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ABSTRACT
2D elastodynamic problem for a finite elastic anisotropic 
solid with nanosized cavities is worked out in this paper. 
The solid under plane strain conditions is subjected to time-
harmonic load. The developed computational tool for the 
steady-state problem is boundary integral equation method 
based on frequency-dependent fundamental solutions for 
elastic anisotropic continuum obtained by Radon transform. 
Accuracy of the dynamic stress concentration factor and 
displacement components is proven by comparisons with 
existing in the literature analytical solution and with the 
results obtained using commercial finite element package. In 
addition, a parametric study is performed in order to examine 
the sensitivity of the dynamic stress concentration field to 
the geometrical configuration of multiple cavities, to the 
characteristics of the surface elastic properties, to the type of 
orthotropy and to the dynamic interaction between cavities.

1. Introduction

The static and dynamic behaviour of a heterogeneous or composite solid con-
taining multiple inclusions and/or cavities is an important engineering problem 
with applications in many modern technological fields such as material science, 
non-destructive evaluation, computational geophysics and fracture mechan-
ics (Meguid & Wang, 1995; Dineva, Rangelov, & Gross, 2005; Garcia-Sanchez, 
2005; Garcia-Sanchez, Saez, & Dominguez, 2006; Dineva, Rangelov, Manolis, & 
Wuttke, 2014a; Dineva, Gross, Muller, & Rangelov, 2014b; Datta & Shah, 2008; 
Grekov & Morozov, 2012; Rizov, 2014, 2015). Propagation of elastic waves through 
heterogeneous material causes reflection, refraction, diffraction and scattering 
phenomena that are difficult to quantify. In addition, different types of disconti-
nuities such as cracks, cavities and inclusions further complicate the overall wave 
picture by acting as scatterers and stress concentrators. Prediction of the dynamic 
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response of a finite elastic anisotropic heterogeneous solid with defects from nano 
to macroscales is very important for the safe operation and optimum design of 
the engineering structures subjected to dynamic loads. At the same time, this is 
a difficult issue involving complex mechanical models that demand high perfor-
mance computational tools and advanced research software. Nanomaterials are 
reported to be the materials of twenty-first century with respect to their unique 
design and property combinations that are not found in conventional ones. When 
the characteristic cross-section dimension of the considered solid gets much lower 
than microns, the ratio of the surface area to volume becomes more prominent, 
thus the solid is strongly influenced by its surface characteristics which lead to 
distinct mechanical properties compared with their bulk counterpart. With the 
rapid development of nanomechanical systems, the size-dependent phenomena 
in the scattered wave field in nanostructures with defects as cavities and inclu-
sions need to be sufficiently understood and have attracted widespread interest. 
The variation in surface energy of the nanostructures is caused by the fact that 
the bonds of the surface atoms are relaxed and this lead to formation of surface 
residual stress which does not happen inside the solid core. Such specific behav-
iour is termed as the surface stress effect and in the surface model introduced by 
Gurtin and Murdoch (1975, 1978) and Gurtin, Weissmuller, and Larche (1998), 
the surface stress is the summation of the surface residual stress and surface 
elasticity. In this model, the interfaces between the nanoinhomogeneity and the 
matrix are regarded as material thin surfaces that possess their own mechanical 
properties and surface tension. For structures with sizes greater than 100 nm, the 
surface-to-volume ratio is negligible and the effective properties are governed by 
classical bulk elastic strain energy through a fourth-order elastic stiffness tensor. 
In opposite, the strain energy can be dramatically altered by surface effects which 
are in the base of the nanotechnology.

What follows is a short authors’ review of the results existing in the literature 
limited only to two-dimensional in-plane problems for heterogeneous materials 
with cavities and inclusions at nanoscale under dynamic loads basing on the 
Gurtin-Murdoch model.

