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This study is concerned with the free vibration behaviour of a system of elastically
connected functionally graded micro-scale panels. The mechanical properties of the
micro-panel are assumed to have a through-thickness variation and governed by a
power-law relation in terms of the constituents’ volume fractions. The biharmonic
equations governing the motion of each micro-panel are formulated through the
adoption of the energy method along with the postulates of the Kirchhoff–Love
plate theory. Concentrating on the asynchronous motion of the connected micro-
panels, the study investigates the shift of the natural frequencies of the system as a
result of variation in the: aspect ratio of the micro-panel, span-to-thickness ratio of
the micro-panel; gradient index; small-scale effect; and the ratio of the Young’s
modulus. Estimates of the natural frequencies, under the assumption of simply-
supported edges of the micro-panels, are provided by the Navier’s solution method.
The qualitative assessment of the model’s parameters indicates that the effect of the
gradient index is stifled by the presence of the size effect. Moreover, it is observed
that higher values of the ratio of the constituents’ Young’s modulus generate a stiffer
response of the micro-panel than higher values of the connectors’ stiffness and the
constituents’ density ratio.
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1. Introduction

Recent decades have witnessed sustained research studies that are tailored to the accu-
rate prediction of the electrical, magnetic and mechanical response of small-scale struc-
tural elements, most of which contribute to the development of microelectromechanical
and nanoelectromechanical systems (MEMs and NEMS). A good number of these stud-
ies have identified application areas where the small-scale footprints of MEM and
NEM systems find competitive usage to include chemical sensing, mass detection,
actuation and microwatt force transmission in artificial skeletal muscle (Li & Su, 2010;
Saliterman, 2006). Additionally, notable devices where micro-sized structural elements
(such as ultra-thin film, micro-scale plate and micro-scale beam, ultra-thin transmission
wire) provide unalloyed advantage include portable field accelerometers, electrical
filters, gyroscopes, hydrophones, high-Q oscillators, bioassay microfluidic networks
(for patterned drug delivery) and inertia sensors (Kun & Nguyen, 1999; Mattila et al.,
2002; Nguyen, 1995; Yazdi, Ayazi, & Najafi, 1998).

A common feature of micro-structural elements is the possession of microns or
sub-microns dimension over their cross-sectional geometry. From past research studies,
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evidence have been provided for the correlation between the response of these
micro-structural elements and their material length scale. This observed correlation
leads to the detection of the fact that as the thickness of these structures become
menacingly close to the internal material length scale parameter, the phenomenon of
size effect sets in and consequently affects the response of the structures (Fleck &
Hutchinson, 1993; Thai & Vo, 2013). It is in this spirit that, for the optimal design of
micro and nano-sized structures, adopting the classical continuum theory is not an
option, since the theory falls short in the prediction of the contribution of size effect to
the mechanical behaviours of these delicate structures. Accordingly, a stellar array of
studies has been reported on the quest to address the significance of size effect in
microstructured materials through the so-called enriched continuum mechanics
(Challamel, 2013; Thai & Uy, 2013). Essentially, the formulations of these enriched
continuum theories build on the theoretical foundation laid down, over a century ago,
by the Cosserat brothers (Cosserat, 1909).

Closer to our time, studies on size-dependent behaviour of microstructured materials
yield by the enriched continuum theories keep growing. For example, starting from the
1960s, the works of Mindlin (Mindlin & Tiersten, 1962) and Toupin (1964) advanced
the concept of couple stress theory so as to account for size effect in microstructured
materials. Additional progress was made between the 1980s and 1990s when Aifantis
(1984, 1992) and Fleck and Hutchinson (1993); Fleck, Muller, Ashby, and Hutchinson,
(1994) expounded the idea of strain gradient theory in plasticity. Meanwhile, a well-
founded difficulty with these theories is the inability to determine the resultant
microstructure-dependent material constants, as explained in Lam, Yang, Chong, Wang,
and Tong (2003), Maranganti and Sharma (2007) and Reddy (2011). Consequently,
models of the structural elements with one or at most two length scale parameter(s)
offer experimental benefit and mathematical convenience. The modified couple stress
theory (MCST), which is adopted in the current study, is one such higher order elastic-
ity theories in which the characterisation of size effect is done with just one material
length scale parameter (Papargyri-Beskou, Tsepoura, Polyzos, & Beskos, 2003; Yang,
Chong, Lam, & Tong, 2002). The MCST has already set off a burst of research activi-
ties in the theoretical prediction of the deformational response of micro-scale structural
elements. Initial application of the MCST focused on the analyses of homogeneous
micro-scale beams, rods and micro-scale pipes (Anthoine, 2000; Akgöz & Civalek,
2013; Mustapha & Zhong, 2012a, 2012b; Park & Gao, 2006; Reddy, 2011; Wang, Liu,
Ni, & Wu, 2013). However, a very limited number of recent studies have extended the
work to the analyses of two-dimensional micro-scale plates (Abbasi & Mohammadi,
2013; Akgöz & Civalek, 2013; Gao, Huang, & Reddy, 2013; Jomehzadeh, Noori, &
Saidi, 2011; Sharma & Kumar, 2013; Yin, Qian, Wang, & Xia, 2010).

