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ABSTRACT
In this work, we deal with the geometric instability problem of 
the two-dimensional (2D) elastic frame structures undergoing 
large overall motion. The geometrically exact beam model 
with total Lagrangian formulation is used to obtain the 
solution to non-linear instability problems with large pre-
buckling displacements. We propose, in particular, a study of 
dynamic analysis that can deal with instability problems of 
this kind with no need for any load decrease. The dynamics 
approach provides a more realistic post-buckling behaviour 
for the case of snap-through or snap-back. The material 
damping is necessary when a classical time integration scheme 
like Newmark is used. The principal novelty in this work is to 
consider non-linear damping to avoid the vibration around 
the equilibrium point when a classical scheme as Newark is 
used. The efficiency of the damping model and methodology 
analysis are illustrated by a number of numerical simulations.

1.  Introduction

A number of recent researches have dealt with non-linear behaviour of the frame 
structure undergoing large displacements and rotations (e.g. Armentani, Cali, 
Cricrí, Caputoc, & Esposito, 2006; Ibrahimbegović, Shakourzadeh, Batoz, AI 
Mikdad, & Guo, 1996; Ibrahimbegović & Mamouri, 1999; Meek & Xue, 1996, 
1998). This can lead to decreasing structure stiffness with the load increase, even-
tually reaching the instability points where the stiffness matrix becomes singular. 
Even in the neighbourhood of instability points we find that a small increase in 
loading leads to disproportional increase of computed response. It is important 
to be able to distinguish between two types of instability: by limit point or by 
bifurcation point (e.g. see Ibrahimbegovic, 2009), knowing that the numerical 
solution procedure is quite different (e.g. see Ibrahimbegović & Al Mikdad, 2000).
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However, the singularity of the stiffness matrix at the limit point does not 
necessarily mean the collapse of structure. The structure may merely pass through 
a critical point or exhibit a snap-back behaviour, with the corresponding decrease 
in stiffness. In any such case, it is important to perform the post-buckling analysis, 
which requires not only to find the critical point but also to explore the post-
critical regime.

Before the critical point, incremental technique combined with the Newton iter-
ative procedure is typically used with static analysis. However, such an incremental 
load approach in the neighbourhood of the critical load can lead to divergence, 
due to singularity of the stiffness matrix. Moreover, any further increase in load 
after the limit point is prevented by instability.

Different numerical techniques to compute non-linear response are presented 
in Crisfield (Crisfield, 1991). For example, the displacement control method 
can be used to handle the snap-through, but it cannot be used for the snap-
back behaviour. For this type of instability, we must use the arc-length method 
(Crisfield, 1991) which is the most robust and most efficient to trace the equilib-
rium path after the limit point. (Ibrahimbegović & Al Mikdad, 2000; Crisfield, 
1991; Ibrahimbegovic, Knopf-Lenoir, Kucerova, & Villon, 2004).

If fact, all previous techniques used to trace the equilibrium path after the limit 
point are based upon the load decrease. It is interesting to analyse the behaviour 
of the structure if we continue this kind of exploration beyond the limit point, but 
without load decrease. Such a study was carried out in this work using a non-linear 
dynamics technique. For such analysis we use a slow loading rate, and place the 
response within the dynamics framework. The response can be computed by the 
implicit Newmark time integration scheme. This scheme is unconditionally stable 
for choice (� = 1∕4 and � = 1∕2) for linear problems, whereas typically small time 
steps are needed in non-linear analysis to ensure the stability. In order to enhance 
the computational efficiency, the analysis is performed under quasi-static load 
control conditions until reaching the critical equilibrium point, and under non-
linear dynamics, subsequently. The key point in transition from statics to dynamics 
pertains to keep a slow rate for load increase when tracing the load-deflection path 
in post-critical the regime. In order to recover the corresponding static solution 
response with such dynamic analysis, it is mandatory to introduce a damping to 
avoid this vibration. The novelty in this work is to consider non-linear damping 
avoiding the vibration around the equilibrium point.

