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RESUME. On utilise une technique d'éléments finis stabilisés Petrov-Galerkin pour la
résolution des équations de Navier-Stokes et de k — €. La comparaison avec des solutions
analytiques et des données expérimentales montre que cette technique est une bonne
alternative pour le calcul d'écoulements turbulents autour de configurations complexes. En
particulier, la simplicité de la formulation ainsi que la simplicité d'une généralisation au 3D
rendent cette approche d’autant plus attrayante.

ABSTRACT. The conservative Navier-Stokes and the k — € equations are solved using a
stabilized Streamline Petrov-Galerkin technique. The stabilization techniques employed are
described and several numerical examples are reported. Comparison with analytical or
experimental data for these cases shows that this technique may be a good alternative for
computing complexe configurations of turbulent compressible flows. Specially this approach
seems to be interesting because the simplicity of its formulation and also a possible easy
extension to three dimensional configurations.
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1. Introduction

The SUPG (streamline-upwind/Petrov-Galerkin) stabilization for compressible
flows was first introduced, in the context of inviscid flows, in a 1982 NASA re-
port by Tezduyar and Hughes [TEZ 82]. Since then, the SUPG formulation
was successfully applied to inviscid and viscous flows based on both the conser-
vation and entropy variables formulations [HUG 84, MAL 85, HUG 86a, HUG
86b, HUG 86¢, BAE 91, BEA 92, ALI 92a, ALI92b]. It was shown, based on
a set of test problems, by Le Beau and Tezduyar [BEA 91] and Le Beau et
al [BEA 92] that, the SUPG formulation based on the conservation variables,
supplemented with a shock capturing term, yields solutions which are not only
Jjust as good as but also barely distinguishable from those obtained with the
entropy variables [MAL 85, HUG 86a, HUG 86b, HUG 86¢c]. The SUPG sta-
bilization based on the conservation variables was also successfully applied, by
Aliabadi and Tezduyar [ALI 92b] to viscous flows involving moving boundaries
and interfaces.

In this article, we extend the SUPG formulation of viscous compressible flows
based on the conservation variables [ALI 92a] to turbulent compressible flows
with the k — € model [LAU 72]. The k — ¢ model we use is an extension to
compressible flows of its incompressible version [MOH 90, CAR 91, MOH 91a).
It is however well known that the k — ¢ model is not valid in the vicinity of
solid boundaries. Therefore, to avoid near-wall difficulties we use the two-layer
approach developped by Mohammadi in [MOH 91a, MOH 91b]. This technique
consists of using the k — ¢ model only in the high Reynolds regions. On the
other hand, in the low Reynolds regions a one-equation model is used. This
technique is more complicated than a simple wall laws technique but more
practical than a low Reynolds two-equation model. Our experience shows that
the solutions obtained by this approach are less mesh dependent than those
issued from low Reynolds two-equation model computations. This is because
the turbulent quantities (especially €) have very large gradients in the sublayer
and then require considerably more grid points to be accurately computed.
Moreover, these techniques have other interesting features. For instance, both
of the SUPG and the two-layer techniques are easy to generalize to three di-
mensional cases and also easy to implement on massively parallele architectures
[BEH 92].

In section 2, we describe the compressible Navier-Stokes and the k—¢ equations.
Sections 3 and 4 are devoted to the description of the numerical methods and
stabilization techniques. In section 5, four numerical examples from turbulent
flows are presented. More precisely, we first validate the solver on the classical
case of the flow over a flat plate. Then three complex configurations involving
separation and compressibility effects are treated. In the first one we consider
the flow over a cylinder and the second and the third cases consist of the
flow around the NACA 0012 airfoil at two different angles of attack and Mach
number.
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2. Governing Equations

Let U = (p, pui, puas, pe, pk, pe) be the vector of conservation variables. We
consider the Reynolds averaged Navier-Stokes equations and the k — ¢ eddy-
viscosity model in conservation form:
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which contains the RHS of the turbulent equations. The viscous stress tensor
components are defined as:

ms= #101[23—: - 2(V.u)], (5]
12 = #zot['a—' Buz;]’ [6]
T22 = Hiot [2 - —(V u)], (7]

where

= (y - 1)pi, 8]
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Moreover, we have two turbulent modelling constants Pr; = 0.9 and o, = 1.3.
Here p is the viscosity of the fluid given by the Sutherland law’s, &, is the total
thermal conductivity, Pr and Pr; are respectively the laminar and turbulent

Prandtl numbers and S; and S, are defined as:

In high-Reynolds number regions
Sp = %qu + Vul|? - pe,

€2

k
clp —|Vu+ Vu'|? ~ cap = e

Se =

The eddy viscosity is given by
k2
Bt = C#P?

where ¢; = 0.129, c2 = 1.92 and ¢, = 0.09 are modelling constants.