In-plane wave motion problems for diffraction of time-harmonic P- and 
SV-waves by nanoholes and nanoinclusions were studied analytically in Wang 
(2009); Zhang, Wang, and Schiavone (2011); Wang, Wang, and Feng (2006) and 
Ru, Wang, and Wang (2009). Using the wave function expansion method, the 
analytical expressions of wave diffraction field in an infinite elastic isotropic plane 
with two circular holes were derived in Wang (2009). In Wang et al. (2006), the 
diffraction of plane harmonic compressional P-wave by a nanosized circular hole 
was considered using the same method. It was also applied in Zhang et al. (2011) 
in order to study the diffraction of elastic waves by an array of cylindrical holes 
including the effects of surface elasticity. The diffractions of plane longitudinal 
P-waves and shear SV-waves by a cylindrical nanohole and nanoinclusion were 
investigated in Ru et al. (2009). Fang, Liu, Yang and Zhang (2010) evaluated 
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analytically the effect of surface/interface on the dynamic stress around single 
circular cavity, single circular inclusion and two interacting circular nanoinclu-
sions in infinite matrix under P-waves.

Generally speaking, numerical techniques are now thought of as being the 
preferred way for studying elastic wave motion in heterogeneous media. Among 
currently used numerical approaches, BIEM has become quite popular over the 
last decade because of its efficient handling of heterogeneous materials reformulat-
ing the corresponding boundary-value problem by integral equations only along 
the existing boundaries via the usage of reciprocity theorem and fundamental 
solution (FS) of the governing equation. The following conclusions could be made 
from the above short review: (i) to date, there is still a lack of results concerning 
the surface effects on the dynamical behaviour of elastic anisotropic solids; (ii) 
most of the used computational techniques for isotropic solids are analytical, there 
are few papers presenting BIEM as an efficient tool for solution of mechanical 
problems at nanoscale and they all concern static solutions (Dong & Pan, 2011; 
Dong, 2012; Jammes, Mogilevskaya, & Crouch, 2009; Mogilevskaya, Crouch, & 
Stolarski, 2008), except the authors’ results, see Parvanova, Manolis, and Dineva 
(2015) and Parvanova, Vasilev, Dineva, and Manolis (2016), who treat dynamic 
problems of elastic isotropic solids; (iii) to the best of the authors’ knowledge, 
there are no results for solution of the dynamic problems for finite anisotropic 
solids with a cavity subjected to dynamic time-harmonic load.

The present work aims to propose a systematic BIEM study on this problem, 
namely the dynamic response of a finite anisotropic solid with multiple nano-
cavities, and it can be viewed as a continuation of previous work of the authors 
(Parvanova et al., 2015, 2016). The main goals are: (i) To solve two-dimensional 
elastodynamic problem in frequency domain for a finite anisotropic elastic solid 
with multiple, arbitrary in number and mutual disposition cavities at nanoscale; 
(ii) To develop, verify and insert in numerical simulations an efficient boundary 
integral equation method and accompanied software based on the reciprocity 
theorem, frequency-dependent elastodynamic fundamental solutions and dis-
cretisation and collocation techniques for reducing the problem to solution of 
linear algebraic system of equations with respect to the unknown field variables.

The paper is organised as follows: the formulation of the considered two-di-
mensional in-plane elastodynamic problem for a finite general anisotropic solid 
at nanoscale with multiple cavities and subjected to dynamic load is presented in 
Section 2, while its reformulation via boundary integral equations along existing 
boundaries in the solid based on the analytically derived by Radon transform 
fundamental solution is given in Section 3. Verification of the proposed numer-
ical scheme is shown in Section 4, and a parametric study revealing some new 
size-dependent effects is presented in Section 5. Finally conclusions are discussed 
in the last Section 6.
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2. Problem Formulation

In a Cartesian coordinate system Ox1x2x3 in the plane x3 = 0 consider an anisotropic 
finite plate with boundary Γ subjected to time-harmonic loads with frequency ω, 
see Figure 1. The solid matrix contains a set of N nanocavities with boundaries 
Γk
H, where k = 1, 2, … N, of arbitrary shape, number, size and configuration. The 

heterogeneities do not intersect each other and their total surface is denoted as 