However, this is not always enough, especially for stiff problems as 
demonstrated in (Bathe & Noh, 2012; Ibrahimbegović & Mamouri, 1999). In 
such a case, we need energy decaying schemes. The one employed herein is 
the Hilbert–Hughes–Taylor (HHT) scheme (Hilber, Hughes, & Taylor, 1977), 
or rather its generalisation HHT-α (e.g. see (Chung & Hulbert, 1993; Mamouri 
& Ibrahimbegovic, 2001)) that provides even a better compromise between the 
stability and accuracy requirements compared to the Newmark scheme. We can 
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also use more sophisticated energy-decaying schemes (e.g. (Ibrahimbegovic & 
Mamouri, 2002)) in order to ensure the stability.

Namely, various beam models formulations have been proposed for modelling 
the non-linear behaviour of the frame structures Meek and Xue (1996, 1998), 
Tan 1985, Belytschko and Hsieh (1973) or Bathe, Ramm, and Wilson (1976), 
have used the two-node element for Euler-Bernoulli beam model based upon the 
co-rotational formulation, which is considered as the simplest updated Lagrangian 
formulation (e.g. Ibrahimbegović et al., 1996). The second novelty concerns the use 
of the geometrically exact beam model in the proposed instability framework. In 
this work, we choose the geometrically exact beam developed by Ibrahimbegovic 
et al. (Ibrahimbegović, 1995; Ibrahimbegović & Frey, 1993), which can take into 
account the shear deformation. Furthermore, the choice of the total Lagrangian 
formulation in a fixed reference frame for describing the beam kinematics results 
with a constant mass matrix, which is the major advantage for the construction of 
time integration schemes. This formulation is more efficient than the previous ones 
using the rotated framed to simplify internal force computation, which remains 
limited to two nodes finite element.

The outline of this work is as follows. In the next section, we present the theo-
retical formulation of the geometrically exact beam model in the fully non-linear 
dynamics framework. In subsequent two sections we provide, respectively, the 
discrete approximation in space and in time, using the finite element method 
and the Newmark and HHT-α time stepping schemes. In section 4, we show 
the results of a number of illustrative examples. The last section gives several 
concluding remarks.

2.  Dynamics of 2D beam undergoing large rotation

We consider a beam undergoing large rotation in 2D. The initial configuration 
is described by a vector position �0 of point in neutral axis and the unit vector t0

1
 

normal to the beam cross section (see Ibrahimbegović & Frey, 1993):
 

where (∙)� = d

ds
(∙) : denotes the partial derivative with respect to the s-coordinate, 

which is used to parameterise the beam initial configuration.
According to Reissner’s hypothesis, the plane sections remain plane after defor-
mation, but not necessarily perpendicular to the neutral axis of the beam (see 
Ibrahimbegović & Mamouri, 1999). Thus, the deformed configuration can be 
defined as:

where � is the position of point in the neutral axis, t
2
 is the unit vector attached 

to the cross section. In accordance with this basic kinematic hypothesis, the unit 

(1)t0
1
= �

�
0

(2)�(s, t, � ) = �(s, t) + �t
2
(s, t)
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vectors t
1
 and t

2
 are obtained by rotating their initial positions t0

1
, t0

2
. Thus, we 

define a two-dimensional (2D) rotation matrix � as:

where � is the rotation angle around t
3
.

The corresponding generalised strain measure can then be written (see (Belytschko 
& Hsieh, 1973)):
 

 

where � contains the axial and shear strains, and k is a bending strain. The stress 
resultants and couple are described in the deformed configuration with:
 

 

where n,m = ‖m‖ are work-conjugate to �, k, respectively. We note that the stress 
resultants of this kind are the spatial objects acting in the deformed configuration, 
but parameterised by the coordinates set in the initial configuration. Thus, these 
are equivalent to the first Piola-Kirchhoff stress tensor.
The corresponding material description of stress resultants and their work-
conjugate strain measures are obtained using the rotation matrix as:
 

 

where,

The linear elastic constitutes equations are chosen for stress resultants and couple 
with (see Belytschko & Hsieh, 1973):

The application of Hamilton’s principle leads to the weak form of beam’s equa-
tions of motion, which can be written as (see Ibrahimbegović & Mamouri, 1999):

 

t
1
= �t0

1
, t

2
= �t0

2
, with: � =

[
cos� − sin�

sin� cos�

]

