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ABSTRACT. In a recent paper a finite element method for solving the three field Stokes system
as a basis for the numerical solution of viscoelastic fluid flow problems was introduced. The
method constructed upon a biquadratic velocity, a discontinuous linear pressure and a
bilinear extra stress tensor interpolation in quadrilaterals, enriched with fifteen bubble
tensors, has been proved to yield second order approximations of these variables, in the case
of rectangular meshes. In this work equivalent results are proven to hold in the case of
irregular meshes.

RESUME. Dans un article récent a é1é introduite une méthode d'éléments finis pour la
résolution du systéme de Stokes a trois champs en tant que base pour la simulation numérique
d’écoulements de fluides viscoélastiques. Cette méthode, basée sur les interpolations
biquadratiques pour la vitesse, linéaire discontinue pour la pression et bilinéaire enrichie
avec quinze tenseurs bulle pour le tenseur d’'extracontraintes sur des quadrangles, fournit des
approximations du second ordre de ces trois champs, dans le cas d'éléments rectangulaires.
Dans cet article, on démontre des résultats analogues dans le cas de maillages irréguliers.
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1. Introduction

An accurate numerical solution of the three field Stokes system is generally
acknowledged as a basic requirement to be fulfilled by any candidate finite ele-
ment method for a successful simulation of viscoelastic flows. Let us recall that
in the case where the velocity vanishes on the boundary of the flow domain Q2
of R? assumed here to be a polygon, such a system in variational form may be
expressed as problem (1), namely:

Find o € [L2(Q)]%22, u € [H}(N))? and p € L*(R)/R such that \
—(0,£(v)) + (p, div v) = (f, v) Vv € [Hy(Q))? ‘
(o, 1) = (1, E(w)) =0 vr € [L3(Q)]222, (
(g,divu)=0 Vg € L(2)/R )

where (.,.) represents the standard inner product of L?(Q), f is a field of given
body forces, n is the viscosity of the fluid and u, o, p represent the velocity,
extra stress tensor and pressure fields respectively. As usual £(v) denotes the
symmetric gradient of a vector field v.

In a recent work, SANDRI [SAN 91} proved that, at least for viscoelastic
fluids of the Oldroyd B - type, second order finite element methods for system
(1) do produce convergent approximations, though of order 3/2. At the present
state of the art, it may be legitimately conjectured that a similar conclusion
applies to Maxwell fluids as well, although in this case some compatibility con-
dition between the approximation spaces for u and ¢ such as (3) given hereafter,
must be necessarily satisfied ( see e. g. [RUA 85] ).

In [RUA 91] and [RUA 93] two optimal three-field quadrilateral finite ele-
ment methods to solve system (1), with a continuous extra stress representation
were proposed and studied. Notice that, while such a continuity property is gen-
erally required in viscoelastic flow simulations, some degrees of freedom must be
attached to the interior of the elements in order to satisfy the above mentioned
condition. However, in those works the methods were only proved to converge
in the case of rectangular meshes. In this paper the author proves that the el-
ement introduced in [RUA 93) is second order convergent in the natural norms
for system (1), in the case of irregular meshes too. As pointed out above, one
may expect that SANDRI’s results [SAN 91] for Oldroyd - B fluids do apply as
well to this new element, even in the case of a Maxwell fluid.
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2. The New Finite Element Method

Let {Ty}x be a family of partitions of §2 into non degenerated convex quadri-
laterals, satisfying the usual quasiuniformity conditions. For the later conve-
nience, we define h =maxgc7, hig, where hy is the maximum edge length of
quadrilateral K € 7. We recall below the natural approximate problem for
system (1), associated with every 7j,:

Find (oh, un,pn) € Th x Vi X Qa, such that )

—(on, E(v)) + (pn,divv) = (f,v) Yv €V

¢ (2)
71,—7(6;.,1')—(1',8(14,,)):0 VreTy

(gdivup) =0 YgeQn )

where (. ,. ) denotes the standard L?(f2) inner product, and Qs = Qn /R,
Vi and Qh being defined as in two well-known mixed methods for solving the
Stokes system in terms of velocity and pressure (see e.g. FORTIN & FORTIN
[FOR 89] and BERCOVIER & PIRONNEAU [BER 79] respectively ), namely:

o V4 : In both cases the velocity space is based on standard Lagrangian
isoparametric biquadratic functions for quadrilaterals with straight edges.

e Qj is either the space of (discontinuous) functions which are linear over
each quadrilateral of T;,, or the space of continuous piecewise isoparametric
bilinear functions, associated with 73,.