ΓH =
N⋃
k=1

Γk
H
. It is assumed that anisotropic material is of monoclinic type (there 

exists at least one elastic symmetry plane), because this is the necessary condition 
for uncoupling of the 3D problem to two-dimensional ones: in-plane and anti-
plane, Garcia-Sanchez (2005). Plane strain state, i.e. in-plane wave motion with 
respect to plane x3 = 0 is considered. In this case, the only non-zero field quantities 
are displacements u1,u2, stresses σ11, σ12, σ22 and tractions ti = σijnj, i, j = 1, 2, all 
dependent on coordinates x = (x1, x2) and frequency ω, where nj is the outward 
pointing unit normal vector to the surface. In what follows is the definition of the 
boundary-value problem (BVP) by the governing partial differential equations of 
elastodynamics in frequency domain and corresponding boundary conditions.

2.1. Governing equations in the bulk solid

2.1.1. Constitutive equation (Hooke’s law)
In the case of general anisotropy, the angle χ between the coordinate axes Ox2 and 
the principal axes of the material symmetry Ox′

2
 is � ≠ 0; �∕2 and in this case six 

parameters c11, c12, c16, c22, c26 and c66 characterise the stiffness tensor. Note that the 
contracted notation of Voigt (1910) is applied to the fourth-order stiffness tensor 
Cijkl, whereCijkl = Cjikl = Cijlk = Cklij, Cijklgijgkl > 0 for any non-zero real symmetric 
tensor gij. In this case, the Hooke’s law is presented in the following matrix form:

Figure 1. the problem geometry: anisotropic finite plate with multiple cavities.
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If the principal axis of the material symmetry Ox′
2
 coincides with the coordi-

nate axis Ox2, the material is orthotropic and it is characterised with the fol-
lowing four independent material constants c11, c12, c22 and c66, because 
c16  =  c26  =  0. The orthotropic case is transformed into isotropic one if the 
subsequent relations are truth c

11
= c

22
= � + 2� and c

12
= �; c

66
= �, where 

λ and μ are Lame constants. Coefficients cij should satisfy the following con-
ditions for positive strain energy and real and positive wave velocities: 
c
11
> ��c12��,

�
c
11
+ c

12

�
c
22
> 2

�
c
12

�2
, c

66
> 0, c

11
> 0, c

22
> 0, ��c12 + c

66
�� <

�√
c
11
c
22
+ c

66

�
.

2.1.2. Kinematics relations under assumption of small displacements
 

where ɛij is the strain tensor, comma subscripts denote partial differentiation with 
respect to the spatial coordinates and the summation convention over repeated 
indices is implied.

2.1.3. Equation of motion in plane x3 = 0 and in the absence of body forces
 

here ρ is the mass density. In Equations (1–3), cij and ρ are stiffness tensor and 
mass density of the solid matrix material.

2.2. Boundary conditions

At any point along the cavity interface ΓH =
N⋃
k=1

Γk
H we can define unit outward 

normal vector n (see Figure 1) and unit tangential vector l such that (n, l, x3) forms 
right-handed coordinate system. The traction ti at any point x on the line segment 
with normal vector n is defined as ti = σijnj.

Boundary conditions along external boundary Γ of the rectangular finite plate, 
where a prescribed time-harmonic traction is applied, are as follows:

 

where σ0j is the magnitude of the applied loads in both directions, see Figure 1.
Boundary conditions along the cavity interface ΓH at macro-level hold:
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ui,j + uj,i

)
i, j = 1, 2,

(3)�ij,j(x,�) + ��2ui(x,�) = 0,

(4)tj(x,�) = �
0j(x)e

i� t
, j = 1, 2, x ∈ Γ

(5)tj(x,�) = 0 , j = 1, 2, x ∈ ΓH
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Non-classical boundary conditions along the cavity interfaces ΓH express a jump 
of stresses from the matrix to cavity surfaces due to the presence of surface stress 
�S
ij along each cavity interface sk ≡ Γk

H

 

