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Abstract

In this paper, an enriched–FEM method is presented based on the X-FEM
technique by applying a damage–plasticity model to investigate the effect
of FRP strengthening on the concrete arch. In this manner, the damage
strain is lumped into the crack interface while the elastic and plastic strains
are employed within the bulk volume of element. The damage stress–strain
relation is converted to the traction separation law using an acoustic tensor.
The interface between the FRP and concrete is modeled using a cohesive
fracture model. The X-FEM technique is applied where the FE mesh is not
necessary to be conformed to the fracture geometry, so the regular mesh
is utilized independent of the position of the fracture. The accuracy of the
proposed plastic-damage model is investigated under the monotonic tension,
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compression, and cyclic tension loading. Furthermore, the accuracy of the
cohesive fracture model is investigated using the experimental data reported
for the debonding test. In order to verify the accuracy of the proposed
computational algorithm, the numerical results are compared with those of
experimental data obtained from two tests conducted on reinforced concrete
arches strengthened with FRP. Finally, a parametric study is performed by
evaluating the effects of high to span ratio, longitudinal reinforcement ratio,
and strengthening method.

Keywords: Concrete arch, FRP retrofitting, X-FEM method, plastic-
damage model, Cohesive fracture model.

1 Introduction

The FRP strengthening of concrete is one the most effective retrofitting
methods that include the high durability against environmental degradation
factors, high tensile strength, simple implementation, low weight, and easy
transportation. A number of research works have been performed during last
two decades to investigate the structural retrofitting with the FRP; which
were focused on the beams, columns, flat slabs, and masonry structures,
while a few studies was performed on the behavior of FRP strengthening
of concrete arches. Since the arch members are utilized in many struc-
tures such as bridges, fluid storage tanks, tunnels, and domes, a study of
the methods for retrofitting these structures has gained interest, recently.
There are several studies reported in the literature on the masonry arches
retrofitted with FRP materials that present a significant improvement in
structural performance [1–3]. Dagher et al. [4] studied the bending behavior
of concrete-filled tubular FRP arches in bridge structures. The effect of FRP
strengthening of concrete arch structures was investigated experimentally by
Chen et al. [5], in which the response of concrete arch structures retrofitted
by wrapping FRP carbon sheets was studied under the explosive impulses.
Hamed et al. [6] studied the performance of the concrete arch retrofitted with
externally bonded composite materials, and observed that the maximum load
increases about 40%. Zhang et al. [7] performed a set of experimental tests
to improve the strength, stiffness and ductility of reinforced concrete arches
retrofitted with FRP materials.

Basically, characteristics of the concrete plastic behavior cannot be
described by the classical theory of plasticity. Many attempts have been
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made to demonstrate the behavior of concrete with the theory of plasticity;
e.g. Pramono and Willam [8], Feenstra and de Brost [9], Li et al. [10]
and Červenka and Papanikolaou [11]. The concrete behavior was also
described by the Menetrey-William failure model to model crushing under
high confinement, cracks in concrete, and closure due to crushing in different
directions. Basically, a constitutive model that is able to predict the behavior
of concrete from the beginning of loading to the final failure stage is sig-
nificant. The damage happens in the concrete due to micro-cracks; in fact,
micro-cracks occur because of thermal expansion at the interface between
the cement and aggregate. Several studies have been carreied out to model
the damage in concrete structures, including: a nonlocal micro-plane model
for the fracture and damage by Bažant and Ožbolt [12] and a damage model
based on the bounding surface concept by Voyiadjis and Abu-Lebdeh [13].
The combined plastic–damage models have been used by researchers to
model the stiffness degradation of concrete, in which the damage variables
are assumed according to the plastic deformation in a constitutive model to
calibrate parameters with experimental data. In the plastic–damage model,
the irreversible plastic behavior was modeled using the concept of plasticity
in an effective stress space, while the stiffness degradation was captured
using the continuum damage mechanics; see Lubliner et al. [14], Lee and
Fenves [15], Faria et al. [16], Ibrahimbegović et al. [17], Salari et al. [18],
Gatuingt et al. [19], Yu et al. [20]. Since the behavior of concrete is different
in tension and compression, two damage models are utilized for each type
of loading; however, some studies only consider one damage variable for
different loading conditions [21–23]. However, it is significant to model
the concrete damage using two separate damage variables for tension and
compression [24, 25].

The plastic–damage models can be generally used to predict the con-
crete behavior up to the onset of fracture. These approaches are prone to
localization and ill-posedness issues that need proper regularization tech-
niques. In order to overcome these drawbacks it is required to introduce
discontinuities into the domain. Adaptive finite element technique is one of
the most popular approaches used extensively to model fracture problems
[26–28]. However, in this method the FE mesh must be confined to the
crack body; so the crack growth simulation is time consuming and costly.
An alternative technique that alleviates this problem is based on the partition
of unity method [29] in which the Extended–FEM (X-FEM) technique is the
most popular one [30]. The technique is utilized to enrich the approximation
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space by adding appropriate enrichment functions through a partition of
unity method, where the singularities, high gradients and discontinuities can
be achieved [31]. The most research works on the X-FEM with plasticity
model is mainly focused on the crack-tip analysis. Broumand and Khoei [32]
performed the crack growth simulation in large deformation ductile fracture
problem using the Lemaitre damage-plasticity model in the framework of X-
FEM. Pañeda et al. [33] proposed a gradient-enhanced numerical framework
to enrich the displacement field of the X-FEM with the stress singularity of
the gradient-dominated solution. Although there are several research works
reported on the X-FEM analysis of plasticity problems to model the ductile
fracture behavior, little attention has been paid on modeling the concrete
behavior with damage-plastic model within the X-FEM. In this study, a novel
technique is presented to model the damage-plastic model for concrete with
strong discontinuity via the X-FEM.

In the present paper, the X-FEM method is employed together with a
damage–plasticity model to investigate the effect of FRP strengthening on
concrete arches. The strain tensor is decomposed into three components,
including the elastic, plastic and damage strains, in which the damage strain
is employed to model the discontinuity at the crack interface. The procedure
to convert the stress – damage strain relation to a traction separation law is
presented. The interface between the FRP and concrete is modeled using a
cohesive fracture model. Both the experimental and numerical investigations
are applied to obtain the effects of FRP strengthening on the behavior of
concrete arches. In order to present the capability of the proposed computa-
tional model, the experimental data of two experimental tests conducted on
the arches strengthened with FRP are utilized. A parametric study is then
performed for the arches with internal FRP, external FRP, and both face
strengthening at different height to span ratios, longitudinal reinforcement
ratios, and strengthening methods. It is shown that the arches with low high
to span ratios and the internal FRP strengthening method is the most effective
method, while by increasing the high to span ratio, the effectiveness of the
external FRP method increases. It is also observed that the main drawback
of the internal FRP strengthening method is debonding of FRP from the
concrete.

2 The X-FEM Governing Equations

Consider a cracked body Ω bounded externally by surface Γ. The crack
interfaces are Γ+

c and Γ−c corresponding to the either sides of the crack. The
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equation of motion of the body can be expressed as

∇ · σ + b− ρü = 0 (1)

where ∇ is the gradient operator, σ is the Cauchy stress tensor, and b is the
body force vector. The constitutive relation is defined as σ = Dε, where D
is the tangential constitutive matrix of the material. The essential and natural
boundary conditions are respectively defined as u = ũ on Γu, σ · nΓ = t̄ on
Γt, and σ · nΓd

= 0 on Γd, in which nΓ is the outward unit normal vector to
the external boundary Γ, and nΓd

is the unit normal vector to the discontinuity
Γd. In addition, ũ is the prescribed displacement at the boundary Γu, and t̄ is
the prescribed traction at the boundary Γt.