Like in [RUA 93] space T is defined as the direct sum of two spaces T}
and T7Z. Here T} is the space of standard Lagrangian isoparametric bilinear
symmetric tensors associated with 7,. T)? in turn is the space of tensors that
vanish on the boundary of the elements of 7}, spanned by fifteen tensors to be
specified later on. For the moment, let us just recall that according to [FOR
88] and [RUA X], the following compatibility condition, leads to optimal second
order convergence results for problem (2), with the above definition of Vj, T}
and Q:

There exists a strictly positive constant 3 independent of h such that:

inf sup (7, E(v))
veVh—{0} reTh-{0} Jifope 27

where || . |lo = (.,.)% and [v|, = ||grad vl|o-
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According to [FOR 88) and [RUA X], the key steps to establish condition
(3) may be described in the following manner:

Consider an arbitrary quadrilateral K of 7. Let K be the unity reference
square (-1, +1) x (-1, 1) in the cartesian plane (O, &, §) and Fk be the invertible
bilinear mapping from K onto K.

Let now {£; EK }'_1 be a set of linearly independent tensors defined in )¢ , such
that the restriction to K of £(v) for any v € V;, may be expressed by

M

E(v)/k o Fk = h_ Za, EK (4)

where @ = {a,-},’-‘; ; is & vector of real coefficients and Ji is the jacobian of Fg.
Assume that the LZ(I? )-norm of EK is bounded above independently of hy.
Now define M ]mea.rly independent tensors {o;}{, independent of h that vanish
on the boundary of K , such that the M x M matrix A = {ai;},

ai; = /I?EIK g; dzdy, (5)

is invertible. Here the dot denotes the standard inner product of R' ,1> 1.
In this way we shall define space T}? to be the one of tensors whose restriction
toevery K € T, belongs to the space spanned by {a’K }7L1, where ol = ojoF gt

J
In so doing Vo € T}, we have :
ok = Z'yj a';( VK eT,

where ¥ = {v;}]., is a vector of real coefficients, and

(o, E(v)) = Z E'y,/ E(v)dK = Z hg AF. &

KeT, j=1 KeTy

According to the arguments developped in [RUA X], since all the coefficients
of matrix A are bounded above by constants independent of h by assumption,
the fact that | det A | is bounded below by a non zero constant independent of
h is all that is needed to establish (3). In fact this is a consequence of the fact
that in this case ||A~!|| is bounded above independently of h.

Actually among several different possibilities, the space T} selected in this
work , is the same as the one used in {RUA 93] for the case of rectangles. More
specifically this space is locally spanned by fifteen symmetric tensors {a’" ]‘51
associated through mapping Fx with the tensors {o;}}2, defined in K as fol-
lows :

First set ¥(z,y) = (1 — 22)(1 —¢*) , and next
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o; = ‘I’?_,‘ fo'r]: 1,15 (6)

where the a"j;- referred to the frame (O, &)%) to be defined in Section 3, are
represented by:
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As shown hereafter, the so-defined space T} is such that not only matrix A
defined by (5) is invertible but det A is bounded below by a non-zero constant
independent of h. According to the arguments above the associated space T}
satisfies condition (3) as required.
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8. Convergence Results

Let us first recall the following results for rectangles given in [CAR 91], [RUA
93] and [RUA 92].

Assume that 7} consists of rectangles whose edges are parallel to the carte-
sian axes O% and Oy. If K € 7, we may write Fx = {552,1 + zg, LY,‘,—" + yo} where
T and yo are constants, and I, and /, are the lengths of the edges of K. Setting
Tk = ;f, from the initial assumption on {7,},, we may assert that there exists
two constants £ and p independent of h, such that
TK Zpa.ndr,'(1 >€ VYKeT,.

