenseur Z (Z € {G, X}).
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H >0 is the strictly positive damage elastoplastic modulus given by :

aF 9F OF 9F 1of
T Q] B[(l DR -3y YR

Jf OF af ~,F F A So

+338—Y"+E: (Aq.ac )- 3Y a@ 1D

2
H=: cla D)3
[29]

Note that L (the tangent elastoplastic operator) and Lg are both non-
symmetric rank forth tensors while Ly and L4 are symmetric rank two tensors.

4. Numerical approximation of the coupled problem

In this part the numerical resolution scheme of the initial-boundary value
problem associated to the quasistatic evolution of a structure submitted to external
forces and displacements is presented.

4.1, Position of the evolution problem

Let us consider a structure S occupying at time t the domain Q defining the
current configuration C¢. This structure is submitted to body forces f, surface
tractions F on a part 0QF of the boundary dQF of €2, and imposed displacements
U on the part 0Qy of 9Q (9Qy U IQF = 9Q ; 3Qy N IQF = ¢).

Assuming the initial state of S is fully known, we wish to find, at each time of
the observation period [tp, T], the mechanical fields as defined before i.e. for each
particule of S, x(X, t), 6(x.t), r(x,t), a(x.t), D(x,t). These unknowns are related by
a following equations :

* quasistatic equilibrium equations in the VPP form :

tr [o: D (V¥)] dV + J

£V* dV + J' F V*dS=0 [30]
Qo)

J‘Q(t) IQE()
for any virtual velocity field V* kinematically admissible. D(V*) is the virtual
strain rate.

* constitutive relations in the rotated frame as defined throughout the
equations [20] to [25] ; these relations can be written formally as :

y=g(@." [31]
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where y is the vector of the main variables {GQ, T, Gy D} and g(y,t) contains the
operators Lg, Ly, L, Lg and Dq.
* Compatibility equations

v= x X,T) L=Grad V = %(]L + ]L.T) [32]
* boundary conditions
x=X+u on dQu F=c.n on 0QF [33]

* initial conditions
xX0=X ox,0=0 r(x,00=0 «(x,0=0 dx,0=0 [34]

Eqgns. [30] to [34] define a highly non-linear evolution problem wich can be solved
numerically as will be summarized hereafter.

4.2. Global resolution scheme

The strong non-linearities of the problem and the differentiel form of the
constitutive relations suggest to divide the time period [tg,T] into time intervals [tp,
th+Aty] (step-by-step method). Assuming all the mechanical fields known at time
tn, we have to find these values at time t, + Atp.

Using the finite element method with isoparametric elements and the galerkin
approximation, the equilibrium equation (eqn. [30]) at time t + Aty can be formally
written :

R (G Xjtn + Aty)) =0 [35]

where R is the equilibrium residual, function of the stress tensor and the position of
each particule. In fact R is a function of the only nodal unknowns x;.

To solve eqn. [35], a classical Newton-Raphson scheme is used, to build out
successive approximations xz( (tn + Atp) of the solution xj (tn + Aty) by :

0
xi = xj (tp)
xiﬁl (tn + Atp) = xi‘ (tn + Atp) + Ax [36]

Kl Ax= - R (x)
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k

[KT]xi =[%—9:]x:‘ is the tangent stiffness matrix at point xli(.

The computation of R and the matrix [KT] for each iteration requires the value of
the stress tensor G(tp+Atp) at each integration point. This is obtained by integrating
eqn. [31] over the time interval as will be discussed hereafter.

4.3. Local integration of the constitutive equations

As discussed in section one, the constitutive relations take a simpler form in a
rotated frame defined by the rotation QQ and make use of the deformation rate tensor
D. In order to determine Q and D, it is necessary to characterize the kinematics on
the time interval, when the position at time t, and some approximation of this
position at time ty + Aty are known. This can be done in scveral manners, as
discribed in [BRA 85]. In this work, a linear evolution of the transformation gradient
F is assumed :

F(0) =27t + Aty - 0 F (xi () + (0~ tn) F (xi (i + M)l [37]

from which the computation of the tensors L, D and W is made possible using eqn.

. At .
[3]. Moreover I is taken as a constant equal to D(ty + Tn), which ensures the

incremental objectivity [HUG 80].
The computation of Q depends on the choice of the objective dertvative :

— for the corotational derivative, Q is obtained by integrating eqn. [4]
using the gencralized middle point rule :

A
Qm—m-wmwtﬂlun—W%+—ﬂHQM) (38]

— for the proper rotation derivative, Q reduces to the rotation R resulting
from the polar decomposition of F (eqn. [2]).