The surface stress �S
ij is related to the deformation-dependent surface energy E, 

where �Sij is the 2 × 2 strain tensor for the surface sk ≡ Γk
H, δij is the Kronecker 

delta symbol, τ0 is the residual surface tension under unstrained condition (along 
undeformed interface boundary) which is independent of deformation and induce 
an additional static deformation. The residual surface tension τ0 is often ignored 
in the dynamic analysis. Following the surface elasticity theory of Gurtin and 
Murdoch (1975), the k-th interface along the relevant cavity contour is regarded 
as a thin material film with its own mechanical properties �S,k

, �S,k, different from 
that of the surrounding matrix, and surface tension �k

0
. Each thin surface layer is 

assumed to be isotropic and all hole surfaces have identical material properties, 
denoted by �S

, �S
, �

0
. The surface equilibrium conditions along the arc length 

sk, i.e. on the undeformed k-th hole interface Γk
H, written in terms of the local 

normal and tangential (n, l) coordinates defined on sk (see Mogilevskaya et al., 
2008; Dong & Pan, 2011) are:

 

 

Here: �S
ll = �

0
+
(
�S + 2�S

)
�Sll is the stress in tangential direction expressed by the 

constitutive equation for elastic isotropic behaviour of the thin interface layer, �̃� 
is the curvature radius of the interface boundary sk, 

(
un, ul

)
 are the displacement 

components in the local coordinate system (n, l). The superscript M indicates 
solid matrix domain. A coherent interface sk is considered (perfect bonded, no 
slip, twist or wrinkling), where the strain �sll in tangential direction l is equal to 
the associated tangential strain in the abutting bulk matrix �Mll , i.e. �Sll = �Mll . In 
this case the following condition is satisfied
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Boundary conditions (6–9) could be reformulated in a more compact form with 
respect to the tractions developed along the hole interface boundary as seen from 
the matrix domain, see Dong and Pan (2011) and Parvanova et al. (2015):

 

 

 

 

 

 

Where: 𝛼 = 𝜆S + 2𝜇S
, 𝛽 =

(
𝛼 + 𝜏

0

)
∕�̃�, ∂/∂l and ∂2/∂l2 are the first and second 

tangential derivatives respectively. Note that when �
0
= �S = �S = 0  the boundary 

condition (10) transforms into classical boundary condition (5) describing the 
traction equilibrium. The superscript M indicates solid matrix domain with the 
positive unit outward normal vector as shown in Figure 1.

Finally, the BVP for a finite anisotropic plate containing cavities and sub-
jected to harmonic in time load is presented by the governing Equation (3) 
and the following boundary conditions for: (i) macro-cavity-(4), (5); (ii) nano-
cavity-(4), (10).

3. BIEM formulation

The formulated BVP in Section 2 can be described in the case of time-harmonic 
load by the following frequency-dependent BIEs along the external solid bound-
ary Γ and cavity interfaces ΓH, following Brebbia (1978) and Dominguez (1993):
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Here: x ∈ Γ ∪ ΓH; cij is the jump term depending on the local geometry at the 
collocation point x

(
x
1
, x

2

)
; the couple x, ξ presents the position vectors of the 

source and receiver, respectively; U∗
ij (x, �,�) is the displacement fundamental 

solution of the governing elliptic partial differential Equation (3) for in-plane 
wave motion in generally anisotropic solid, and its corresponding traction is 
T∗
ij (x, �,�) = Ci j q l U

∗
qk, l (x, �,�) nk, see the Appendix A.

4. Verification study

4.1. Test example 1: nanoscale circular cavity in an isotropic matrix under 
static uniform load

Consider a square elastic isotropic matrix of size 100a0 containing a cir-
cular cavity of radius a

0
= 1.10

−9
m. The elastic isotropic properties of the 

matrix are as follows: Lame constants are �M = 64.43 GPa, �M = 32.9 GPa 
and the equivalent stiffness tensor assigned in the computer code is 
c
11
= c

22
= � + 2�, c

12
= �, c

66
= �, c

16
= c

26
= 1e − 6. The first numerical 

example is for isotropic material but the results presented below are obtained using 
fundamental solutions for anisotropic one. The far field loading is the static equiv-
alent of a longitudinal P-wave, namely the vertical edges of the square matrix are 
subjected to uniform normal tractions t1 = σ0, whereas the horizontal edges have 
normal tractions t

2
= �

0
�∕(1 − �). The excitation frequency is low and equal to 

1e−4 rad/s, in order to simulate quasi-static conditions. The surface stresses acting 
at the cavity’s boundary are modelled as an elastic isotropic thin film with surface 
parameters λS and μS. Surface effects are defined by parameter KS = 2�S + �S − �0,  
and the special case of τ0 = 0 is used in the verification study.