~K
One may choose the £ ’s referred to the frame (O, Z, ) to be the fifteen
tensors given by:
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fori=1,9

zy 224k \ . g _ [V zy/rk |

z?/4rg 0 »TT \ zy/rk O '
7

=K ( 2rxzy’ 2y ) FK _ ( 0 Ty’ /4 ) ¢ ()

13 — 7‘1(!/2/4 zy ’

FK — 0 TKETY \ . FK — 0 zy?
M7\ rgey 2? ’ BTN 2y 22%y/rk )

In so doing, the determinant of matrix A is found to be strictly positive and
approximately equal to 0.1282152754 x 10~7 , V K € 75, , which implies that
property (3) holds, as recalled in Section 2.

Let us now go back to the case where K is an arbitrary quadrilateral of 7.
First of all observe that K can be viewed as the deformation of a rectangle with
edge lengths equal to I, and I, parametrized by three angular increments 6, ¢,
and ¢; in the following manner.

< A

‘z/

M

2

A convex quadrilateral regarded as the deformation of a rectangle
Figure 1

Let 6 and 8’ be the acute half angles between the two pairs of opposite edges
of K (refer to figure 1). Take 6 such that 0 < 8 < 6' and consider the pair of
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opposite edges of K corresponding to this angle if § # 8'. If § = 6" choose this
pair arbitrarily.

If @ +£ 0 take the intersection P of the prolongations of these edges of K and
let s be the bissector of the underlying corner with vertex in P. Let also M,
and M, be the intersections of s with the two other edges, and ¢; and ¢; be the
perpendiculars to s passing through M; and M, respectively. Finally let ¢ be
the parallel to ¢; and ¢, passing through the mid-point O of the segment M, M,
and N, and N; be the intersections of ¢ with the two edges of K that do not
contain M; and M. In this case R is the rectangle whose edges are parallel to
s and ¢, and whose edge mid-points are M;, M;, N, and N;.

If 8 = 0, construct R in the same manner, starting from line s, parallel to
the two parallel edges and passing through the mid-points M; and M, of the
two other edges of K.

Now we define ¢; to be the angle formed by the edge of K and the edge of R
that pass through M; for i = 1, 2, measured from the latter towards the former,
and both oriented in the same given sense, in such a way that —x/2 < ¢; < w/2.
In so doing the so-called deformation of R onto K is completely defined.

Here again we set I, = length (M, M), I, = length (N1 N>), and rx = I, /.
In so doing, one may easily establish that 0 < tg6 < rg, whereas §' = |¢ | ~¢2|/2.
Now refer the mapping Fx to the direct cartesian coordinate system ( O,3,t ),
where 7 and ¢ are the unit vectors of s and t respectively, in such a way that &
is oriented from P to O if  # 0, or in an arbitrarily chosen way otherwise. In
so doing we assume that ¢, and ¢, are positive in the trigonometric sense.

Nowset a =1g 8, B) =g ¢, , B2 = lg ¢2, and 6 = ma'x(a vlﬂll !lﬁ?' ))
and define

6§ = sup maz bk ®8)
h KeT,

Notice that §x is a measure of the distortion of a quadrilateral K with respect
to a rectangle.

Now we refer again to Figure 1, where the vertices of quadrilateral K are
numbered from one to four as indicated. The values of the coordinates (z;, y;)
of the i-th vertex in system sOt, i=1, 2, 3, 4 are given respectively by

= Lxfi—1 = a-rx
X1 = T 04aB Y17 T igas,
— 1z 1-rkfB2 Iy —rk~a
— & " K72 — x IR
X2 = 2 1505, Y2 = 5 15a5;
e (9)
_ bz 14k =1, rx+a
xa - -21 l—aﬂ; y3 -21 l—aﬁz
— Ix —141kB: _ Ik rk-a
x4__2l 1-af, Ye =3
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In so doing, we may express mapping Fx in terms of the (z,,%i)’s in the
following manner. Let (s,t) = Fk(z,y), where z and y are the coordinates of
a point in the reference plane zOy. We have

s=Z+ fe+dy—ezy

(10)
t=9+czx+ay—bzy

where 47 = ¥°/_, z; and 45 = ¥_}_, u, and

da=ys~Yy—Y+ys 4d=z4—c —-22+23
b=y~ +tyu-—ys 4de=z3—z+a4—23 (11)
dc=yp-n-wuty 44f=z3—-z-23+23