In the RFF, the constitutive relations are given by eqn. [31]. To integrate them,
a semi-implicit algorithm with an automatic time substep control is used. The
algorithm developped by {DEB 88], for non-damaged elastoplasticity, was modified .
to increase the numerical efficiency : the substep size control has been simplified and
a return radial procedure has been implemented to ensure the verification of the
plastic criterion at the end of each substep, which is particularly necessary in the
softening stage ([BEN 91], [BEN 92]). The box 1 gives the main steps of this
algorithm.
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For each substep [t, t + 8t] in the intervalle [ty, th + Atp]
a) discretize eqn. {31] using an Euler scheme and the generalized trapeze method in
G(y(t+80) = y (1+31) - y(1) - 8t [(1-0) g(y(D).1) + 6 g(y(t+81), +60)] = 0
6e [0,1]
b) compute y (t + 8t) by and Newton-Raphson (NR) scheme such that :
| G (y (t+80) |<enr
and
*number of iterations of NR scheme < NITERMAX
ENR 1is the required accuracy and NITERMAX the maximal number of
iterations for the NR scheme
If both conditions are fullfilled
c) compute y* (t + Ot), with a radial return method such that :
f[y* (t+6t] <&y
gy is the required accuracy for the yield function .
go to a) for a next substep of same size
else

¢) reduce dt into :
ot = — DR 5
|G (8t |

go to a)

Box 1. Main steps of the proposed algorithm

Since the unknowns at time tp, + Aty are computed in the RF, they are obtained
in the global frame by using the inverse transformation with QT.

4.4. Numerical test

Before the implementation of the above discussed algorithm in a standard general
purpose finite element code some numerical patch tests were brought out for the
validation of the algorithm. The details of this numerical study can be found in
[BEN 91] and [BEN 92]. Here we limit ourselves to the integration of the coupled
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constitutive equations (eqn. [20] to [25]) in a given RVE (material point) using the
following parameters values ([BEN 92}) :

— Isotropic elasticity : E =200 000.0 MPa ; v = 0.33
— Yield limit : k = 263.7 MPa
— Isotropic hardening : Q=3003.4 MPa
b=159
— Kinematic hardening : C =10 000.0 MPa
a=200
— Isotropic damage : S =08 MPa
s=10
o=1.0

The RVE is subjected to a simple elongation (plane strain) defined by the trans-
formation gradient :

1+A(t) 0 0
F= |:0 L(1+A(t) O :l (39]
0 0 0

where A(t) is some time dependent loading parameter. The results are summarized in
the figures 1 to 5 (see figures at the end of this paper, § 7) where both the coupled
and uncoupled cases arc compared. The figure 1 shows the variation of J 2(@‘Q) VErsus

the accumulated plastic strain defined by :
2=2pp:o 40
p*=73 DR:Df [40]

For the coupled case the stress starting from the yield stress k = 263.7 MPa,
increases with increasing hardening, reaches a maximum values Jz(@’Q)max ~325.0
MPa and goes to zero when damage approches D¢r = 1. Figures 2 and 3 show the
same behavior for the hardening stresses J2(XQ) and R. Note that this is not the case

in the thcory used by [LEM 85} and by many other authors where the internal
stresses X and R remain unaffected by the damage.

The figure 4 shows the variation of the damage D versus p. The damage is
overestimed in the uncoupled case. Finally the figure 5 shows the variation of the
modulus H versus p. Clearely, H is always positive and is a decreasing function of
the hardening variable. But in the coupled case H reaches some minimum value as
described in the same figure [SAA 93].
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5. Application to the flow localization prediction

The above developped model was implemented in the general purpose finite ele-
ment code SIC available at the university of Compitgne ((AUN 90-1], [AUN 90-2]).
Many numerical examples were treated as can be found in [BEN 91] or [BEN 92].

Since the main purpose of the present paper is to study the anelastic flow
localization in finite elastoplasticity with damage, we limit ourselves to the well
known shear band problem. This example is provided to show the capability of the
proposed model (fully coupled damage-elastoplasticity at finite strain) to predict the
shear band initiation and growth.

Consider the initially homogeneous plane strain plate represented in figure 6a.

This plate is submitted to the constant displacement rate U = 0.001 mm/s as
shown in the figure 6b. All the numerical calculations are made using the following
material parameters corresponding to a mild steel [BEN 91] :

— Isotropic elasticity : E =200 000.0 MPa ; v=0.3
— Yield limit : k = 400.0 MPa
— Isotropic hardening : Q =1000.0 MPa
b=150
— Isotropic damage : S = 1.0 MPa
s=10
a=1.0

Also the corotational derivative is used.