2.1 The Enrichment of Displacement Field

The X-FEM method was originally introduced by Belytschko and Black [30],
and it was then modified by researchers to improve its convergence, such as
the enhanced strain method by Borja [34], the cutoff function by Chahine
et al. [35], the blending weight function by Tarancon et al. [36] and Fries [37],
and the discontinuous Galerkin method by Gracie et al. [38] and Shen and
Lew [39]. In order to model the crack discontinuity within the X-FEM, the
nodal points of an element cut by the discontinuity are enhanced by the
Heaviside function H(x). The Heaviside enrichment function is generally
employed to model the crack discontinuity because of different displacement
fields on each side of the crack as

H(x) =

{
+1 ϕ(x) ≥ 0
−1 ϕ(x) < 0

(2)

where ϕ(x) is the signed distance function defined using the absolute value
of level set function as

ϕ(x) = min ‖x− x∗‖sign((x− x∗) · nΓd
) (3)

where x∗ is a point on the crack inteface which has the closest distance from
the point x, and nΓd

is the normal vector to the crack interface at point x∗.
Because of independent displacement fields at both sides of the crack, the
Heaviside function is a proper function in modeling the crack interface.

Thus, the displacement field can be written for the cracked element as

u(x, t) =
∑
I∈N

NI(x)ūI +
∑

J∈N dis

NJ(x)(H(x)−H(xJ))āJ (4)
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where N consists of all nodal points and N dis is the set of nodes enriched
by the Heaviside function. In relation (4), ūI are the unknown standard nodal
DOFs at node I and āJ are the unknown enriched nodal DOFs associated
with the Heaviside function at node J . Hence, the X-FEM displacement
approximation (4) can be rewritten as

u(x, t) = Nstd(x)ū(t) + NHev(x)ā(t) (5)

where Nstd(x) ≡ N(x) are the matrix of standard FEM shape functions and
Nenr are the matrix of enriched shape functions associated with the Heaviside
function.

The strain vector corresponding to the X-FEM displacement field (5) can
be similarly defined according to the standard and enriched nodal values as

ε(x, t) = Bstd(x)ū(t) + BHev(x)ā(t) (6)

where Bstdand BHev include the spatial derivatives of the standard and
enriched shape functions associated with the Heaviside functions defined as

Bstd
I =

∂NI/∂x 0
0 ∂NI/∂y

∂NI/∂y ∂NI/∂x


BHev
I =

∂ (NI (H(x)−H(xI))) /∂x 0
0 ∂ (NI (H(x)−H(xI))) /∂y

∂ (NI (H(x)−H(xI))) /∂y ∂ (NI (H(x)−H(xI))) /∂x


(7)

2.2 Discretization of Governing Equations

The weak form of equation (1) can be obtained using the Galerkin discretiza-
tion technique by integrating the product of equation multiplied by admissible
test function over the domain. The test function δu(x, t) can be defined
according to the displacement field (5) as

δu(x, t) = Nstd(x)δū(t) + NHev(x)δā(t) (8)

The weak form of equation (1) can be derived by applying the Galerkin
method as ∫

Ω
δu(x, t)(∇ · σ + b− ρü)dΩ = 0 (9)
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The above integral equation can be rewritten by employing the discon-
tinuous Divergence theorem, imposing the natural boundary conditions, and
satisfying the traction free boundary condition on the crack interface as∫

Ω
δu · ρüdΩ +

∫
Ω
∇δu : σdΩ +

∫
Γd

[[δu]]σ · nΓd
dΓ

−
∫

Ω
δu · bdΩ−

∫
Γt

δu · t̄dΓ = 0 (10)

where the symbol [[]] indicates the jump across the crack interface; this jump
can be obtained using the difference of displacement values at two crack
surfaces, i.e. [[Ξ]] = Ξ+ − Ξ−. Note that the third integral in the above
equation can be removed along Γd by imposing the traction free boundary
condition on the crack interfaces.

Finally, the discretized form of equation (10) can be obtained by removing
the third integral as(

Muu Mua

Mau Maa

){
¨̄u
¨̄a

}
+

(
Kuu Kua

Kau Kaa

){
ū
ā

}
−
{

f ext
u

f ext
a

}
= 0 (11)

where the mass matrix M, stiffness matrix K, and external force vectors f ext

are defined as

Mαβ =

∫
Ω

(Nα)TρNβdΩ

Kαβ =

∫
Ω

(Bα)TD BβdΩ

f ext
α =

∫
Ω

(Nα)Tρ b dΩ +

∫
Γt

(Nα)T t̄ dΓ (12)

in which (α, β) ∈ (std,Hev) denote the ‘standard’ and ‘Heaviside’
displacement fields.

3 The Concrete Plastic-Damage Model

In order to describe the behavior of concrete, the plastic-damage model
originally presented by Lee and Fenves [15] and then proposed by Nguyen
and Houlsby [24, 25] is employed; in which the plastic-damage model is
developed on the basis of thermo-dynamical approach. The strain tensor ε
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is decomposed into the elastic part εe and the plastic part εp, in which the
relation between stress and strain is defined as

σ = E : (ε− εp) (13)

where E is the elasticity tensor, σ is the stress and, ε and εp are the total
strain and plastic strain, respectively. By mapping the stress into the effective
stress space, the plasticity and damage equations can be solved indepen-
dently. Applying the scalar damage variable D, the effective stress can be
expressed as

σ̄ = (1−D)E0 : (ε− εp) (14)

where E0 is the undamaged elastic-stiffness modulus. Considering the non-
associated flow rule, the plastic strain rate ε̇p can be defined as

ε̇p = λ̇∇σ̄Φ(σ̄) (15)

where λ̇ denotes the plastic consistency parameter which is a non-negative
function and Φ is a scalar plastic potential function. Moreover, the damage
variable k is required to represent the damage states variable as

k̇ = λ̇H(σ̄, k) (16)

3.1 The Damage Model

In order to represent the tensile and compressive damages for concrete mate-
rial two damage variables are defined. These damage variables have values
between zero to one for covering the range from undamaged to completely
damaged concrete. In the Barcelona model introduced by Lubliner et al. [14],
the uniaxial stress is defined as a function of the plastic strain as

σ = f0[(1 + a) exp(−bεp)− a(exp(−2εp))] (17)

where a and b are dimensionless constants and f0 is the initial yield stress.
Consider an exponential form for the degradation D as

1−D = exp(−cεp) (18)

The effective stress can be written as

σ̄ = f0

[
(1 + a) (exp (−bεp))1− c

b − a (exp (−bεp))2− c
b

]
(19)
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in which the damage variable for the uniaxial loading is denoted by k,
defined as

k =
1

g

∫ εp

0
σ(εp)dεp (20)

where g is defined as

g =

∫ ∞
0

σ(εp)dεp (21)

which is the dissipated energy density during the forming of micro-cracking.
Substituting equation (17) into (21), the relation between g, a, and b can be
defined as

g =
f0

b

(
1 +

a

2

)
(22)

The uniaxial stress can be defined in term of the damage variable k using
(20) and (22) as

σ =
f0

a

[
(1 + a)

√
1 + a (2 + a) k − 1 + a (2 + a) k

]
(23)

Moreover, the effective stress can be expressed in terms of damage
variable as

σ̄ =
f0

a

[
(1 + a)−

√
1 + a (2 + a) k

] 1− c
b
(√

1 + a (2 + a) k
)