Actually, using (9), and setting D= 4(1 — a?8?)(1 — a?B2)/l, the values of
g, b, ¢, d, e, fin terms of rg,a, B, and (3;, are found to be respectively:

a = [rk(2 - o?f} — a®B3) + o®(68} + 82)]/D

b=[a(-2+ a8} + a?B3) + rka®(B} ~ B3)]/D
c=[(1-a?81B8)[(Bz — Bi)rka + (B1 + B2)az)]/D (12)
d = [Bi(rk —a)(1 - a?B3) + B2(rk + @)(1 - &?B7)]/D

e = [Ba(rk + a)(1 = &®B}) + Bi(rk — a)(1-a’B3))/D
f=12-a*B} +83) +ria(B] - B})]/D

Moreover, by simply observing Figure 1, one concludes that both a and fare
strictly positive. ‘

Taking the above remarks and expressions as a starting point we first esta-
blish

Lemma 1 For every v € Vi, and VK € T, we have in the local bases (5,1)
hi & -
5(‘0)|K oFk = EZ@ giK
i=1

where {B;}}€, is a convenient set of real coefficients associated with v and ten-
sors EX in the system sOt are represented by:
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¢ (13)

y— 5o
0
b
- &’y ﬁz‘z - %zy + &£2%y
Ty + ﬁ.z'?y 0

/
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Proof:
Let By = grad F'. Taking (10) into account we have in system sOt:

a-bz —d+ezx
—c+by f—ey

On the other hand, the gradient of every field v defined in Q restricted to K € T},
is given by:

Bk = Il (14)

grad vx o Fg = g?a:i 7 By

where 9 = vx o Fx and g’r;i denotes the gradient in the reference plane zOy.
Hence by definition we have
E(v)|k o Fk = [grad 4 B + B (grad 9)7)/2

In the particular case where v € Vj,, the space of each component of 7 is the
one spanned by the monomials 1, z, y, zy, 2, ¥?, %y, zy?, z%y°.

Using this fact to expand grad 7, together with (14), the Lemma becomes
the consequence of a straightforward calculation. q. e. d.

Now we derive a basis {€X}}, of the space spanned by {£¥}!8, in such a

way that £(v)x o Fk is alternatively expressed by (4). We estabhsh in Lemma
2 below that actually M < 16.

Lemma 2 Vv € V}, and VK € Tp,,E(v)/K o Fy is given by (4) with M = 15
where the E,-K 's are given by

EN = 8F | EX = Ef + €K | EK = K| fori =315 (15)
Proof:

Let us first establish that there are at most fifteen linearly independent tensors
in the set {£X}}S,. Indeed assume that

16 .
Y wEK =0 (16)
i=1

Through a trivial though lengthy identification process, we find out that identity
(16) is satisfied if and only if the following relations kold, whereby we have set

vy =7 — 22 and v = 110 - 3,

"= ﬂa Y2 = —73 Y4 = 5‘72
15 = ,,f‘)’w Yo=By— v vr=FEve= e
T8 = f’710 'b"73 Yo = %‘77 N = _asz 710
Tz = —f2b710 N3 = 2:{712 Y14 = _02; 7
—2¢

Y5 = T‘Y7 Y6 = 2,»2 7715
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It is readily seen that if cd # af we have v, = v,, = 0, which implies that
Ts =99 = V1 =12 = M3 = T4 = Vs = 716 = 0. On the other hand, 20y
vector ¥ € R'6 of coefficients which is a multiple of (— -1,1,-4,0, £,0,-7,0,
0, 0,0, 0, 0, 0, 0) satisfies identity (16) and conversely

Summarizing, if ed # af we have M = 15, which means that one of the E,K ’s
is linearly independent of the remaining fifteen. Notice that the relation ¢d =
af implies that (ys —y2)(23 — 1)+ (y3 — ¥1)(22 —24) = 0. Since this situation is
discarded by a simple geometric argument (the vector product of both diagonals
of K must not vanish), we effectively have cd # af.