The benchmark solution is for an infinite elastic isotropic plane with a single, 
nanoscale cylindrical cavity under the described above far-field loading. The matrix 
size of 100a0 is sufficiently large to rule out the influence of the external boundaries 
on the near filed around the cavity. This test example was solved analytically in 
Grekov and Morozov (2012), who reduced the BVP to a hypersingular integral 
equation with respect to the unknown surface stress by applying the Goursat-
Kolosov complex potential theory and Muskhelishvili’s technique. Figure 2  
is a comparison between our BIEM results and the analytical solution in Grekov 
and Morozov (2012) for the normalised hoop stress σφφ/σ0 along the perimeter of 
the circular cavity with fixed radius a0 and for different values of parameter KS (in 
N/m). The BIEM mesh comprised 16 quadratic boundary elements (BE) for the 
cavity boundary and 16 quadratic BE for the square matrix, with 4 BE per side. 
We observe that the BIEM solution reproduces the analytical solution extremely 

(16)cijuj(x,�) = ∫
Γ∪ΓH

U∗
ij (x, �,�) tj(�,�)d� − ∫

Γ∪ΓH

T∗
ij (x, �,�) uj(�,�)d�
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well. More specifically, the percentage errors vary between 0.01 and 0.61% for all 
polar angles and surface parameters.

4.2. Test example 2: circular cavity in a square orthotropic matrix under a 
dynamic load

The aim of the present verification example is to prove the accuracy of the 
above-discussed BIEM numerical scheme for the elastodynamic behaviour of 
homogeneous anisotropic solid at macroscale and those generated by the FEM 
software ANSYS. To the authors’ best knowledge, there are no BIEM results based 
on fundamental solution for anisotropic material with nanoinclusions/nanocav-
ities. The surface stress effects around the cavity are neglected in the current 
model and only the classical solutions are compared since a number of verifica-
tion examples involving interface stress effects have been already reported by the 
authors for the isotropic media, see Parvanova et al. (2015, 2016). Its application 
for anisotropic matrix is the same.

The model under consideration is a square plate with a single circular cavity 
at its centre under time harmonic tensile forces of magnitude σ0 applied in hori-
zontal direction (Figure 6(a)). The diameter of the cavity is d = 2a0 and the size 
of the square plate is 10d. Material parameters of the matrix are for orthotropic 
material, see Ohyoshi (1973), given as a ratio of c11. The stiffness tensor is defined 
as c11 = sijc11, where in the present numerical example a0 = 1, c11 = 1 and ρ = 1 in 
consistent units. The following cases with respect to the ration sij are considered: 
orthotropic material type (1) s11 = 1, s12 = 1/3, s22 = 1, s66 = 1/6; orthotropic material 
type (2) s11 = 1, s12 = 1/30, s22 = 1, s66 = 1/3. The normalised frequencies are equal to 
Ω = �d

√
�∕c

66
= 0.49 and Ω = 0.416 for the first and the second material types, 

respectively. There is no material damping in the numerical model.
The results obtained by both numerical techniques are plotted in Figures 3 and 4.  

More specifically, Figure 3(a) plots the displacement component amplitudes 

Figure 2.  Dimensionless hoop stress σφφ/σ0 along the circular cavity perimeter for different 
surface elastic KS values.
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(a) (b)

Figure 3. single circular cavity in a square plate of orthotropic material type (1): (a) normalised 
horizontal and vertical displacement components versus polar angle; (b) normalised hoop 
stresses along the cavity contour.

(a) (b)

Figure 4. single circular cavity in a square plate of orthotropic material type (2): (a) normalised 
displacement components versus polar angle; (b) normalised hoop stresses along the cavity 
contour.