(24)

Hence, D can be defined as

D = 1−
[

1

a

(
(1 + a)−

√
1 + a (2 + a) k

)] c
b

(25)

By taking derivative from equation (20), the damage evolution equation
for the uniaxial state can be written as

k̇ =
1

g
f(k)ε̇p (26)

In order to convert the damage from a uniaxial damage evolution to a
multi-axial damage evolution, the plastic strain rate is calculated from the
following equation

ε̇p = δtr (σ̄) ε̇pmax + δc (1− r (σ̄)) ε̇pmin (27)
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where δ is the Kronecker delta, ε̇pmin and ε̇pmax are algebraically the minimum
and maximum eigen-values of the plastic strain rate tensor, and r(σ̄) is a
weight factor expressed as

r (σ̄) =


0 ifσ̄ = 0(

3∑
i=1

〈σ̄i〉

)/(
3∑
i=1

|σ̄i|

)
otherwise

(28)

Substituting equation (24) into (13), the evolution equation can be
obtained as

k̇ = h (σ̄, k) : ε̇p (29)

where

h (σ̄, k) =

[
r (σ̄) ft (kt) /gt 0 0

0 0 (1− r (σ̄))fc (kc) /gc

]
(30)

Finally, applying the definition of ε̇p in equation (15), H(σ̄, k) can be
obtained as

H = h · ∇σ̄Φ(σ̄) (31)

3.2 The Plasticity Model and Hardening Function

The definition of yield criterion within the framework of a plasticity model
is significant to describe the behavior of concrete under the tensile and
compressive loadings [40, 41]. Implementation of similar behavior of tension
and compression in concrete leads to an unrealistic plastic deformation. In
this study, the yield criterion originally introduced by Lee and Fenves [15] is
proposed, which is defined in the effective stress space using an undamaged
configuration parameters as

F (σ) =
1

1− α

[
αI1 +

√
3J2 + βσmax

]
− cc (k) (32)

where I1 is the first invariant of stress tensor and J2 is the second invariant of
the deviatoric stress tensor, respectively. In above, α and β are dimensionless
constants, in which α depends on the ratio of yield strength under the biaxial
and uniaxial compression, defined as

α =
(fb0/fc0)− 1

2(fb0/fc0)− 1
(33)



An X–FEM Technique for Modeling the FRP Strengthening 11

where fb0 is the biaxial and fc0 is the uniaxial compressive yield stresses. The
experimental values of fb0/fc0 is in the range of 1.10 and 1.16 that leads to
the value of α between 0.08 and 0.12. The parameter β is a constant value
that is defined as a dimensionless function of the tensile and compressive
cohesion parameters ct and cc in the Barcelona model as

β =
cc(k)

ct(k)
(α− 1)− (1 + α) (34)

The biaxial tensile strength depends on the parameters α and β and is
always slightly lower than the uniaxial tensile strength.

The flow rule is defined based on the relation between the plastic flow
direction and the plastic strain rate. In this study, a non-associative flow rule is
required to control the dilatancy in modeling the frictional behavior of mate-
rial. Hence, a plastic potential function which is the type of Drucker-Prager
yield criteria is utilized as

ϕ =
√

2J2 + αpI1 (35)

where the parameter αp is chosen such that to obtain a proper value of the
dilatancy.

3.3 A Combined Plastic-damage Model for Strong Discontinuity

The damage and plasticity models described in preceding sections are com-
bined within the X-FEM framework to describe the damage in the form of
strong discontinuity. To this end, the elastic and plastic strain components
are employed within the bulk volume of element while the damage strain is
lumped into the crack interface. Hence, the additive decomposition of strain
is assumed as

ε = εe + εp + εd (36)

where εe is the elastic strain which is recoverable part of the strain in
unloading condition, εp is the plastic strain which is irreversible part of
the strain, and εd is the other recoverable part of strain which is related to
the evolution of elastic modulus during the damage state. The incremental
displacement field and strain field of the crack body can be written as

u̇(x, t) = ˙̄u(x, t)︸ ︷︷ ︸
regular (continuous)

+ HΓd(x) [[u̇(x, t)]]︸ ︷︷ ︸
singular (discontinuous)

(37)
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ε̇(x, t) = ∇s ˙̄u(x, t) +HΓ(x)∇s [[u̇(x, t)]]︸ ︷︷ ︸
regular (bounded)

+ δΓ(x) ([[u̇(x, t)]]⊗ nΓ)s︸ ︷︷ ︸
unbounded

(38)

where the superscript s denotes the symmetric part of the differential operator
∇s, the Dirac-delta function δΓ is centered on the discontinuity, and nΓ is the
unit normal vector to the discontinuity. A regularized type of equation (38)
can be defined employing the regularized version of Dirac-Delta function as

δΓ(x) =
1

`
µ(x) with µ(x) =

{
1 x ∈ Γ
0 x ∈ Ω

(39)

where Γ is the discontinuity and Ω is the domain of element. As the damage
strain is lumped into the crack interface the following equations can be
defined as

ε̇e + ε̇p = ∇s ˙̄u(x, t) +HΓ(x)∇s [[u̇(x, t)]] (40)

ε̇d =
1

`
µ(x) ([[u̇(x, t)]]⊗ nΓ)s (41)

where ` is the perpendicular distance from the crack interface for each Gauss
point of the element, as shown in Figure 1.

The stress – strain constitutive relation can be written in the rate form as

σ̇ = Cep(ε̇e + ε̇p) (42)

where σ̇, ε̇e and ε̇p are the stress, elastic strain and plastic strain rates,
respectively, and Cep is the elastic-plastic tangent operator [42]. Similarly,
the stress – strain constitutive relation for the damage regime can be written as

σ̇ = Cdε̇d (43)

where ε̇d is the damage strain rate and Cd is the damage tangent operator.
It is necessary to convert the stress – strain constitutive relation into the
traction separation law. Substituting equation (41) into (43) and applying
some manipulation, the traction separation relation can be obtained as

ṫ = nΓσ̇ = nΓCd

(
1

`i
(∆ [[u]]⊗ nΓ)s

)
=

1

`i
nΓCd (∆ [[u]]⊗ nΓ)s (44)

or

ṫ =
1

`i

(
nΓCdnΓ

)
︸ ︷︷ ︸

Q

∆ [[u]] =
1

`i
Q∆ [[u]] (45)
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Figure 1 An element cut by a crack interface; (a) the crack direction and Gauss points,
(b) the crack opening displacements.
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where ṫ is the traction rate vector of normal and tangential components,
∆ [[u]] is the incremental jump of displacement, in which its normal [[u]]n

and tangential [[u]]t components are shown in Figure 1, and Q is the so-called
acoustic tensor. Hence, equation (45) can be rewritten as

ṫ = T∆ [[u]] (46)

where T = 1
`i

Q represent the tangential modulus matrix of the discontinuity.

4 Cohesive Fracture Model for FRP Interface

The cohesive fracture model was originally introduced by Dugdale [43] and
Barenblatt [44], which is based on the assumption that the fracture process
zone extends along the crack surfaces. The basic assumption of the cohesive
fracture model is that the material is capable of transferring stresses while
the fracture process zone occurs. Basically, the micro-cracks happen near to
the interface and the macro-cracks occur from the collection of micro-cracks
[45]. In the fracture process zone, the cohesive constitutive law is defined
on the basis of cohesive fracture traction that is given as a function of the
separation of two crack surfaces. The cohesive constitutive law includes the
tensile strength of the material ft and the fracture energy Ef . In this model,
the effective traction and the effective crack separation are defined as follows

te =
√

(tn)2 + (ts)2 (47)

∆e =
√

(∆n)2 + (∆s)2 (48)

where tn and ts are the normal and tangential tractions, and ∆n and ∆s are
the normal and sliding displacements of the fracture surface, respectively. The
damage initiation occurs when the traction or separation reaches the critical
value, i.e., te ≥ t0 or ∆e ≥ ∆0 [31].