On the other hand, as one may easily verify 2,12 1,i%3 7i€X = 0 implies that
v =0 Vi,i#3.

Hence the space spanned by {EK })§, is the same as the one spanned by
{EK}E, 430 of yet by the set {€K}13, defined in (15) q. e. d.

Let us now set

o 6 _ 2rx —rka’(B} + ) + o8] - B})
K= F ™ "2+rxa(B - 7)) - ¥(67 + B

and make the following assumption:

Assumption A: There exists two strictly positive constants p’ and £’ indepen-
dent of K such that r} is bounded above and below by 2 7 and p’ respectively.
Notice that Assumption A holds if we have

Assumption B:  §x < man[2-Y4, (2rk)~1/3]

Indeed in so doing we have

TK ] ( 264 )
— K S>> KSR (g7
T 3rgd% 2 'K 2 Ty amgss ()

\%

Thus we may take
¢ = inf 1-2rg6%
T KeTh TK

and
,_anf rk(1-26%)
P= KeTh T+2rgbl

Henceforth we make Assumption B on mesh 7.

Notice that one of the consequences of Assumption B is the fact that the angles
6, |¢:1| and |¢2| are smaller than /4.

Now we have:
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Lemma 3 The set {€X}15, given by (15) for which (4) holds, may be written

as:’
K LSS

EX =8  + K =T,1
~K ~ K

where £]  is given by the same ezpression as £ in (7) , if one replaces rg

with v, and where the AX ’s are tensors whose L*(K)-norms are all bounded

above by a term C 6x , where C is a constant independent of K.

Proof:
This result is a trivial consequence of (13), (15) e (12). q. e. d.

Now just for convenience we will work with a local basis {7/}}2, defined as a

suitable linear combination of the tensors o , j = 1,15 with coefficients inde-
pendent of h, whose main property is given in

Lemma 4 For every K € T; there ezist fifteen h'nearly independent tensors

Gl 12, belonging to the space spanned by {o;}}2, given by (6) - (6°) that

satwfy
~ K -
/ﬂ £, .5) dzdy = §;;
K
Proof: According to [RUA 93] if K is a rectangle, matrix A = {a,;} given by (5)
has the following properties:

First of all, the diagonal terms of A are the following strictly positive numbers
independent of rectangle K:

16 | 32 16 .
ajjz? 7= 1,2; 033:?; GJ'J"——"4—5' 1=4,5,T7,8;
32 . 32 128 |
%i=g5 7= 095 %= ggp IS0 45 = g I= 1L

32 .

On the other hand the only non zero off-diagonal terms of matrix B = {b;; =
(diag4) ~* 4}, are :

1 ¥
biiyi=bis2=biao="bise = i by, 12 = be,15 = 3

1 rK 2rK

2
b ,b b —— b = r—
10,3 = 101k 13,3 = 10 12,4 5 ' 15,8 Ik

Now set o = o;/a;; j = 1,15. By choosing
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&k = (150, — 350,)/8 ; 7K = (1505 — 350¢)/8;

1
~K "0 AR ' 014 | ~K

1
O =0, ——— 0y =0yg— —— ; O3 = Oz —
1 1 5 ' 72 2 5 073 3 107,
AK _ ! e’ Ak _ ! CHTPS L 2;""
oy -—0'4———115 i Og = 0g — =% Oy =o0g— &

7K =0y — %2, and % = oy for j=5,7,10,11,13,14

j
a straightforward calculation leads to:

/;? EK. 5K dzdg = &;;

where the £F s are associated with rectangle K (see (7).

] 1
%10 TKO13

51‘}(’

403

~K'
The Lemma is then a simple consequence of the definition of the £’; s from the

E'.-K‘s given by (7), as specified in Lemma 3. q. e. d.