It is known that the design of new structures and systems with enhanced mechani-
cal properties remains a major driver for the investigation of advanced materials.
Indeed, the last few decades have seen the use of advanced materials in a wide range
of engineering applications. Prominent among these advanced materials are the func-
tionally graded materials (FGMs) (Şimşek, Kocatürk, & Akbaş, 2012; Sur & Kanoria,
2014). FGMs have been specifically recognised as a potential solution to some of the
challenging problems associated with the conventional laminate composite. The idea of
FGMs was first introduced in 1984 by Japanese material scientists (Koizumi, 1992).
Suitably exploited, structures made of FGMs have been reported, experimentally and
theoretically, to yield substantial improvement in performance, especially in applica-
tions that require reduction of maximum principal tensile stress in bulk materials (Choi
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et al., 2010). FGMs offer high thermal resistance, high fracture toughness and represent
a viable way to minimise the propagation of Hertzian cracks (Choi et al., 2010).
Structural elements made of FGMs that have found usage include the design of wear-
resistant linings, rocket heat shields, biomedical and optical devices (Boss & Ganesh,
2006; Shaw, 1998; Suresh & Mortensen, 1997).

Drawing on the rising importance of FGMs in the design of micro-scale devices,
past studies have touched on the need for thorough examination of the behaviour of
structures made of FGMs under different mechanical loads. This has led to the emer-
gence of studies that are directed towards the investigation of the influence of the
inhomogeneity generated by the functional gradation on the response of structural
elements (Daouadji, Henni, Tounsi, & El Abbes, 2013; Mohammadi, Saidi, &
Jomehzadeh, 2010). Technically, investigations of the influence of material inhomo-
geneity on the response of structures dates back to more than four decades, as revealed
in the elucidative monographs of Lekhnitskii (1977) and Elishakoff (2005). However,
numerous exquisitely written studies on the fabrication, fracture mechanics, thermal
stress analysis, stability and vibration of FGM keep deepening our understanding of the
distinctive behaviour of these materials (Benatta, Mechab, Tounsi, & Adda Bedia,
2008; Erdogan, 1995; Jin & Batra, 1996; Liu et al., 2007; Omori, Kakita, Okubo, &
Hirai, 1999; Ravichandran, 1995; Reddy & Chin, 1998; Shen, 2002; Şimşek, 2009;
Subra Suresh, 1998; Teixeira, Andritschky, & Stöver, 1999; Zhou & Wang, 2006).
Among the recent contribution to the literature on the dynamics of functionally graded
(FG) structures is the study by Ying, Lü, and Chen (2008), where the state-space
method is employed to furnish the exact solutions for free vibration of FG beams rest-
ing on a Winkler–Pasternak elastic foundation. The forced vibration of a laminated FG
beam under thermally induced initial stresses is studied by Xiang and Yang (2008). Liu
and Shu (2014) presented the effects of delamination (its length and location) on the
vibration of exponential FG beams. The size-dependent dynamic behaviour of FG
beams has also been reported in Refs. (Asghari, Ahmadian, Kahrobaiyan, &
Rahaeifard, 2010; Reddy, 2011; Şimşek et al., 2012). With respect to the size-
dependent behaviour of micro-scale structural elements, it appears, from the available
literature, that research investigations have been focused on FG one-dimensional struc-
tures. This is reflected in the study by Akgöz and Civalek (2013a, 2013b) among
others, where the size-dependent dynamics of FG micro-scale beams and bars are stud-
ied. Contrarily, very few studies are available on the size-dependent dynamics of FG
two-dimensional structures like plate and panels as reported by Thai and Kim (2013)
and Arani, Kolahchi, Barzoki, Mozdianfard, and Farahani (2012).