(a) (b)

Figure 5. single circular cavity in a square plate of orthotropic material type (3): (a) normalised 
displacement components versus polar angle; (b) normalised hoop stresses along the cavity 
contour.
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normalised as ||ui
||c11∕a0�0

, i  =  1, 2, Figure 3(b) depicts the normalised hoop 
stresses |||���

∕�
0

||| versus polar angle φ for the first material type. The same set of 
results, for the second orthotropic material, is given in Figure 4. The percentage 
difference in the peak values of the normalised horizontal and vertical displace-
ment components, obtained by the BEM and FEM solutions, are 0.15 and 0.2%, 
respectively, for the first material type and 0.14 and 0.25% for the second one. 
The percentage differences in the peak values of the normalised stresses (at φ = 0 
and φ = π/2 in Figure 3(b)) are 0.53 and 0.38% for the first material. The same 
differences for the second material (Figure 4(b)) are 0.17 and 0.09%, respectively. 
The percentage differences are calculated with respect to the average BEM/FEM 
values, since both are numerical methods and could be considered as having 
comparable accuracy. The BEM mesh consists of 16 quadratic BE for the cavity’s 
boundary and 16 quadratic BE for the square plate contour. In order to achieve 
plotting accuracy in the hoop stresses in Figures 3(b) and 4(b), respectively, the 
FEM mesh needs to be much finer than the corresponding BEM mesh and much 
finer than the relevant finite element (FE) mesh for isotropic materials. With 
other words, in case of anisotropy the FEM convergence rates for displacements 
and stresses are different and convergence of stresses requires finer mesh. In the 
present numerical examples, the FE mesh is structured so as to have 160 quad-
ratic, planar FE along the cavity contour, which results in 320 boundary nodes. 
The plate edges are discretised into 60 FE and finally the entire mesh comprises 
9004 quadratic, eight-noded plane FE (PLANE 82). Otherwise, the percentage 
differences in stresses are larger than 1%. More specifically with 80 quadratic FE 
along the cavity contour the BEM (16 BE for cavity perimeter)/FEM differences in 
the observed peak stresses are 2.02 and 1.80%, while with 40 quadratic FE along 
the cavity the same differences are 6.22 and 5.96%.

Additional verification example is done for the following orthotropic material 
c
11
= 1, 57 .10

9
Pa, c

12
= 1, 26 .10

9
Pa, c

22
= 4, 17 .10

9
Pa, c

66
= 1 .10

9
Pa, the den-

sity is 1570 kg/m3, with data taken from Chuhan, Yuntao, Pekau, and Feng (2004). 
Here c11 ≠ c22, which was not fulfilled for the previous orthotropic materials. The 
numerical model loading and geometrical dimensions are the same as those of 
the previous two verification examples. The normalised frequency is Ω = 0.26.

The obtained results are plotted in Figure 5. More specifically, Figure 5(a) plots 
the displacement component amplitudes normalised as ||ui

||c11∕a0�0
, i = 1, 2, Figure 

5(b) depicts the normalised hoop stresses |||���
∕�

0

||| versus polar angle φ. All dif-
ferences between BEM and FEM solutions are less than 1%. The FEM mesh is 
the same as before, the BEM mesh consists of 16 quadratic BE for the cavity’s 
boundary and 48 quadratic BE for the square plate contour.
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5. Parametric study

In this section, we consider three different cavity configurations in a finite square 
elastic orthotropic plate at nanoscale (Figure 6) subjected to uniform time-har-
monic load with magnitude σ0 along horizontal direction.

The aim here is to quantify dynamic stress concentration factor (DSCF) 
dependence in case of anisotropic matrix to the following key factors: (i) surface 
properties, as quantified by the interfacial material constants; (ii) dynamic inter-
actions between multiple nanocavities, including the external boundary of the 
elastic matrix and (iii) cavities’ configuration. The second target is to compare the 
present conclusions with those observed in the case of isotropic matrix reported 
in recent publications of the authors (Parvanova et al. (2015, 2016).