(3)� = �� − t1

(4)k = � �

(5)n = nt
1
+ tt

2

(6)m = mt
3

(7)� = �T�,K = k

(8)N = �Tn,M = m

(9)N = Nt
1
+ Tt

2

(10)

(
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)
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Σ

Γ

)
, M = C
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where E is the young modulus, G is the shear modulus, A is the beam section, 
and I is the inertia of the section. The beam internal energy can be written in a 
quadratic form, using either material object:

 

or spatial objects:

where ‘•’ denotes the scalar product of vectors.
 

where �̈, 𝜓̈ are the acceleration components, �
∏

ext
 is the virtual work of external 

forces and A
�
, I

�
 are defined as: A

�
= ∫ �dA and I

�
= ∫ �� 2dA

The virtual strains ��, �k are obtained using the Lie derivative formalism (Marsden 
& Hughes, 1983). The principle is based on the pull-back of spatial objects in the 
material configuration, where their variations are computed, and the results are 
push-forward to the deformed configuration. Accordingly, the axial and shear 
virtual strains can be written as:
 

where ��′
, �� are, respectively, the virtual displacement and virtual rotation. 

Similarly, the virtual bending strain is computed by the Lie derivative, but in 2D 
this results in a very simple result, using the identity tensor for pull-back and 
push-forward due to planar nature of the problem:
 

2.1.  Finite element approximation

The weak form of equation of motion provides the most suitable form for finite 
element approximations. The mass matrix remains constant and non-linearity 

(11)C =

(
EA 0

0 GA

)
, C

m
= EI

(12)
∏
int

=
1

2

l

∫
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(13)
∏
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=
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2

l
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(14)∫
l
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(𝛿�.𝛿n + 𝛿k.m)ds + ∫
1

0

(𝛿�.A
𝜌
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𝜌
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∏
ext
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(16)�k = �� �
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is only in internal force expression. Contrary to co-rotational formulation (e.g. 
Belytschko & Hsieh, 1973; Bathe et al., 1976) that remains limited to two-node 
elements, the present formulation can be used for any number of nodes.

For a beam element with nen node, the nodal interpolation of position vector 
and rotation are written as:

 

 

where Na(s) is the shape function for node a, which is chosen as Lagrange polyno-
mial of order (nen−1). The same shape function is used for accelerations �̈, 𝜓̈ with 
corresponding nodal parameters. If the beam model mesh contains Nel elements, 
each with nen nodes, the semi-discrete approximation of the weak form of the 
equation of motion can be written as:

 

A

N
el∑
1

 denotes the finite element assembly procedure. We denote with n̄e
a(t), m̄

e
a(t) 

the external nodal forces and couple. Furthermore, Me
ab

, He
ab

 are translational and 
rotational parts of the mass matrix with constant entries, described by:

 

 

Finally, the nodal internal forces are given as:
 

 

(17)�(s) =

n
en∑

a=1

Na(s)�a

(18)�(s) =

n
en∑

a=1

Na(s)�a

(19)

A

N
el∑
1

{
n
en∑

a=1

{
n
en∑

b=1

[
Me

ab
0

0 He
ab

](
�̈(t)

𝜓̈(t)

)
+

(
ne
a(t)

me
a(t)

)
−

(
n̄e
a(t)

m̄e
a(t)

)}}

(20)Me
ab = ∫

le

0

Na(s)

[
A

�
0

0 A
�

]
Nb(s)ds

(21)He
ab = ∫

le

0

Na(s).I�Nb(s)ds

(22)ne
a(t) = ∫

le

0

N �
a(s)nds

(23)
me

a(t) = ∫
le

0

{
N �

a(s)m − Na(s)(W�
�).n

}
ds



262    S. Mamouri et al.

The equation of motion can also be written in matrix notation as:
 

where u(t) are nodal displacements and rotations and ü(t) are nodal accelerations. 
They are, respectively, defined 

as:

u(t) =

⎧
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with n = N
el
(n

en
− 1) + 1

The dynamic response in post-buckling regime, will consider vibrations around 
the equilibrium point (Meek & Xue, 1996). In order to recover the corresponding 
static solution response with dynamic analysis, it is necessary to introduce a damp-
ing to avoid this vibration. In this work, we use the Rayleigh model (Armentani 
et al., 2006). The damping matrix is defined proportional to the stiffness and 
mass matrix as:
 

where K,M are the stiffness and mass matrix, respectively, α1 and β1 are constant 
to be defined from two given damping ratios that correspond to two selected 
vibration frequencies. The use of relatively high damping leads to shorter vibration 
time to recovering the corresponding static response. The ideal choice would be 
to use a damping just a little bit higher than the critical damping of the system 
in the frequency band of loading excitation. Thus, the choice of α1 and β1 is the 
most important to get the suitable behaviour.
If ωi is a natural angular frequency of ith mode the both parameters must satisfy 
the relation:
 

where ξi is a damping factor, is defined as the ratio between the effective and the 
critical damping.

(24)Mü(t) + F
int
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ext
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M
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1

2�i

+
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�i
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By considering this last equation and assuming that the damping factor ξ is 
approximately constant for defined band frequencies between ωi and ωj, we obtain 
a system of two equations, where α1 and β1 are unknowns. Solving this system 
we get:

 

This proportional coefficient damping can be determined using experimental 
modal testing combined with analysis method. The forced vibration experimental 
response can be given in the form of set of frequency response function (FRF’S). 
The frequency and damping are estimated from one or more FRFs by curve fitting 
them using an analytical model that includes frequency and damping as unknown 
parameters. This experimental method is based on performing some FRF meas-
urements of the structure.

In the frequency band of FRF measurement, the frequency and damping for all 
modes are obtained by setting the experimental modal analysis. These experimen-
tal frequency and damping estimates can then be used to calculate the proportional 
damping matrix coefficients (see Schwarz et al., 2013)

This model has been proposed for linear behaviour. However, our problem is 
non-linear. It’s interesting in this work to consider a non-linear damping as:

 

where Kt is the tangent matrix actualised each iteration in the Newton iterative 
procedure used for solving non-linear equations. The Kt is composed of geometric 
and material part like:

 

We can use Km or Kg, or both of them to define the damping matrix. It will be 
illustrated later by example that the use of material part in damping matrix is the 
good choice.

If the damping is considered, the modified dynamic motion equations become:
 

where u̇(t) are the nodal velocities.

2.2.  Integration scheme (Newmark scheme)

In this section, we present the Newmark scheme (Newmark, 1959). We consider 
that the nodal displacements and rotations, velocities and accelerations are known 
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at tn and we would get their values at tn+1. The equilibrium equation is written at 
tn+1 = tn + h (h is the time step) as:
 

For computing the complete solution at time tn+1, including the velocities and 
the accelerations, the Equation (31) should be supplemented with the standard 
Newmark equations defining the corresponding approximations for acceleration 
and velocity:
 

 

We can rewrite these equations as:
 

 

where,
 

 

The substitution of (34) and (35) into (31) leads to a set of non-linear equations, 
where the unknown values are the displacements and rotation at timetn+1:
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It can be written as:
 

If the Newton iterative method is used for that purpose, we may compute the lin-
earised form of (39). This last can be computed using the Lie derivative formalism 
(see (Ibrahimbegović & Al Mikdad, 2000)). At typical iteration ‘i’, the consistent 
linear approximation of (39) will take the following form:
 

where
 

And Δui
n+1 is the corresponding iterative update of incremental displacement and 

rotation. These are provided by solving the system below:
 

with
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Table 1. Computational procedure of Newmark scheme with an iterative procedure.

(1) Initialisation of displacement and rotation in each time step in the beginning of iteration procedure:

u
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(2) Compute the velocity and acceleration at iteration 0
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and
 

The velocity and acceleration must be updated at each iteration ‘i’ using (34) and 
(35) as:
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Figure 1. Geometry and load condition of toggle frame.

Figure 2. Load-displacement path of toggle frame, static analysis.
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The computational procedure is summarised for typical time step in Table 1.

3.  Numerical validation

In this section, we present some examples in order to illustrate the efficiency 
of the proposed approach for the post-buckling analysis. The computations are 
performed by FEAP (Finite Element Analysis Programme), developed by R. L. 
Taylor (Zienkiewicz & Taylor, 1991), at University of California, Berkley.