In low-Reynolds number regions

Sy = £2—‘qu + V| — pe,

S. = 0.
In this region, ¢ is defined from k by the following expression:
k3
T
and
e = cupVkl,.
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1, and [, are two length scales containing the damping effects in the vicinity of

the wall:
-3/4 —y*
ly = ke y(1 - e:cp(—c N,

(20]
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+
I = ke ¥/y(1 - ezp(-——2:cl_3 ) [21]
")

where yt = \/Eyp/ 4 is a local Reynolds number based on the distance to the
wall and ¢ = 70 and k& = 0.45 are two modelling constants. This two-layer
approach is the generalization to compressible configurations of the technique
introduced in [PA 88). It has already been widely validated in [MOH 91a).

Matching conditions

The previous regions are defined through two conditions. A first condition
based on the level of turbulence in the flow and a second one based on geomet-
rical considerations. The level of turbulence is defined through y*. A point is
considered to be in the high-Reynolds number region if yt is big, otherwise it is
considered to be in the low-Reynolds region. For our computation the frontier
is set at y* = 200. As Patel [PA 88], we found that changes around this posi-
tion slightly affect the results. From a computational point of view, to define
yT, we need for each point in the mesh, its normal distance to the wall: y. So,
we compute the minimum distance between them and the wall-nodes and we
use of this quantity instead y. Our experience shows that despite this is not
exact, it is sufficient and the method is not greatly affected by this operation.
Another remark is on the conveniency of the method because we don’t need
the friction at the wall to compute y™.

Now concerning the geometrical condition: consider an external flow, usually
the flow is laminar in regions outside boundary layers or wakes and the previ-
ous condition defines such a region to be a low-Reynolds number region. But,
it is clear that for these regions the k — ¢ model is more suitable. Therefore,
we ignore the first condition if the point is far from the wall. To give an idea,
in the case of the flow around an airfoil of chord L, the limit is set at L/10.

Initial and boundary conditions

Let I denotes the boundary of the computational domain © which is around
(or adjacent to) a solid body B. We need to associate with (1) a set of initial
and boundary conditions.

The flow is considered to be uniform at the inflow boundary:
P =Py U=U, T =Ty, k=ky, €=¢c. [22]

On the solid boundary I'g we assume no-slip condition for 4 and homogenous
Dirichlet condition for k, and either the adiabaticity or a specified temperature:
aT

u=0, T=T, or a—n=0, k=0. [23]
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Specifying ¢ at the wall is not necessary. Indeed, in the low-Reynolds number
regions we compute ¢ by (18) to specify its boundary condition in the high-
Reynolds number regions. Therefore, no boundary condition is necessary for ¢
at the wall. However, (18) degenerates at the wall. We simply avoid computing
¢ at the wall. The initial condition can be a uniform state

p(2,0) = poo, u(2,0) = teo, T(z,0)=To, k(z,0)=ke, &(2,0)=cc.
[24]

Quasi-linearized system

For numerical implementation, we will consider the quasi-linear form of (1).
For i,j = 1,2, we have:

ou ou (7] ou
o0 T 4a ~ aa, (K 6_9:,-) = 5(U) [25]
where oF oU
Ai=2E and K, =N

au ‘"% Ty

Associated with the system (25), we assume we have an appropriate set of
boundary and initial conditions.

3. The Finite element formulation

Let Q" be a finite element discretization of Q into elements T, withe = 1, .., nel.
We define the finite element interpolation function spaces S* and V* using P?
elements for the trial solutions and weighting functions, respectively. These
function spaces are selected with the Dirichlet boundary conditions in mind, as
subsets of [H!(92")]¢, where H!(Q") represents the finite dimensional function
space over 2%. The SUPG finite element formulation can be written as follows:
find U® € S* such that V®* € V*

Ub,, —Ub aU,,
Ah q,h(_ﬂ'lAt__ (A')h +1 + S.—(Uh)U,':_'_l)dz [26]
+ ((K., )h B0y )dz [27]
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nel

= / <I>"S+(U")U"d:c+z / T(AT)"a<I> SHUMUtde [30]

where (26) and (27) represent the Galerkm part of the formulation, (28) the
SUPG stabilization term, (29) the discontinuity capturing operator and (30)
contains the contribution of the positive part of the right hand side. In this
scheme, the right hand sides of the k — ¢ model are treated semi-implicitly.
More precisely, we have writen that

S = (SH)RUR = (ST )hUni [31]
where St and S~ are diagonal matrix defined by:

S+ S&

(S*)* = Diag(0,0,0,0, - ) and (S™)* = Diag(0,0,0,0, 55

%
Us

(32]
with S, Sy (resp. S¥, S;) the positive and negative part of Si (resp. S;).
This splitting of the right hand side in positive and negative parts enforces the
stability of the scheme and the positivity of £ and ¢ [MOH 90].