The constitutive law can be defined between the cohesive traction tj and
crack separation ∆i using tj = t(∆i) or ṫj = Tji∆̇i, where Tji is the
constitutive tangent stiffness tensor of cohesive fracture [44, 46]. In this study,
the delamination model proposed by Turon et al. [47] is utilized based on the
continuum damage model. The free energy can be defined per unit area of the
crack interface as

ϕ(∆, d) = (1− d)ϕ0(∆i)− dϕ0(δ1i〈−∆1〉) (i = 1, 2) (49)
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where d is a scalar damage variable and ϕ0 is a function of the displacement
separation, defined as ϕ0(∆) = 1

2∆iT
0
ij∆j , with T 0 denoting the constitutive

undamaged tangent stiffness tensor. In above, 〈·〉 is the MacAuley bracket
defined as 〈Ξ〉 = 1

2(Ξ + |Ξ|) and δij is the Kronecker delta. The negative
value of ∆1 means that the interface is in contact and the damage cannot
occur in the normal direction. By taking the derivative from the free energy
(50), the constitutive equation for the crack interface can be obtained as

ti =
∂ϕ

∂∆i
= (1− d)T 0

ij∆j − dT 0
ijδ1i 〈−∆1〉 (50)

4.1 The Damage Criterion and Damage Evolution Law

The damage criterion can be defined as a function of the displacement
separation as [47]

F̄ (∆e, d̄) = G(∆e)− d̄ ≤ 0 (51)

where d̄ is the damage threshold and G is a function of damage evolution
which is defined in the range of [0, 1] as

G(∆e) =
∆f (∆e −∆0)

∆e(∆f −∆0)
(52)

where ∆0 is the onset displacement jump, ∆e is the effective separation and
∆f is the final displacement jump that can be determined using the fracture
energy Gf . Depending on the definition of damage, the damage evolution
can be given by G(∆e) = d = 1 − T/T 0. If the linear cohesive constitutive
relation is considered, T and T 0 can be defined as

T 0 =
t0

∆0
(53)

T =
te

∆e
=
t0
(
∆f −∆e

)
∆e(∆f −∆0)

(54)

where t0 is the strength of material, as shown in Figure 2. The damage
initiates when the effective separation G(∆e) exceeds the initial damage
threshold. It is required to define an evolution law for the damage model that
can be defined as

ḋ = µ̇
∂F̄ (∆e, d̄)

∂∆e
= µ̇

∂G(∆e)

∂∆e
(55)
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Figure 2 The bilinear constitutive law for the FRP interface.

where µ̇ is defined as the damage consistency parameter that should satisfy
the loading–unloading conditions, i.e.

µ̇ ≥ 0, F̄ (∆e, d̄) ≤ 0, µ̇F (∆e, d̄) = 0 (56)

In order to derive the constitutive tangent stiffness tensor, the damage
model is implemented through a nonlinear approach. Taking the derivative
from equation (50) leads to

ṫi = δijT
0
ij

[
1− d

(
1 + δ1j

〈−∆j〉
∆j

)]
∆̇j − δijT 0

ij

[
1 + δ1j

〈−∆j〉
∆j

]
∆j ḋ

(57)

and the evolution of the damage variable d can be obtained as

ḋ =



Ġ(∆e) =
∂G(∆e)

∂∆e
∆̇e for d̄ < ∆e < ∆f

=
∆f∆0

∆f −∆0

1

(∆e)2

0 for d̄ > ∆e or ∆e > ∆f

(58)
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Finally, the constitutive tangent stiffness tensor T tan
ji in the constitutive

law ṫj = T tan
ji ∆̇i can be defined as

T tan
ji =


δijT

0
ij [1− dHj ] for d̄ < ∆e < ∆f

−T 0
ijHjHi

∆f∆0

∆f −∆0

1

(∆e)2

δijT
0
ij [1− dHj ] for d̄ > ∆e or ∆e > ∆f

(59)
where Hj = 1 + δ1j〈−∆j〉/∆j .

5 Crack Initiation and Crack Growth Direction Criteria

In crack growth simulation, there are basically two significant issues that must
be taken into account; the crack initiation and the crack propagation direction
criteria. In linear elastic fracture mechanics, there are different criteria pro-
posed by researchers for the mixed mode fracture on the basis of the critical
stress intensity factor and fracture toughness; these criteria are the minimum
strain energy density criterion, the maximum hoop stress criterion, and the
maximum energy release rate [31]. However, these criteria are not able to
accurately predict the behavior of local non-linearity at the crack-tip region
described by the fracture process zone as these criteria are defined based
on the whole condition of the structure. In the current study, an approach is
proposed based on the damage state that captures the local non-linearity at the
fracture process zone. In this way, the crack propagates if the crack segment
length `c is damaged. The damage is computed at each Damage Calculation
Point (DCP), which is defined at a region of the distant `c from the crack-tip
at different angles of θCP in the range of −90 ≤ θCP ≤ 90. The value of
damage is computed at each DCP by applying a weighted average value of
damage at all neighboring Gauss points defined as

DCP =
∑
j

(
Dj

r2
j

)/∑
j

(
1

r2
j

)
(60)

where DCP is the damage at each DCP and, Dj and rj are respectively the
damage and the distance from each DCP at a nearby Gauss point. The damage
value can be obtained by determination of the element containing the DCP,
and implementation of the FEM shape functions to damage nodal values. The
damage valueDCP must be calculated for all DCPs at each loading step, and
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the computed values must be compared with the critical damage value Dcr;
if DCP ≥ Dcr the crack propagates in the direction of θCP at the DCP.

6 Validation of Computational Algorithm

6.1 X-FEM Modeling of a Three-point Bending Beam with an
Edge Crack

In order to illustrate the performance of the proposed X-FEM technique,
a simply supported beam is modeled, as shown in Figure 3. The beam is
subjected to a prescribed displacement at its center on the top edge. The
material properties of the beam are chosen as follows; the Young modulus of
E = 100 MPa, the Poisson ratio of ν = 0.35, the tensile strength of material
ft = 1.0 MPa and the fracture energy Ef = 0.1 N/mm. The elements of top
edge of the beam are prevented from cracking since the system of equations
becomes singular if a crack propagates through the entire beam. The crack
commences from the center of the beam at the bottom edge and propagates
toward the upper edge. The beam is modeled applying a coarse and a fine
mesh with 860 and 1530 bilinear elements, respectively. The coarse FE mesh
is shown in Figure 3. In Figure 4, the load-displacement curves are plotted for
the coarse and fine meshes, and the results are compared with that reported
by Wells and Sluys [48]. In Figure 5, the contours of stress in x−direction
are presented at various displacements where the crack-tip approaches the
upper edge of the beam. Finally, the variation of predicted cohesive traction
along the crack interface is plotted in Figure 6 with the crack mouth opening
displacement (CMOD).