The aim of the current study is to examine the coupled extensional-flexural dynam-
ics of a system of connected FG micro-scale panels. As a part of an ongoing design of
a micro-scale vibration isolator derived from hybrid materials, the system being investi-
gated in this study deals with the extension of the MCST and the mechanics of FGMs
to the analysis of the vibratory response of two inhomogeneous FG micro-panels con-
nected by a series of fixed-fixed bars. The rest of this paper proceeds as follows. In
Section 2, the homogenisation scheme for the constituent material is presented.
Section 3 details the derivation of the elastodynamics governing equation of the FG
micro-scale panels within the framework of the size-dependent theory of MCST. The
semi-analytical solution procedure, based on the Navier’s method of solution, is pre-
sented in Section 4. Discussion of the numerical results is given in Section 5. Basic
conclusion that can be deduced from the analyses is given in Section 6.
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2. Homogenisation scheme for the constituent material

The effective material properties of the FG micro-panel with a uniform thickness h are
evaluated using the rule of mixture (Reddy & Chin, 1998). In what follows, the parame-
ter V denotes the volume fraction, while subscripts m and c denote polymeric matrix
phase and the ceramic phase, respectively. It is important to ensure that the total volume
fraction of the homogenised material is unity, which is necessary for the homogenisation
of the material properties of a FG structure, (Chakraborty, Gopalakrishnan, & Reddy,
2003). Hence:

Vm þ Vc ¼ 1 (1)

In view of the stipulated procedures of the rule of mixture (Reddy & Chin, 1998), the
volume fractions of the polymeric and ceramic phases are related to the power-law
index n and the thickness of the micro-panel as:

VcðzÞ ¼ 2zþ h

2h

� �n

; VmðzÞ ¼ 1� 2zþ h

2h

� �n

(2a, b)

Now, if an effective material property is represented by, say fe;then it is necessary to
relate fe to the volume fraction of the entire structure in the form:

fe zð Þ ¼ feð ÞmVm þ feð ÞcVc ¼ feð Þc� feð Þm
� � 2zþ h

2h

� �n

þ feð Þm (3)

With Equation (3), any actual effective material properties of the FG micro-panel can
be derived. Figure 1 depicts the variation of the effective Young’s modulus (normalised
by the Young’s modulus of the polymeric phase) with respect to the micro-panel’s
thickness for different values of the gradient index n.

3. Theoretical formulation

3.1. Overview of the MCST

In Figure 2, the system of two FG micro-scale panels connected by a two-dimensional
array of fixed-fixed bars is shown. In what follows, the governing equation of each

Figure 1. The variation of the normalised Young’s modulus as a function of the thickness for
different values of the power-law index n.
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micro-panel is derived from the duo of the MCST and the extended Hamilton’s
principle. The geometric dimension of each micro-panel is in the form of length að Þ,
width bð Þ and two plane faces separated by the thickness h. Under the action of a
system of bending forces, the following displacement trial field can be assumed:

u ¼ u1e1 þ u2e2 þ u3e3 (4)

where eiði ¼ 1; 2; 3Þ are unit vectors and u1, u2 and u3 are components of the displace-
ment vector of an arbitrary material point of the micro-panel in the x, y and z direction
of the adopted right-handed rectangular Cartesian coordinate system. Without loss of
generality, it has been assumed that each micro-panel possesses a neutral plane, which
falls on the mid-surface of the panel. Thus, the small-deflection theory of thin plates,
which is predicated on the well-known Kirchhoff’s postulates (Szilard, 2004), is
adopted and each of the components of the displacement field can be expressed as:

u1 x; y; z; tð Þ ¼ u x; y; tð Þ � z
@w x; y; tð Þ

@x
(5a)

u2 x; y; z; tð Þ ¼ v x; y; tð Þ � z
@w x; y; tð Þ

@y
(5b)

u3 x; y; z; tð Þ ¼ wðx; y; tÞ (5c)