The implementation of the previous scheme is done in term of increment of U
(68U = U,’,‘_,_l — UM). In other words, at each iteration we have to solve

M6U =b. [33)

This implicit system of equations is preconditionned by the 6 x 6 block-diagonal
part of M and is solved by a linear GMRES approach [SAA 89, SHA 90].

4. The SUPG and shock-capturing operators

In this section, we describe the SUPG and shock capturing operators used in
the stabilized formulation (26)-(30).

The SUPG operator 7

The SUPG operator 7 used in this formulation is based on the one developped
by Aliabadi et al [ALI 92b] for viscous flows.

_ maz(ah; |5;|)
T e+ |ufl

where h; the element lenght in the z; direction, a a parameter controling the
stability and accuracy of the scheme (& = 0.5 in the present), ¢ is the local
speed of sound, u = (uy,u2) and 8 = (6, B2) is defined by:

VI
T IVIVIE =il

for i=1,2 (34]

[35]
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The shock capturing operator §

The shock capturing operator é is defined by:
6 = diag[éns,6ns,0Ns,0Ns, bk, 6c]. (36]

In (36), 6ns is the shock capturing operator used for the Navier-Stokes part of
the conservation variables which is derived from the shock capturing operator
proposed for entropy variables [HUG 86¢] by reverse transformation[BEA 91]:

- 1/2
A..a_U_Aal_A.a_U

P dz; 7 9z

R T a0 i1 94 a0

61!] 62!_, 0 8171: 6:!:‘,

37}

where Ag?' is the jacobian of the transformation from the conservation to en-
tropy variables.
On the other hand, é; and é. are defined as:

NG
14:(5, ) g~ (Il 1 A:(6, J) (J)”z
6k = ”6& 6plc” and 6€ = “ﬁgp_&‘” . [38]
dz; dz; '’ dz; 9z; '

Overall optimization

This section is devoted to the description of some of the techniques we use
to optimize the numerical diffusion introduced above. A first optimization
can be done by remarking that in regions where the solution is smooth the
numerical viscosity introduced by the SUPG operator is sufficient and that
on the other hand, the numerical viscosity introduced by the discontinuity
capturing operator is dominant in shock regions. Therefore, to enforce the
consistency of the scheme, we choose the SUPG operator by:

7= Maz(0,7 — 6A). (39]
where 1
A= ——————-—-—(c T A [40]

Another optimization of the SUPG operator consists of removing the numerical
viscosity where the physical (sum of the turbulent and laminar) one dominates.
For this, we rescale T by the following function:

f(Pe)=1 if Pe>3 and f(Pe)= %E elsewhere [41]

where Pe is the mesh Peclet number.
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5. Numerical examples

In this section we present some numerical results illustrating the ability of the
finite element Navier-Stokes solver for computing compressible turbulent flows.
We first present results for the classical case of the flow over a flat plat. The
second case consists of the flow over a cylinder and in the two last cases we treat
the flow around a NACA 0012 at two different incidences and Mach numbers.
For all these cases, the convergence to the steady state solution was deemed to
have occured when the global error based on the maximum difference between
the values of all the variables in two successive iterations dropped by 4 orders
of magnitude.

Flow over a flat plate

The first problem presented is a turbulent flow over a flat plate at Mo, = 0.5
and Reooym = 3.2 X 10%. The mesh used for this case contains 3570 nodes.
The first point is placed at 10~%m. Figure 1 shows the velocity profile and
figure 2 the skin friction coefficient. The computed horizontal velocity and
skin friction coeflicient are compared with the theoretical % power law and
(0.0375Re(x)~ /) respectively. In both cases, the agreement with analytical
solutions is quite good. As we have computed the flow up to the wall, the
power law profile does not match the computed velocity profile in the near-wall
region. For this computation we make the assumption that the transition from
laminar to turbulent is done between ¢ = 0.12m and z = 0.15m. For this
reason, we multiply the eddy viscosity by a function varying from zero to one
through this zone. This explain the fast variation of the skin friction coefficient
in this area.