3.1.  Williams toggle frame

The Williams toggle frame in Figure 1 is made up of two members with follow-
ing properties: EI = 2.66.105 N cm2, EA = 8.251.106 N, ρ = 7.79.10−3 kg/cm3.The 
frame is loaded by a concentrated force at the apex point connecting the two 
members. An analytical and experimental solution is presented by Williams in 
(Williams, 1964). A numerical solution is presented by Wood and Zeinkiewicz 
(1977), Papadrakakis (1981), Tan (1985) and Meek and Xue (1996, 1998).The 
frame has been modelled with 8 and 20 two nodes element model.

First, the static analysis has been performed using displacement control method 
or arc length method for tracing the load-deflection path. Figure 2 shows that our 
results are similar to the results obtained by Williams in (1964), Papadrakakis 
(1981), Tan (1985) and Wood and Zeinkiewicz (1977). The first limit point is 

Figure 3. Load-displacement path of toggle frame, static and dynamic analysis with 20 elements 
model.
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obtained at 164.58 lb with the model with 8 elements, and the second one with 
20 elements is around 153.46 N (see Figure 2).

The second analysis has been performed using the static analysis with load 
control method before the limit point and the dynamic analysis with the Newmark 

Figure 4. Load-displacement path of toggle frame, dynamic analysis.

Figure 5. Load-displacement path of toggle frame around equilibrium point A (zoomed zone in 
Figure 3).
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scheme beyond the limit point. The last one analysis has been done with a time 
step for .1 s and a slow load increment rate for .0117 N/s.

Figure 3 shows that we can trace the load-deflection path after the limit point 
without down loading using dynamic analysis. Our results are similar to those 
presented by Meek and Xue (1996) (see Figure 4).

Figure 6. Load-displacement path of toggle frame, dynamic analysis using HHT-α scheme.

Figure 7. Load-displacement path of toggle frame around the equilibrium point A: using damping 
proportional to mass matrix.
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Oscillations are observed around the equilibrium point A (see Figure 5). This 
behaviour can be improved using a dissipative scheme like HHT-alpha algorithm 
(see (Hilber et al., 1977)). For that purpose, we use HHT-α method for dynamic 
analysis with β = .5, γ = 1 and .5 ≤ α ≤ 1.

Figure 8. Load-displacement path of toggle frame around the equilibrium point A: using damping 
proportional to tangent matrix (total matrix & material part).

Figure 9. Load-displacement path of toggle frame around the equilibrium point A: using damping 
proportional to material part of tangent matrix.
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Figure 6 shows that the HHT-α integration scheme reduces the oscillation, but 
such reduction is not enough. So, the use of damping is necessary to follow full 
static analysis response.

To damp out this vibration around the equilibrium point, we use the Rayleigh 
damping model. Different damping coefficients were tested. First, damping matrix 
proportional only to the mass matrix with the three values of β1 = .5, β1 = 6 and 
β1 = 12. In Figure 7, the response follows the static one after the equilibrium point 
A, but just the last value can be adopted.

In the second analysis as is mentioned before, we propose to use a non-linear 
damping by considering the tangent matrix. We start by considering a damping 
proportional to the complete tangent matrix, and we compare the behaviour when 
just the material tangent matrix is used. As it is illustrated in Figure 8, the use of 
material tangent matrix gives a better dissipation compared to the complete one.

Figure 10. Load-displacement path of toggle frame around the equilibrium point A: comparison 
between two damping model effect.

Figure 11. Geometry, material properties and load condition of shallow arch.
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Based on this last result, we have kept a damping only proportional to the 
material matrix part with different value of α1 = .005, α1 = .05 and α1 = .1. We are 
able to follow the static response without vibration (see Figure 9).

In conclusion, we can use a damping proportional to the matrix mass or mate-
rial tangent matrix or the both to get the good behaviour around the equilibrium 
point (see Figure 10).

Figure 12. Load-displacement path of shallow arch, static analysis.