Figure 2. (a) A three-dimensional view of the coupled system; (b) the top view with the
adopted coordinate; and (c) side view of the panel showing the gradation direction.
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The above displacement trial field, which relies on the displacement u, v and w of the
middle surface in the x, y and z directions, is helpful in the mapping of the stress fields
created by a set of external system of forces to the instantaneous local deformation of
the structure through the requisite higher order constitutive rules. Next, if one assumes
the micro-panel to be a macroscopically isotropic linear elastic body occupying a vol-
ume ∀, then based on the theoretical framework of the MCST, the total strain energy
(Πs) generated by the deformation of this micro-scale panel could be divided into two
parts. One part arises from the strain energy contribution of the Cauchy stress tensor
(Πcs) and the other part corresponds to the strain energy contribution of the modified
couple stress tensor (Πms). This then leads to the total strain energy to be characterised
by a quartet of tensors related as (Reddy, 2011; Yang et al., 2002):

Ps ¼ Ps þPms ¼ 1

2

Z
8
r : eð Þd8 þ 1

2

Z
8
m : vð Þ d8 (6)

Ideally, for each micro-panel, the volume ∀ is taken to be an open set in R
3 with a

well-behaved surface boundary (see Figure 2(b) for the unit normal to the boundaries’
of a micro-panel). The terms e, and r (in Equation (6)) are the dilatation strain and the
Cauchy stress tensors, respectively. Additionally, the tensors m and v refer to the devia-
toric component of the couple stress and the symmetric curvature tensor, respectively.

The deformation of a material point in the cross-section of a single micro-panel is
described through the displacement field (u) and a rotation vector (θ) associated with
the point. With the help of the displacement field u and the rotation vector θ, the local
instantaneous configuration of the material point can be inferred from the tensors e and
v. In general, these tensors satisfy the following geometric relations (Yang et al., 2002):

e ¼ 1

2
ruþ ruð ÞT
h i

; v ¼ 1

2
rhþ rhð ÞT
h i

; h ¼ 1

2
curl u (7a, b, c)

where the operator r is the gradient notation. Furthermore, the Cauchy stress field (r)
and the couple stress field (m) are related to the displacement field through the higher
order constitutive rules as:

r ¼ ktr eð ÞI þ 2Ge; m ¼ 2f2Gv (8a, b)

In Equation (8), the stress field is mapped to the displacement through the well-known
material parameters k (the bulk modulus) and G (the shear modulus), respectively.
Similarly, the higher order stress field is mapped to the displacement through an
additional material constant in the form of ζ. This new material constant is related to
the material length scale parameter. Using Equation (7), one obtains the non-zero
components of the strain tensor, based on the displacement components defined in
Equation (5), as:

exx ¼ @u

@x
� zux ¼

@u

@x
� z

@2w

@x2
; eyy ¼ @v

@y
� zuy ¼

@v

@y
� z

@2w

@y2
(9a, b)

exy ¼ eyx ¼ 1

2

@u

@y
þ 1

2

@v

@x
� z

@2w

@y@x

� �
(10)

The first term on the right-hand sides of Equations (9(a) and (b)) denotes the strain
components in the mid-surface of the micro-panel due to its stretching, while the
second term relates to the flexural motion of the FG micro-panel. However, in
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Equation (10), the first two terms on the right-hand side relates to the strain
components due to stretching, while the third term relates to the transverse motion.
The components of the rotation vector, from Equation (7(c)), are obtained as:

hx ¼ @w

@x
; hy ¼ � @w

@y
; hz ¼ 1

2
� @u

@y
þ @v

@x

� �
(11)

The symmetric curvature tensor vij
� 	

has nine components just like the strain tensor.
By using the expressions for the rotation vector in Equation (18), bearing in mind
Equation (11), one obtains the components of the symmetric curvature tensor as:

vxx ¼
@2w

@y@x
; vyy ¼ � @2w

@y@x
; vzz ¼ 0 (12a, b, c)

vxy¼
1

2
�@2w

@x2
þ@2w

@y2

� �
; vzy¼vyz¼

1

4
� @2u

@y@x
þ@2v

@x2

� �
; vzx¼vxz¼

1

4
�@2u

@y2
þ @2v

@y@x

� �
(13a, b, c)

Since the stress tensors represent a mapping from the vector space of surface deforma-
tions to the vector space of forces, the stress–strain relationships are used to obtain the
stress–curvature relationships as (see the Appendix 1 for detail).