Flow past a cylinder

The second problem studied consists of the flow past a circular cylinder in
the super-critical Reynolds number range. The free stream Mach number is
My = 0.3 and the Reynolds number Reoo/m = 1.8 x 10%. As we are looking
for the steady state solution, we consider the flow past only half a cylinder.
The cylinder is centered in z = 0,y = 0 and its diameter is two meters. The
experimental data[ACH 68] show that the boundary layer changes without any
intermediate state from laminar to turbulent. The transition point is located at
about £ = —0.27m. Therefore, in the laminar part of the boundary layer (for
z < —0.27m) the eddy viscosity is set to zero. For this case we use a polar grid
extending to 6 diameters away from the cylinder and having 121 x 101 nodes.
The first grid point is located at y = 10~3m. On the cylinder, no-slip boundary
condition is used for u and k. On the center line, symmetry boundary condition
is assumed for the velocity and homogenous Neumann boundary condition for
the other quantities. Dirichlet boundary condition is used for all of the variables
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on the first quarter of the external boundary (for z < 0):
p=1, u=1l v=0 T=Ty, k=ken €=t

With koo = €co = 10™%. The pressure coefficient (Cp = 2(p — Poo )/ (poo2,)) on
the cylinder has been compared with experimental data [ACH 68] in Figure 3.
As expected [MAJ 85, MOH 91a] the base pressure is over estimated specially
in the separated region. Figure 4 shows respectively a partial view of the mesh
and the iso Mach and the turbulent kinetic energy contours. This case shows
however the robustness of the method.

Flow past a NACA 0012

Now we treat two configurations of transonic flows around NACA 0012 airfoil
from the Viscous Transonic Airfoil Workshop [HOL 87] held at the ATIAA 25th
Aerospace Sciences Meeting at Reno, Nevada in January 87. For both cases
the chord is one meter. Experimental data for the pressure coefficient on the
airfoil surface are available[HAR 81]. The meshes used in both cases have the
same number of nodal points and elements (8062 nodes and 7876 elements).
The first point is located at arround 10~*m from the body.

In the first case the free stream Mach and Reynolds numbers are M, =
0.7, Reoo = 9 x 10° and the angle of attack is 1.49 degrees. For this case the
flow is attached and supersonic near the leading edge upper surface. Figure 5
shows the finite element mesh and its close-up view. The computed pressure
coefficient is compared to the experimental data in Figure 6. Iso Mach, k and
¢ contours are shown in Figure 8. This computation has been done without
taking into account the transition from laminar to tubulent.

For the second case the free stream Mach and Reynolds numbers are My, =
0.55, Reoo = 9 x 10° and the angle of attack is 8.34 degrees. This is a complex
configuration for the following reasons: a supersonic bubble is well forward on
the airfoil upper surface, the flow is slightly separated at the foot of the shock
and the angle of attack is about one degree below the maximum lift value. The
computed pressure coefficient is compared to the experimental data in Figure
7. The agreement is quite good except for the upper surface region near the
leading edge. It seems that this is due to the fact that this computation has
been done without taking into account the transition from laminar to tubulent.
The maximum Mach number in the supersonic region is 1.06. Iso Mach, k and
€ contours are shown in Figure 9. As for the flow past the cylinder, the scheme
seems to be dissipative near the minimum pressure location. We have tried
to refine the mesh near the body to remove as much as possible the artificial
viscosity but soon we have encountred stability problems.
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6. Summary and Concluding Remarks

An implicit finite element method for solving the compressible Navier-Stokes
and k —¢ equations has been presented. A two-layer technique has been used to
avoid near-wall difficulties. Numerical results illustrate the development and
validation of the solver. QOur experience shows that this SUPG technique is
more sensitive to the presence of highly streched elements in the mesh than a
Characteristic-Galerkin or a Finite Volume-Galerkin method [MOH 90, CAR
91, MOH 91a, MOH 91b)]. Typically, it is recommended to avoid aspect ratio
of more than 500. Such elements are often needed in high Reynolds number
situations to accurately capture the boundary layers when the flow is computed
up to the wall. Therefore, a wall law’s technique should avoid this problem.
Furthermore, the simplicity of the formulation makes this stabilized finite ele-
ment approach easy to extend to three dimensional configurations. However,
in [CHA 92], Mallet and al present several computations of turbulent flows
on highly streched meshes using a Galerkin Least Square solver based on en-
tropy variables. Therefore, more investigations are necessary to see why our
formulation based on conservation variables fails at this point.
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Figure 1. Flow over a flat plate : velocity profile (+ theoretical)
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MESH (PARTIAL VIEW)

4.0

3.0

0.0

MACH CONTOURS

4.0

-2.0 -1.0 0.0 1.0 2.0 4.0 S.0 6.0 7.0 8.0

K CONTOURS

Figure 4. Flow past a cylinder : partial view of the mesh, iso Mach number and
k contours
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Figure 5. Flow past a NACA 0012 : finite element mesh and the close-up view of the
mesh
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Figure 6. Flow past a NACA 0012 at Mach 0.7 : Cp, on the airfoil surface (@ from
[HOL 87])
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Figure 7. Flow past a NACA 0012 at Mach 0.55 : C,, on the airfoil surface (® from
[HOL 87])
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Figure 8. Flow past a NACA 0012 at Mach 0.7 : Mach number, k and & contours
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Figure 9. Flow past a NACA 0012 at Mach 0.55 : Mach number, k and & contours
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