6.2 Modeling the Concrete Behavior with a Plastic-damage
Model

In order to verify and validate the performance of the proposed plastic-
damage model for the concrete behavior, a single element of 10× 10 cm2 is
modeled under the monotonic uniaxial compressive and monotonic uniaxial
tensile loadings as well as the cyclic uniaxial tensile loading. The material
parameters for the numerical modeling of the concrete element are obtained
from the experimental test conducted by Gopalaratnam and Shah [49]. In
Figure 7(a–b), the strain-stress curves are plotted for the monotonic uniaxial
compression and uniaxial tension loadings. A complete agreement can be
seen between the predicted results and the experimental stress-strain curves
proposed for the compression and tension of the concrete. Also plotted in
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Figure 3 A three-point bending beam with symmetric edge crack; Geometry, boundary
conditions and X-FEM mesh.
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Figure 4 The load-displacement curves for a three-point bending beam.



20 A. R. Khoei et al.

       
                                                                                                                      

      
                                                                                                                      

Figure 5 The distribution of stress contours in x−direction at different steps of crack
growth.
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Figure 6 The cohesive traction at the crack mouth versus crack mouth opening displace-
ment.

Figure 7(c) is the strain-stress curve of the tensile cyclic loading; it shows that
the damage model can properly describe the behavior of concrete in tensile
cyclic loading. It can be seen from this figure that the strain-stress curves
obtained from the numerical analysis is in excellent agreement with that of
the experimental test. This example clearly demonstrate that the proposed
plastic-damage model can be efficiently used to capture the behavior of
concrete.

6.3 Cohesive Fracture Modeling of the Debonding Test

In order verify the cohesive interface model proposed between the FRP
and concrete, the results of the debonding test reported by Au and
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(a)   (b)

(c)  
Figure 7 The stress-strain curves of a concrete element with the damage-plasticity model;
(a) the monotonic uniaxial compression test, (b) the monotonic uniaxial tension, (c) the cyclic
uniaxial tensile test.

Büyüköztürk [50] is compared with those obtained using the cohesive inter-
face model. The cohesive model is employed along the interface between
the FRP and concrete through the FE analysis. The material properties of
the concrete and FRP as well as the inteface between the FRP and concrete
are obtained from the experimental test. In Figure 8, the setup of experimen-
tal test is presented together with the interface fracture characterization of
debonding in FRP plated concrete. In Figure 9, a comparison of the force-
displacement curves is performed between the experimental and numerical
results. It clearly shows that the cohesive interface model can properly capture
the interface behavior between the FRP and concrete. The difference between
two diagrams in the softening part of the force-displacement curve can be
attributed to the lack of uniformity of the adhesive thickness and the presence
of air bubbles.
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Figure 8 The debonding test; (a) the setup of experimental test conducted by Au and
Büyüköztürk (2006), (b) the interface fracture of FRP strip together with the specimen
configuration.

6.4 Numerical and Experimental Investigations of Concrete Arch

In order to illustrate the performance of the proposed computational algo-
rithm, the two desired concrete arches strengthened with FRP are analyzed
numerically and the results are compared with the experimental tests; the first
experiment was conducted by Zhang et al. [7] and the second experiment was
conducted by the authors at the Strong Floor Laboratory of Sharif University
of Technology. In order to present the accuracy of the proposed computational
algorithm, the force-displacement curves obtained from the finite element
analysis are compared with those reported through the experimental tests. The
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Figure 9 The debonding test; A comparison of the force-displacement curves between the
experimental and numerical results.

reinforced concrete arch is modeled using the four-noded bilinear element
and the rebar is modeled using a two-noded beam element. The rebars are
connected to the concrete using the embedded technique inside the element.

In the first case, the concrete arch strengthened with internal FRP,
originally conducted by Zhang et al. [7], is modeled using the proposed
computational algorithm, as shown in Figure 10. In this figure, the concrete
arch specimen is shown together with the geometry, boundary conditions and
the FE mesh of the concrete arch. It was observed from the experimental
investigation that the cracks are first initiated in the middle of the span
and then propagated by increasing the load through the shoulders. It was
also observed that a five-hinged arch is formed where the structure becomes
unstable. It is interesting to highlight that the five-hinged structure was also
detected through the numerical analysis of the concrete arch. In Figure 11,
a comparison of the force-displacement curves is performed between the
experimental and numerical results; it clearly demonstrates that the proposed
computational algorithm can properly capture the behavior of the concrete
arch. Obviously, a slight difference can be seen between the numerical
analysis and experimental data at the beginning of the loading, which is due
to the local splitting of the sample at the time of the sitting of the sample,
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(a)    
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Figure 10 The concrete arch strengthened with internal FRP conducted by Zhang et al.
(2015); (a) the concrete arch specimen, (b) the geometry, boundary conditions and the FE
mesh of the concrete arch.

which cannot be modeled in the numerical model. Furthermore, the numerical
analysis demonstrates the higher strength compared to the experiment which
can be described due to uncertainties in the properties of the materials utilized
in the laboratory and also because of the reduced concrete stress in high
strains. According to the results, it can be concluded that the numerical
analysis adequately shows a good agreement with those of experiment.

In the second case, the concrete arch strengthened with the internal
and external FRP experimentally conducted by the authors at the Strong
Floor Laboratory of Sharif University of Technology is modeled, as shown
in Figure 12. The data of one test is employed to verify the accuracy of
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Figure 11 The concrete arch strengthened with internal FRP conducted by Zhang et al.
(2015); A comparison of the force-displacement curves between the experimental and numer-
ical results.

the proposed computational model. The concrete arch specimen has a span
length of 110 cm and the high of 35 cm with a rectangular cross-section of
30 × 10 cm2. The internal and external parts of the arch are retrofitted by
a FRP layer with the thickness of 0.35 mm. Three longitudinal bars with a
diameter of 8 mm and stirrups with a diameter of 6 mm, with the spacing
of 100 mm are used (Figure 12c). All rebars have the strength of 400 MPa.
The compressive strength of the concrete varies between 47 and 54 MPa,
in which a compressive strength of 48 MPa is considered in the numerical
analysis. The parameter of cohesive fracture in the FRP interface is chosen
based on the observation of concrete crumbs over the FRP interface after
performing the test, so the fracture energy is chosen equal to 146 N/m. It
can be observed that the failure of the arch happens in a shear failure mode
due to the excessive distance between the stirrups, as shown in Figure 13.
The maximum distance of the stirrups should be half of the effective high of
the section. Given the section high of 100 mm, the stirrup spacing should be
limited to a maximum of 50 mm, however, the distance of stirrups is selected
equal to 100 mm in the current experimental test due to practical issues.
Because of the tensile stress occurs along the interface between the FRP and
concrete at the interface of the arch, debonding happens at this region, as
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Figure 12 The concrete arch strengthened with the internal & external FRP conducted at
the Strong Floor Laboratory of Sharif University of Technology; (a) the setup of experimental
test, (b) the problem definition, (c) the geometry, boundary conditions and FE mesh of concrete
arch.
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(a)  

 

(b)  

 
Figure 13 The concrete arch strengthened with internal & external FRP conducted at the
Strong Floor Laboratory of Sharif University of Technology; (a) the crack trajectories obtained
from experimental test, (b) the contour of plastic strain obtained from the numerical analysis.

shown in Figure 13. A comparison between Figures 13(a) and 13(b) illustrates
that the proposed computational algorithm can be used accurately to capture
the crack trajectories as well as debonding of the FRP. In Figure 14, the force-
deflection curves are plotted for the experiment and numerical model, which
are in a good agreement.