Figure 13. Load-displacement path of shallow arch, dynamic analysis.
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3.2.  Shallow arch

A shallow arch with concentrated load acting at its apex is presented in Figure 
11. The structure has the following material properties: EI = 28.69 107 N cm2, 
EA = 14.23 106 N and ρ = 5.22 kg/cm3. The geometrical description is shown in 
Figure 11.

An analytical solution has been presented by Timoshenko and Gere (1961), 
and a numerical solution is given by Haisler, Stricklin, and Key (1977) and Tan 
(1985) using different models. In this work, we have used eight elements of two 
nodes elements model. A static analysis has been done using the displacement 
control method for tracing the load-deflection path. The results obtained with 
the present approach are compared with computations by Tan (1985) and Haisler 
et al. (1977) (see Figure 12).

Before the limit point, the load-deflection path has been found using a static 
analysis with a displacement control method, and after this point, a dynamic 
analysis has been done with a time step for .1 s and slow rate of load .00448 N/s. 
The comparing between these two analyses proves that we can trace the load-
deflection path without down loading.

Our results are similar to those obtained by Meek and Xue (1996) (see Figure 
13). The observed difference is related to mass matrix, Meek and Xue (1996) 
neglects the inertial part or in this work is considered.

Figure 14.  Load-displacement path of shallow arch, dynamic analysis around the equilibrium 
point A.
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The observed vibration around the equilibrium point is damped using the 
Rayleigh model proportional to mass matrix only. This choice C = .7 M is enough 
to follow the static solution (see Figure 14).

24 cm 96 cm

12
0 

cm
P

U

V

EI=1,41264.106 daN .cm2

EA=4,23792.106 daN

=10-2 kg /cm3

Figure 15. Geometry, material property and load condition of two bar frame.

Figure 16. Two bar frame: static analysis, different studies.
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3.3.  Two bar frame

This example is used to illustrate the snap-back behaviour, is made up of two 
identical members which their properties are: EI  =  1,41,264.106 daN.cm2, 
EA = 4.23792.106 daN, ρ = 10−2 kg /cm3 (see Figure 15). The frame is loaded by 
a concentrated force on the horizontal bar with eccentricity of 24 cm from the 
joint of these two members.

The frame has been modelled with 10 elements.
The displacement control method adopted in the precedent examples for trac-

ing a static load-deflection path, cannot be used for the snap-back behaviour 
(see Figure 16). The arc length method is adopted. The results are compared with 
Cescotto (1977), Cichon (1984) and Kuo Mo Hsiao (1987) (see Figure 16).

Using dynamic analysis, with time step for .01 s and a slow load increment 
rate for .005 daN/s, we can trace load-deflection path without down loading as 
is shown in Figure 17.

Figure 17.  Two bar frame: Static and dynamic analysis, Newmark & HHT-α scheme, without 
damping.

Figure 18. Two bar frame: Static and dynamic analysis, Newmark scheme, damping C = .5 M & 
C = 1 M.
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The observed vibrations around equilibrium point Figure 17, are damped with 
Rayleigh damping model: C = �

1
M. (see Figure 18).

Finally, these vibrations converge to the stable solution obtained with static 
analysis.

4.  Conclusion

In this work, we have explored the post-buckling analysis by using a dynamic 
relaxation approach. This approach presents an advantage compared to static 
analysis in that it allows the finding of the equilibrium point after the limit 
point, without decreasing loading. Thus, there is no need to dedicated solution 
procedures; which can handle non-linear instability, snap-through or snap-back 
problems only by decreasing the loading in the post-buckling regime.

We have chosen the implicit scheme of Newmark integration for solving 
non-linear dynamic problem combined with Newton’s method. The use of a dis-
sipation scheme like HHT-α method can improve and reduce the vibration around 
the equilibrium point.

We have demonstrated through examples that when we use this approach, we 
are able to trace the load-displacement path without downloading after limit point 
using the slow rate of load increment. Vibration is observed around the equilib-
rium point in the presence of inertia force, it is necessary to consider damping. 
The Rayleigh damping model proportional to mass matrix or material tangent 
matrix is considered in this work. As conclusion, this approach converges to the 
same solution obtained with non-linear static analysis, but in the manner that is 
closer to a more realistic post-buckling behaviour of structure.
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