In all numerical simulations, the solid matrix is a square plate made of ortho-
tropic material. Three basic cavity configurations are considered: single cavity at 
the centre of the plate (model A); three horizontal (model B) and three vertical 
(model C) cavity arrangements as shown in Figure 6. The geometrical dimensions 
and material properties are the same as those in the second verification example. 
The dimensionless parameter which captures interface effects at the nanoscale is 
defined as s = KS∕c66d, where c66 is the stiffness tensor component of the square 
plate material. Dimensionless parameter s is introduced in the papers of Wang et 
al. (2006), Wang (2009) and Ru et al. (2009) to better gauge interface effects at the 
nanoscale. More specifically, a macroscopic cavity with large diameter leads to s 
<< 1 values, and surface effects can be neglected. However, when the radius of the 
cavity shrinks to the nanoscale, s becomes noticeable and the surface effect should 
be considered in analysis. The dimensionless parameter s allows us to fix the 
radius of the cavity and to vary KS in order to achieve nanoscale problem or vice 
versa to fix the surface elasticity parameters and change the radius of the cavity. 
In both cases nanoscale is reached and influence of the applied surface model is 
noticeable when s is larger than 0.05, and this is reported in Parvanova et al. (2015, 
2016). The excitation frequency is fixed and corresponds to normalised values of 
Ω = �d

√
�∕c

66
= 0.5 for the first material type and Ω = 0.4 for the second one.

M

Figure 6. orthotropic square plate with various cavity configurations: Geometry, dimensions and 
layouts for models A–C.
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(a) (b)

(d)(c)

Figure 7. square plate of orthotropic material (1): (a) DsCf at the central cavity for all models at 
fixed surface parameter s = 0; (b–d) normalised hoop stresses on the central cavity perimeter for 
models A–C.

(a) (b)

(b)(c)

Figure 8. square plate of orthotropic material (2): (a) DsCf at the central cavity for all models at 
fixed surface parameter s = 0; (b–d) normalised hoop stresses on the central cavity perimeter for 
models A–C.



142  S. PARVAnoVA eT Al.

All simulation results for the first orthotropic material type are depicted in 
Figure 7. More specifically, Figure 7(a) plots the DSCF defined as |||���

∕�
0

||| at the 
central cavity perimeter for models A–C in the absence of surface stress effects 
(s = 0). Sub-Figure 7(b)–(d) show the DSCF for cavity arrangements A–C, respec-
tively, for various values of surface normalised interface stress effects ranging from 
0 to unity. The same set of results for the second orthotropic material is illustrated 
in Figure 8. Finally, we would like to note that although the presented results are 
for orthotropic materials, the fundamental solution inserted in the authors’ BEM 
software is for general anisotropic material. The numerical scheme developed, 
verified and inserted in simulations by the authors allows computations not only 
for orthotropic materials.

Comparing the current results with those obtained for similar cavity arrange-
ments but in an isotropic square plate (Parvanova et al., 2016) the following con-
clusions could be made: (i) Three horizontal cavities arrangement does not change 
(Figure 7(a)) or slightly reduces (Figure 8(a)) the DSCF in the central cavity, 
while in case of isotropic material substantial reduction in the hoop stresses was 
observed; (ii) Three vertical cavities arrangement lead to the considerable ampli-
fication of more than 50% in the DSCF at the central cavity perimeter in case of 
orthotropic materials (Figures 7(a) and 8(a)). Similar effects are observed in case 
of isotropic materials but the order of amplification there is smaller; (iii) The influ-
ence of the surface parameter s to the stress distribution around the central cavity 
is identical to that observed in case of isotropic material. The strong influence of 
the surface parameter (resp. the size of the cavities) on the stress concentration 
field is visible for both anisotropic materials. With the increase in the surface 
parameter s = KS∕c66d the DSCF decreases and thus the effects at the nanoscale 
are clearly demonstrated.

All figures in the parametric study demonstrate the combined effect of: the 
orthotropy; heterogeneity type, size, number and geometry; the dynamic load 
type and characteristics on the stress concentration fields.