Because of the suspected dependance of the shear band width on the initial mesh
size (see [BAZ 871, [SAA 87], [ORT 87}, [BILL 87], etc.), different meshes
involving 8 nodes quadrilateral elements were used as presented in the figures 7. Six
nodes triangular elements were also used and gave the same results concerning the
initiation and the growth as well as the orientation of the shear band [BEN 92].

A first trial of computations was performed using homogeneous boundary
conditions as shown in the figure 8 ; only the displacements in the y-direction are
imposed. In this case the localization of the damaged-plastic flow seems to be
mainly governed by the numerical accuracy of the integration sheme. In fact, many
numerical tests show that the localization is due to the very small variation of the
Young’s modulus, itself caused by the small damage gradient [SAA 88]. Some
typical results representing a possible localization mode are given in the figures 9,
in the case of the mesh 1. At the early stage of loading (fig. 9a), the damage
localizes along the line ABCDE, while near the final fracture a high damage
localization is observed in the lowest band AB (fig. 9b). This gives a more
pronounced necking inside the band AB as shown by the corresponding deformed
configuration (fig. 10). On the figure 11 is reported the global force-displacement
curve where the symbol () indicate the situation of the figures 9a and 9b.

A second type of numerical simulations is concerned with the same plate but the
displacements in the x-direction are imposed to zero. This corresponds to the
experimental conditions of the tensile test. Some typical results are summarized in
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the figures 12 to 16. As a first observation we can note that the necking appears and
grows in the middle of the specimen similarly for the three meshes as proved in the
figures 12.

The isovalues of the damage and the accumulated plastic strain are presented for
the three meshes just before the final fracture (fig. 13, 14, 15). It is worth noting
that the localization occurs along two crossing bands AB and CD oriented with
approximatively 45° from the y-direction, and independantly of the mesh size. The
high localization of damage rising to a macroscopic crack is mesh-dependant : it
takes place along the bands AB for the mesh 1, CD for the mesh 2 and CB for the
mesh 3.

The global force-displacement curves are found to be similar for the three
meshes. An example corresponding to the mesh 3 is given in the figure 16. It is
worth noting that the final fracture occurs much earlier in this case (Upax = 0.153
mm) then in the previous one (Umax = 0.277 mm) while the maximum reached
forces are the same. The figure 17 shows a typical local response (stress versus
accumulated plastic strain p) for two different points P1 and P2. As depicted in
figure 12.a the point P2 is located inside the localized zone while P1 is located
outside. Before localization the points P1 and P2 have the same local responses.
However, after localization P2 is in plastic-damaged loading (softening due to
damage growth) while P1 is elastically unloaded. The figure 18 illustrates the
evolution of local damage in point P2. The damage in point P1 is negligeable equal
to 5.10-3 at the incepient of the unloading.

6. Conclusion

A new energy based coupled elastoplastic damage constitutive equation
developped in [SAA 93] is generalized to the large strains and rotations using the
RFF framework. This allows to separate the geometrical non linearities (large
strains and rotations) from the material ones (non linear hardening, damage...) and
ensure the objectivity requirement. The formulation of the coupled constitutive
equations is then made in the rotated framc using the thermodynamics of irreversible
processes with internal statc variables as under the classical small strains theory.

The associated variational formulation uses the updated langrangian setting with
the eulerian stress and strain variables. The stiffness matrix is calculated numerically
by using the numerical perturbation technique wich is independent from the used
constitutive equations. The global solution is advanced step by step using a classical
incremental iterative Newton-Raphson method.

The presented results show clearly both the ability of the proposed approach to
trigger the initiation and the evolution of the shear band without any initial
perturbation technique and the efficiency of the obtained numerical tool for the
prediction of the damaged elastic flow localization. This can be uscd for entire
structure life prediction (behavior, crack initiation and evolution) in the framework
of an appropriate non local formulation as can be adressed later.
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Figure 2. Coupled and uncoupled kinematic hardening stress-strain curve
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Figure 4. Coupled and uncoupled damage-strain curve
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Figure 6. Geometry and boundary conditions of the plate
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Figure 7. Spatial discretisations of the plate

Figure 8. “Homogeneous” boundary conditions
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Figure 10, Last deformed configuration for “homogeneous” boundary conditions
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Figure 13. Final damage and accumulated strain distributions for the mesh n° 1
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Figure 14. Final damage and accumulated strain distributions for the mesh n° 2
(U=0.185mm)
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Figure 15. Final damage and accumulated strain distributions for the mesh n°3
(U=0.153mm)
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Figure 16. Global force-displacement curve (mesh 3)
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Figure 18. Damage evolution curves for the point P2
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