3.2. Elastodynamics governing equations

In line with the requirement of the Hamilton’s principles, the first variation of the inho-
mogeneous, microstructure-dependent strain energy is now written as:

dPS ¼ 1

2
d
ZZ Zh=2

�h=2

EðzÞ
ð1� m2Þ e

2
xx þ

EðzÞ
ð1� m2Þ e

2
yy þ

2mEðzÞ
ð1� m2Þ eyyexx þ

EðzÞ
ð1þ mÞ e

2
yx

� �
dxdydz

þ 1

2
d
ZZ Zh=2

�h=2

GðzÞ f2l 2vxxð Þ2þf2l 2vyy
� 	2þf2l 2vxy

� 	2þf2l 2vyz
� 	2þf2l 2vxzð Þ2

h i
dxdydz

(14)

The underlined terms in Equation (14) are due to the couple stress effect. In a similar
spirit, the components of the displacement field defined in Equation (5) are used to
establish the first variation of the kinetic energy of an element of the FG micro-panel,
with the rotary inertia included, as (Reddy, 2002; Szilard, 2004):

dPT ¼ 1

2
d
Z
A

Z h=2

�h=2
q zð Þ @u1

@t

� �2

þ @u2
@t

� �2

þ @u3
@t

� �2
" #

dzdA (15)

where q zð Þ is the variable mass density of the micro-panel. The first variation of the
virtual work done due to external loads is:

dPB ¼ �
Z
R
fidui þ cidhið ÞdA�

Z
@R

tidui þ sidhið Þds (16)

where fi; ci; ti and si are the body force, the body couple, the traction and the surface
couple, respectively. As expected, the body force and the body couple are integrated
over the area R which contains the mid-surface of the micro-panel, while the traction
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and surface couple are integrated over the boundary ∂R. Within the time interval t1 and
t2 describing the trajectory of the motion of a conservative system, the mathematical
statement of the Hamilton’s principle states that (Reddy, 2002):

d
Z t2

t1

PT �PS þPBð Þdt ¼ 0 (17)

Thus, after substituting Equations (14)–(16) into Equation (17), and integrating each term
of the integrals in Equation (17) by parts, one employs the fundamental lemma of
variational to obtain the size-dependent, governing equations of a single micro-panel as:

A1
@2u

@t2
þ A2

@2u

@y2
� A3

@4u

@y4
þ A4

@3w

@x@t2
� A5

@2v

@x@y
þ A6

@3w

@x@y2
þ A7

@4v

@x@y3

� A8
@2u

@x2
� A9

@4u

@x2@y2
þ A10

@3w

@x3
þ A11

@4v

@x3@y
¼ 0

(18)

B1
@2v

@t2
þ B2

@3w

@y@t2
� B3

@2v

@y2
þ B4

@3w

@y3
� B5

@2u

@x@y
þ B6

@4u

@x@y3
þ B7

@2v

@x2
þ B8

@3w

@x2@y

� B�9
@4v

@x2@y2
þ B10

@4u

@x3@y
� B11

@4v

@x4
¼ 0

(19)

C1
@2w

@t2
� C2

@3v

@y@t2
þ C3

@4w

@y2@t2
� C4

@3v

@y3
� C5

@3u

@x@t2
� C6

@3u

@x@y2
þ C7

@4w

@x2@t2

� C8
@3v

@y@x2
� C9

@3u

@x3
þ C10

@4w

@y4
þ C11

@4w

@x2@y2
þ C12

@4w

@x4
¼ 0

(20)