7 Parametric Studies of FRP Strengthening of Concrete
Arches

In this section, the behavior of FRP strengthening of concrete arches is stud-
ied numerically for the concrete arch of the span length 110 cm at different
highs ofH = 10, 30, 45 and 55 cm (see Figure 12b) using two percentages of



28 A. R. Khoei et al.

Figure 14 The concrete arch strengthened with internal & external FRP conducted at the
Strong Floor Laboratory of Sharif University of Technology; A comparison of the force-
displacement curves between the experimental and numerical results.

reinforcement of 0.628% and 2.5%, which are retrofitted in three manners, i.e.
the Internal FRP (I), External FRP (E), and both External and Internal FRP
(E&I). The behavior of the retrofitted arches are compared with the arches
without the FRP strengthening. In addition, an additional model is considered
in which the debonding of the internal FRP sheet is controlled. A rectangular
cross-section of 30 × 10 cm2is proposed for all concrete arches with 2 cm
concrete cover over the rebars. According to the ACI 318-14, the minimum
and maximum area of rebars are calculated as follows

(As)min = max

(
0.25

√
f ′c

fy
bwd,

1.4

fy
bwd

)
(As)max = 0.025 bwd (61)

where (As)min and (As)max are respectively the minimum and maximum
area of the flexural reinforcements, f ′c is the specified compressive strength of
concrete, fy is the specified yield strength of the reinforcement, bw is the web-
width of the section, and d is the distance from the extreme compression fiber
to the centroid of the longitudinal tensile reinforcements. Accordingly, the
minimum allowable rebar percentage is equal to 104 mm2 and the maximum
is 600 mm2.
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7.1 The Concrete Arch with the High of H = 10 cm

In the case of the concrete arch with the high of H = 10 cm, the behavior
of the arch is almost similar to a straight beam due to the low ratio of high
to span of the arch. In such case, the crack initiates from the bottom center
and propagates to the top center. In Figure 15, the force–deflection curves
of the concrete arch are plotted for various retrofitting methods, including:
No FRP (N), Internal FRP (I), External FRP (E), and both External and
Internal FRP (E&I) at two percentages of reinforcement, i.e. ρ = 0.628%
and 2.5%. Obviously, the ultimate strength and maximum deformation of the
arch increase by increasing the percentages of reinforcement. Accordingly,
the ultimate strength of the arch without the FRP increases from 57 kN to
110 kN with the corresponding deflections from 26 mm to 40 mm when the
reinforcements increase from 0.628% to 2.5%; this indicates that the ultimate
strength is improved about 100% and the deformation capacity increases
about 50%. As mentioned earlier, the crack initiates from the bottom center
and propagates to the top center. Before the formation of crack, the stiffness
of the arch is identical for the two percentages of reinforcement, however,
the stiffness of the arch with higher reinforcement value is more than the
arch with lower longitudinal reinforcement when the crack happens. The post
cracking stiffness of the arch with ρ = 0.628% and 2.5% are respectively
15% and 32% of the initial stiffness that indicates the effect of longitudinal
reinforcement on the post-cracking stiffness.

One of the most common failure modes in FRP-strengthened concrete
elements is the debonding of the FRP from the surface of concrete. The
force-deflection curves plotted in Figure 15(b) clearly present the deboning
of the FRP from the concrete with Internal FRP. Moreover, it can be seen
that the ultimate strength of the arch is 137 kN for ρ = 2.5% with the
corresponding deflection of 51 mm, while the ultimate strength is 80 kN
for ρ = 0.628% with the deflection of 20 mm. It can be observed that
increasing the reinforcement from ρ = 0.628% to 2.5% leads to 70% increase
in the ultimate strength value. According to Figure 15(b), a sudden drop is
obvious, which is due to the debonding of the FRP from the concrete. The
main reason of the debonding of the FRP is the presence of tensile stress
on the adhesive layer. The higher percentage of reinforcement causes the
debonding to occur in higher value of loading. In Figure 16, the plastic strain
contours of concrete arch are presented for various retrofitting methods at
two percentages of reinforcement. It can be seen that the crack happens at
the bottom face and then propagates to the top face; hence, the major failure
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(a) (b)

(c) (d)

(e) (f)

Figure 15 The force–deflection curves of concrete arch with H = 10 cm at different
percentages of reinforcement; (a) No FRP (N), (b) Internal FRP (I), (c) External FRP (E),
(d) External and Internal FRP (E&I), (e) The effect of FRP for ρ = 0.628%, (f) The effect of
FRP for ρ = 2.5%.

mode is due to flexure. Similar to the arch without FRP, the reinforcement
affects the stiffness of the arch only in the post-cracking stage. Moreover,
reduction of the stiffness of the arch with lower percentage of reinforcement
is more pronounced. The post-cracking stiffness of the arch with ρ = 0.628%
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Figure 16 The plastic strain contours of concrete arch withH = 10 cm at ultimate strength;
(a) No FRP (N) with ρ = 0.628% , (b) No FRP (N) with ρ = 2.5%, (c) Internal FRP (I) with
ρ = 0.628%, (d) Internal FRP (I) with ρ = 2.5%, (e) External FRP (E) with ρ = 0.628%,
(f) External FRP (E) with ρ = 2.5%, (g) External and Internal FRP (E&I) with ρ = 0.628%,
(h) External and Internal FRP (E&I) with ρ = 2.5%.

and 2.5% are respectively 16% and 33% of the initial stiffness value. Clearly,
the stiffness of the arch decreases significantly when the debonding occurs,
however, a fraction of the stiffness is recovered when the load increases. This
is due to the fact that increasing the load causes the tensile strength in the FRP
after debonding. The strengthening of exterior surface of the arch slightly
improves the behavior of concrete arch. In such case, the arch experiences
only compression stress on the exterior surface; as a result, it has little effect
on the behavior of the arch. According to Figures 15(e) and 15(f), the force-
deflection curves of the arches without strengthening are similar to the arches
with external strengthening. Furthermore, debonding is more significant in
the arches with lower percentage of reinforcement. In addition, the higher
reinforcement value leads to higher deformation capacity. It is obvious that
the internal FRP strengthening improves the maximum strength of the arch
up to 65%. The stiffness reduction can be observed in the post-cracking stage
for the arches with Internal FRP strengthening. Figures 16(a–e) and 16(c–
g) represent the effect of Internal FRP strengthening on the crack trajectory.
Obviously, debonding can be observed in the arch with Internal FRP at the
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ultimate strength. It can be seen that the arch with both Internal and External
FRP demonstrates the higher strength compared to the arch with Internal
FRP; this is due to the fact that the External FRP strengthening causes the
concrete experiences less tensile stress.

7.2 The Concrete Arch with the High of H = 30 cm

In the case of concrete arch with the high of H = 30 cm, where the high to
span ratio increases, the arch experiences the tensile stress at the top shoul-
ders, hence, the Internal and External FRP strengthening method can be used
as an effective scheme. In Figure 17, the force–deflection curves are plotted
for the concrete arch with H = 30 cm for various retrofitting methods, i.e.
No FRP (N), Internal FRP (I), External FRP (E), and both External and
Internal FRP (E&I) at two reinforcement values of ρ = 0.628% and 2.5%.
It is obvious from Figure 17(a) that by increasing the reinforcement ratio in
the arch without FRP, the ultimate strength increases about 25%. Moreover,
it can be seen from Figure 17(b) that the arch with the reinforcement ratio of
2.5% demonstrates a significant stiffness degradation due to shear cracking.
Also, a drop can be observed in both force-deflection curves which is due
to deboning of FRP in the arch with Internal FRP (I). However, a partial
recovery of the stiffness of the arch can be observed until the stirrups fail
at the ultimate stress. In Figure 18, the plastic strain contours of concrete
arch are presented for various retrofitting methods with two percentages of
reinforcement at the ultimate load. Obviously, the shear cracking occurs from
the bottom and propagates to the top of the arch; this is the major difference
between the current case and that studied in Section 7.1. The stiffness of
the arches is almost similar before occurring the crack, however it shows
different behavior in the post-cracking stage, in which the arches with the
reinforcement ratio of 2.5% have the greater stiffness value.