It follows from Lemma 4 that, matrix Ax = { (ak)i; } defined in the same

K

manner as A = {a;;} in (5), by replacing o; with 7 is of the form

J

A =1+ AAgk

where
AAg = {(Bak)ij}
with
(AG,K),']' = _/1’\7 A'I\EJK dz di]

As a final preparatory result we have

Lemma 5 If parameter § given by (8) is sufficient small mairiz Ax is invertible

VK € T,. Moreover there ezists a constant C independent of h such that

l|Ax']| < C YK € Tp and VT, (18).

According to Assumption B which implies upper and lower bounds for r; given
by (17), and recalling (16), (13) and (12), the moduli of all the coefficients
of matrix AAk are bounded above by a term of the form ¢ 6, where c is a
constant independent of K. Therefore, from well-known results, matrix Ax will
be invertible, provided §x is small enough to yield ||AAx]|| < 1, where ||.||

represents any consistent matrix norm.
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Moreover, if parameter § is sufficiently small then there exists a constant v
< 1 such that ||AAk|| <+ VK € T, and V7;,. Therefore we have

1 1
<
1-||Ak]l — 1-7

Al < VKeT, and VT.

which proves the Lemma. q. e. d.

As pointed out in Section 2, Lemma 5 is sufficient to establish (3). As a conse-
quence, recalling again the arguments given in [FOR 88], we have the following
convergence result:

Theorem 1 If the solution (o, u,p) of system (1) as such that v € H3(Q), and
p € H*(Q), approzimate solution (oh, un,pr) of system (2) satisfies:

lu —unly + llow = olio + |lp ~ pallo < C(u, p)h?

where C i3 a constant independent of h, provided the quasiuniform family of
partitions {Tp}n is such that the distortion parameter § given by (8) is not too
large.

4. Concluding Remarks

i) The same results proved in this paper should apply to the element conside-
red in [RUA 91] in which 7} is a space with local dimension equal to twelve
instead of fifteen. However, not only the corresponding analysis is technically
more complex, but this element only works if the pressure space Q; consists of
discontinuous piecewise linear functions (for the same V), as here!).

ii) The boundedness of the three angular increments used in this paper as
a distortion measure of quadrilaterals seems to be only a formal requirement.
Indeed, in all the computer tests for the Stokes system performed so far with
arbitrary quadrilaterals, the new finite element method showed both stable and
accurate behaviour, irrespective of the distortion degree of the mesh. These
results will be included in a forthcoming paper on viscoelastic flow simulations.
iii) 72 is defined as a space spanned at the level of a quadrilateral K of the
mesh, by {a-’k}}il, where 0% = o; o Fi!, with o; given by (6)-(6"). There-
fore T? is related to the frame which mappings Fx are referred to. Here this
means dependence on the local basis (5’,{), which in turn depends on K. Thus,
computation with such % requires in principle a post-processing of the mesh,
in order to determine the axes O§ and Ot for each element, together with cor-
responding rotation matrices with respect to a fixed cartesian frame. Strictly
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speaking, the latter are to be applied to o; for j = 10, 15, in each element. No-
tice however that in the context of viscoelastic flow simulations, such additional
computational effort is negligible.

iv) Finally it should be noted that the finite element method studied in this
paper has the same convergence properties as the one introduced by MARCHAL
& CROCHET in [5]. Notice that for both elements the velocity representation
is the same, together with the one of the pressure, as long as it is constructed
upon continuous @; (isoparametric bilinear) functions. The essencial difference
lies in spaces T} defined in this work and in theirs. Let us recall that in the
latter, T, consists of continuous Q; functions based on a quadrilateral mesh
four times finer than 7.

Although the use of space @, could show some computational advantages,
the author would like to emphasize that in this approach the number of extra
stress degrees of freedom increases roughly by a factor of three, compared to
the present one, when related to the same velocity mesh 7. In any case this
author feels that it would be wise to perform extensive experiments with both
methods, in order to compare their performances in the framework of classical
test problems in viscoelasticity.
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