6. Conclusions

Numerical solution for 2D, in-plane time-harmonic wave motion that develops 
in a finite-sized elastic anisotropic solid containing multiple cylindrical cavities 
at nanolevel of arbitrary size, geometrical configuration and elastic properties 
is presented in the paper. The computational tool is the BIEM based on the fre-
quency-dependent fundamental solution derived by Radon transform for general 
anisotropic continua. This yields an effective numerical scheme, and the accom-
panied research software which is developed for finite anisotropic solids with 
nanocavities.

The numerical results obtained show a marked dependence of the non-uniform 
stress and displacement fields to the size of the cavities, their number and position, 
as well as their mutual interaction with the incoming elastic waves propagating 
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in finite anisotropic solids. The results are summarised by tracing the influence 
of the cavities on the ensuing DSCFs.

The numerical simulations demonstrate the potential of the BIEM to produce 
highly accurate results regarding the dynamic behaviour of finite anisotropic solids 
strengthened (or weakened) by multiple cavities at macro and nanolevel, with 
marked economy as compared to the standard engineering analysis employing 
finite elements.
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Appendix A. Time-Harmonic Fundamental Solution for 2D Anisotropic 
Domain

The frequency-dependent fundamental solution U∗
ij (x, �,�) for infinite domain of general 

anisotropy satisfies the following partial differential equations:
 

This fundamental solution is derived analytically in Wang and Achenbach (1994) by applying 
the Radon transform and its mathematical form is given below:
 

Where: s = |𝜒|; 𝜒 =< x − �,m >,<...,… > means scalar product, ũj(s,m) is presented by (A3):
 

Where: m =
(
m

1
,m

2

)
= (cosφ, sinφ) is a unit vector describing the position along the unit 

circle, φ is the polar angle, aj and gj
i
, i, j = 1, 2 are the eigenvalues and eigenvectors of the 

Christoffel matrix defined as
 

i.e. aj and gj
i
 are solutions of the homogeneous system of Equations (A5):

 

Here I is the identity matrix and aj(m) = �(Cj(m))2, Cj(m) are the phase velocities and the wave 
numbers are kj(m) = �∕Cj(m). Also we note that ci(s) = − ∫∞

s

cos y

y
dy and si(s) = − ∫∞

s

sin y

y
dy 

are the cosine and sine integrals.
The logarithmic singularity of the function ũj(s,m) is removed by means of the addition 

and subtraction of the term ln(s)∕aj. In such a way, both displacement FS (U∗
ij (x, �,�)) and 

its corresponding traction FS (T∗
ij (x, �,�)) are decomposed into regular and singular parts 

(Wang & Achenbach, 1994; Garcia-Sanchez, 2005; Garcia-Sanchez et al., 2006). The later 
parts do not depend on frequency and correspond to the elastostatic FS whose explicit form 
for the anisotropic solid was obtained by Eshelby, Read, and Shockley (1953). The singular 
part of the displacement FS, U∗

ij (x, �,�), and elastostatic FS are only different by a constant 
terms given in Denda, Wang, and Yong (2003). Detailed description of this decomposition 
could be found in Garcia-Sanchez (2005). When the static FS are calculated over an element 
containing the collocation point the displacement-based kernels exhibit a weak singular-
ity of O (ln r), while the traction-based kernels exhibit a strong singularity of O (1/r). The 
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integrals with weak singularity are computed using appropriate quadrature rules, while the 
strongly singular ones are evaluated by the rigid body motion concept. All regular parts of 
the integrals are calculated using numerical integration and standard Gaussian quadratures. 
The order of integration is first along the unit circumference by using 64 integration points 
followed by integration over the boundary element by using 10 integration points which is 
accurately enough for dimensionless frequency up to Ω = �d

√
�∕c

66
= 1.

The authors BIEM numerical scheme uses the described above fundamental solution, but 
with the following expression for the function ũj(s,m), given in (A6), because only in this 
form the fundamental solution for isotropic case is fully recovered.
 

It could be verified that the above expression with the additional term +� sin

(
kjs

)
∕
(
2aj

)
 

(in comparison with Equation (A3)) satisfies the governing partial differential Equation (A1) 
which means that it is its fundamental solution.
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