According to Figure 17(c), the ultimate strength of the arch with External
FRP (E) using ρ = 0.628% is greater than that of the arch with ρ = 2.5%; this
is due to the exceedance of the reinforcement ratio from its maximum allow-
able value. As a result, the flexural cracks first occur and then the shear cracks
form and propagate from the middle bottom of the arch at ρ = 0.628%, as
shown in Figure 18(e). However, only the shear cracks initiate and propagate
in the arch with the high reinforcement ratio of ρ = 2.5%. It can be observed
from Figures 18(g) and 18(h) that the main reason of the failure in the arch
with External and Internal FRP (E&I) is due to shear cracking in the middle
of the arch. According to Figure 17(d), the ultimate strength of the arch with
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Figure 17 The force–deflection curves of concrete arch with H = 30 cm at different
percentages of reinforcement; (a) No FRP (N), (b) Internal FRP (I), (c) External FRP (E),
(d) External and Internal FRP (E&I), (e) The effect of FRP for ρ = 0.628%, f) The effect of
FRP for ρ = 2.5%.

ρ = 0.628% is about 240 kN at the deflection of 24 mm, while its value for
the arch with ρ = 2.5% is 190 kN at the deflection of 19 mm; the main reason
is because of the occurrence of shear cracks before flexural cracks in the arch.

Finally, it can be highlighted from Figures 17(e) and 17(f) that the highest
strength value can be obtained for the arch with External FRP (E) using
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Figure 18 The plastic strain contours of concrete arch withH = 30 cm at ultimate strength;
(a) No FRP (N) with ρ = 0.628%, (b) No FRP (N) with ρ = 2.5%, (c) Internal FRP (I) with
ρ = 0.628%, (d) Internal FRP (I) with ρ = 2.5%, (e) External FRP (E) with ρ = 0.628%,
(f) External FRP (E) with ρ = 2.5%, (g) External and Internal FRP (E&I) with ρ = 0.628%,
(h) External and Internal FRP (E&I) with ρ = 2.5%.

ρ = 0.628%. However, if the debonding of the internal FRP is avoided, the
arch with External and Internal FRP (E&I) represents a greater strength
value. Moreover, the initial stiffness of all concrete arches are almost similar
using ρ = 2.5%, where the stiffness reduction can be observed in the post-
cracking stage. Moreover, it can be seen from Figure 17(f) that the high
strength value belongs to the arch with No FRP (N) and the arch with External
FRP (E) due to their brittle behavior. It must be noted that the method of
retrofitting has negligible effect on the post-cracking stiffness due to the high
reinforcement ratio. Since shear cracking is the main reason of the failure
of the arch, the exceedance of longitudinal reinforcement from its maximum
allowable value results in a brittle behavior. In order to investigate the effect
of deboning of the FRP in the arch, a comparison is performed in Figure 19
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Figure 19 The force–deflection curves of concrete arch with H = 30 cm for the reinforce-
ment of ρ = 0.628%; A comparison between the Internal FRP (I) with debonding, Internal
FRP (I) without deboning, and External FRP (E).

between the arch with Internal FRP (I) where the deboning can be happened,
the arch with Internal FRP (I) where the deboning is restricted, and the arch
with External FRP (E). Obviously, the ultimate strength of the arch with
External FRP (E) is almost equal to the arch with Internal FRP (I) where
the deboning is restricted.

7.3 The Concrete Arch with the High of H = 45 cm

In the next case, the concrete arch is studied for the high of H = 45 cm.
The force–deflection curves are plotted in Figure 20 for various retrofitting
methods, i.e. No FRP (N), Internal FRP (I), External FRP (E), and both
External and Internal FRP (E&I) at two reinforcement values of ρ = 0.628%
and 2.5%. In Figure 21, the plastic strain contours are also presented for the
concrete arch of various retrofitting methods at two reinforcement ratios. In
the arch with No FRP (N), the stiffness of the arch with the reinforcement
ratio of 2.5% is slightly greater than that of the arch with ρ = 0.628%, as
shown in Figure 20(a); moreover, the ultimate strength of the arch is 190
kN at the deflection of 9 mm for ρ = 0.628%, and the ultimate strength is
198 kN at the deflection of 13 mm for ρ = 2.5%. However, two different
mechanisms of the failure can be seen in the two concrete arches, as shown
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(a) (b)

(c) (d)

(e) (f)

Figure 20 The force–deflection curves of concrete arch with H = 45 cm at different
percentages of reinforcement; (a) No FRP (N), (b) Internal FRP (I), (c) External FRP (E),
(d) External and Internal FRP (E&I), (e) The effect of FRP for ρ = 0.628%, (f) The effect of
FRP for ρ = 2.5%.

in Figures 21(a) and 21(b). In fact, the arch with ρ = 0.628% represents the
occurrence of cracks at the middle of the arch and the formation of plastic
hinge in the shoulder of the arch; while the arch with ρ = 2.5% demonstrates
the shear cracking in the arch.
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Figure 21 The plastic strain contours of concrete arch withH = 45 cm at ultimate strength;
(a) No FRP (N) with ρ = 0.628% , (b) No FRP (N) with ρ = 2.5%, (c) Internal FRP (I) with
ρ = 0.628%, (d) Internal FRP (I) with ρ = 2.5%, (e) External FRP (E) with ρ = 0.628%,
(f) External FRP (E) with ρ = 2.5%, (g) External and Internal FRP (E&I) with ρ = 0.628%,
(h) External and Internal FRP (E&I) with ρ = 2.5%.

In Figure 20(b), the force–deflection curves are plotted for the arch with
Internal FRP. Obviously, because of the tensile stress at the internal surface,
debonding occurs between the FRP and concrete in the arch with ρ = 0.628%
that causes a sudden drop in the force–deflection curve. The main failure of
this arch is its instability due to formation of the hinges at the shoulders of
the arch, resulting in a five-hinged arch. It can be observed that the ultimate
strength of the arch with ρ = 0.628% is 200 kN at the deflection of 8 mm,
while the ultimate strength for ρ = 2.5% is 190 kN at the deflection of
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12 mm. Moreover, it can be observed that the ultimate strength of the arch
increases by applying the External FRP for the arch with ρ = 0.628%, as
shown in Figures 20(c) and 20(d), in which the ultimate strength of the arch
with External FRP is 275 kN at the deflection of 20 mm and the ultimate
strength is 280 kN at the deflection of 23 mm for the External and Internal
FRP. Clearly, cracks occur at the middle and shoulders of the arch that
leads to the failure of a five-hinged arch, as shown in Figures 21(e) and
21(g). The force-deflection curves plotted in Figure 20(e) clearly illustrate
that the External FRP is an efficient manner for the arch with the high of
H = 45 cm at the lower percentage of reinforcement. It shows that the
external strengthening improves the ultimate strength and deflection of the
arch about 50%. Moreover, it can be seen from Figures 21(a), 21(c), 21(e)
and 21(g) that the failure of the arch with ρ = 0.628% happens when a five-
hinged arch occurs, while the failure of the arch with ρ = 2.5% happens
when the shearing cracks take place, as shown in Figures 21(b), 21(d), 21(f)
and 21(h).

7.4 The Concrete Arch with the High of H = 55 cm

The last case study refers to a semi-circular concrete arch with the high
of H = 55 cm that demonstrates the behavior of the half-circle arch. In
Figure 22, the force–deflection curves are plotted for various retrofitting
methods using two reinforcement values. Also presented in Figure 23 are
the corresponding plastic strain contours at the ultimate strength of the arch.
It can be seen from the force-deflection curves that the arch with No FRP
using ρ = 2.5% has the ultimate strength of 190 kN at the deflection of
13 mm, while the ultimate strength of the arch with ρ = 0.628% is 140
kN at the deflection of 8 mm. The force–deflection curves of Figure 22(b)
demonstrate that debonding occurs between the FRP and concrete for the arch
with Internal FRP. It can be observed from Figures 22(c) and 22(d) that the
External FRP increases the ultimate strength of the arch using ρ = 0.628%.
Obviously, the ultimate strength of the arch with External FRP is 270 kN at
the deflection of 13 mm and its value for the arch with External and Internal
FRP is 245 kN at the deflection of 15 mm. It can be seen from Figure 23 that
the main failure of the arch with External FRP is due to shearing cracks as
the External FRP prevents the formation of flexural cracks at the shoulders of
the arch. In such case, shearing cracks occur at the middle of the arch where
debonding happens between the FRP and concrete. It can be highlighted that
the arch with ρ = 2.5% illustrates more brittle behavior in comparison with
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(a) (b)

(c) (d)

(e) (f)

Figure 22 The force–deflection curves of concrete arch with H = 55 cm at different
percentages of reinforcement; (a) No FRP (N), (b) Internal FRP (I), (c) External FRP (E),
(d) External and Internal FRP (E&I), (e) The effect of FRP for ρ = 0.628%, f) The effect of
FRP for ρ = 2.5%.

the arch with ρ = 0.628%, so shearing cracks happen at lower loading level.
However, the failure of the arch with No FRP and the arch with Internal FRP
is due to the formation of flexural cracks at the middle of the arch.

A comparison of force–deflection curves is performed in Figure 24
between the preceding case studies for the concrete arches with the high of
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Figure 23 The plastic strain contours of concrete arch withH = 55 cm at ultimate strength;
(a) No FRP (N) with ρ = 0.628% , (b) No FRP (N) with ρ = 2.5%, (c) Internal FRP (I) with
ρ = 0.628%, (d) Internal FRP (I) with ρ = 2.5%, (e) External FRP (E) with ρ = 0.628%,
(f) External FRP (E) with ρ = 2.5%, (g) External and Internal FRP (E&I) with ρ = 0.628%,
(h) External and Internal FRP (E&I) with ρ = 2.5%.

H = 10, 30, 45 and 55 cm. Clearly, increasing the high of the arch increases
the stiffness of the concrete arch for both values of reinforcement. However,
the ultimate strength of the arch with the high of 55 cm is less than the arches
of 30 and 45 cm using the reinforcement of ρ = 0.628%. It is because
of the geometry of the semi-circular arch that leads to the formation and
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Figure 24 Continued
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(g) (h)

Figure 24 The force–deflection curves of concrete arch with different high; (a) No FRP (N)
with ρ = 0.628%, (b) No FRP (N) with ρ = 2.5%, (c) Internal FRP (I) with ρ = 0.628%, (d)
Internal FRP (I) with ρ = 2.5%, (e) External FRP (E) with ρ = 0.628%, (f) External FRP
(E) with ρ = 2.5%, (g) External and Internal FRP (E&I) with ρ = 0.628%, (h) External and
Internal FRP (E&I) with ρ = 2.5%.

propagation of flexural cracks at the shoulders of the arch in a lower loading
level. In addition, the arch of 30 cm with Internal FRP has the highest value
of ultimate strength. Also, the ultimate strength of the arch with External
FRP increases as the high of the arch increases using the reinforcement of
ρ = 0.628%, in which the arches of 45 and 55 cm have the highest ultimate
strength. Moreover, the failure of the arches with the high of 10 and 30 cm
is due to formation of shearing cracks in the middle of the arch, while the
failure of the arches with the high of 45 and 55 cm is due to formation of
cracks in the middle and shoulders of the arch that leads to its instability
and failure where a five-hinged arch occurs. It can also be observed from the
force-deflection curves of the arch with ρ = 2.5% that the ultimate strengths
of the arches with the high of 45 and 55 cm are almost similar, while the
arch of H = 30 cm represents the higher value of the ultimate strength.
Furthermore, the failure of the arches with ρ = 2.5% is due to shearing
cracks because of the high value of reinforcement, except for the arch of
10 cm that demonstrates a beam-type behavior. Finally, the evolutions of
normal and shear stresses are plotted in Figure 25 for a half of the arch with
Internal FRP and External FRP interfaces at different high before debonding.
Obviously, the arch of External FRP with low ratio of the high to span
experiences the high stress values at its shoulders, while the arch of Internal
FRP with high ratio of the high to span experiences the high values of
stresses.
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(a)     (b) 

(c)      (d)

Figure 25 The stress evolutions along the FRP interface for a half of the concrete arch with
different high before debonding; (a) the normal stress along the Internal FRP (I) interface, (b)
the normal stress along the External FRP (E) interface, (c) the shear stress along the Internal
FRP (I) interface, (d) the shear stress along the External FRP (E) interface.

8 Conclusion

In the present paper, an enriched–FEM method was presented based on
the X-FEM technique by applying a damage–plasticity model to investi-
gate the effect of FRP strengthening on concrete arches, and employing a
cohesive fracture model to capture the interface behavior between the FRP
and concrete. The validity of the proposed X-FEM method was presented
using a three-point bending beam with an edge crack. In addition, the accu-
racy of the plastic-damage model was studied under the monotonic tension,
compression, and cyclic tension loading, and the accuracy of the cohesive
fracture model was investigated using the experimental data reported for the
debonding test. In order to verify the accuracy of the proposed computational
algorithm, the numerical simulation results of FRP strengthening of concrete
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arches were compared with two sets of experimental test; the first exper-
imental test was reported in the literature and the second experiment was
conducted by the authors at the Strong Floor Laboratory of Sharif University
of Technology. Finally, a parametric study was performed by evaluating the
effects of high to span ratio, longitudinal reinforcement ratio, and strength-
ening method. To this end, the behavior of FRP strengthening of concrete
arches was studied numerically for the concrete arch of the span length 110
cm at different highs of H = 10, 30, 45 and 55 cm using two percentages
of reinforcement of 0.628% and 2.5% The force–deflection curves of the
concrete arch were plotted for various retrofitting methods, including: No
FRP (N), Internal FRP (I), External FRP (E), and both External and Internal
FRP (E&I) at two percentages of reinforcement. It was shown that for the
arch with low ratio of the high to span, the Internal FRP is the most effective
method. Furthermore, increasing the ratio of reinforcement decreases the
efficiency of FRP strengthening. On the other hand, for the arch with the
geometry of a semi-circular shape, the External FRP can be an appropriate
retrofitting method. Moreover, the mechanism of failure in the arch can be
transferred from the flexural failure into the shearing failure as the high to
span ratio increases. In addition, a more brittle behavior was observed in
the arch with higher ratio of the high to span, where the high value of the
reinforcement was utilized.
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