The coefficient A1 � A10, B1 − B10 and C1 − C12 in Equations (18)–(20) are defined in
Appendix 1, for brevity sake. There are two limiting cases of interest that can be
derived from the above set of governing equations. The first is the governing equations
of a FG panel with no microstructural material constant, and these are obtained by
setting ζ = 0 in the above expressions to arrive at:

hqmðnþ qrÞ
1þ n

@2u

@t2
þ hEmðnþ ErÞ
2ð1þ nÞð1þ tÞ

@2u

@y2
þ h2nqmð�1þ qrÞ

2ð1þ nÞð2þ nÞ
@3w

@x@t2

� hEm nþ Erð Þ
2 1þ nð Þ �1þ tð Þ

@2v

@x@y
þ h2nEm �1þ Erð Þ
2 1þ nð Þ 2þ nð Þ �1þ tð Þ 1þ tð Þ

@3w

@x@y2

� hEm nþ Erð Þ
1þ nð Þ �1þ tð Þ 1þ tð Þ

@2u

@x2
þ h2nEm �1þ Erð Þ
2 1þ nð Þ 2þ nð Þ �1þ tð Þ 1þ tð Þ

@3w

@x3
¼ 0

(21)

�

� hqmðnþ qrÞ
1þ n

@2v

@t2
þ h2nqmð�1þ qrÞ

2ð1þ nÞð2þ nÞ
@3w

@y@t2
� hEmðnþ ErÞ
ð1þ nÞð�1þ tÞð1þ tÞ

@2v

@y2

þ h2nEmð�1þ ErÞ
2ð1þ nÞð2þ nÞð�1þ tÞð1þ tÞ

@3w

@y3
� hEmðnþ ErÞ
2ð1þ nÞð�1þ tÞ

@2u

@x@y

þ hEmðnþ ErÞ
2ð1þ nÞð1þ tÞ

@2v

@x2
þ h2nEmð�1þ ErÞ
2ð1þ nÞð2þ nÞð�1þ tÞð1þ tÞ

@3w

@x2@y
¼ 0

(22)
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� hqmðnþ qrÞ
1þ n

@2w

@t2
� h2nqmð�1þ qrÞ

2ð1þ nÞð2þ nÞ
@3v

@y@t2
þ h3qmðn3 þ 6qr þ 3n2ð1þ qrÞ þ nð8þ 3qrÞÞ

12ð1þ nÞð2þ nÞð3þ nÞ
@4w

@y2@t2

� h2nEemð�1þ EerÞ
2ð1þ nÞð2þ nÞð�1þ tÞð1þ tÞ

@3v

@y3
� h2nqmð�1þ qrÞ

2ð1þ nÞð2þ nÞ
@3u

@x@t2

� h2nEemð�1þ EerÞ
2ð1þ nÞð2þ nÞð�1þ tÞð1þ tÞ

@3u

@x@y2

þ h3qmðn3 þ 6qr þ 3n2ð1þ qrÞ þ nð8þ 3qrÞÞ
12ð1þ nÞð2þ nÞð3þ nÞ

@4w

@x2@t2

� h2nEemð�1þ EerÞ
2ð1þ nÞð2þ nÞð�1þ tÞð1þ tÞ

@3v

@y@x2
� h2nEemð�1þ EerÞ
2ð1þ nÞð2þ nÞð�1þ tÞð1þ tÞ

@3u

@x3

þ Q1
@4w

@y4
þ Q2

@4w

@x2@y2
þ Q3

@4w

@x4
¼ 0

(23)

where Qjðj ¼ 1; 2; 3Þ are defined in Appendix 1. The second limiting case is the gov-
erning equation of a micro-scale panel made of a homogeneous polymeric material with
no functional gradation. This set of equations is obtained by setting
n ¼ 0; Er ¼ 1; Gr ¼ 1 and ρr = 1 in Equations (18)–(20) to retrieve:

�qmh
@2u

@t2
þ Emh

1

2ð1þ tÞ
@2u

@y2
þ 1

2ð1� tÞ
@2v

@y@x
þ 1

1� t2
@2u

@x2

� �

þ Emhf
2

8ð1þ tÞ
@4v

@y3@x
� @4u

@y4
� @4u

@x2@y2
þ @4v

@x3@y

� �
¼ 0

(24)

�qmh
@2v

@t2
þ Emh

1

1� t2
@2v

@y2
þ 1

2ð1� tÞ
@2u

@y@x
þ 1
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@x4

� �
¼ 0

(26)

From the physical point of view, Equations (18)–(20) represent the vibration behaviour
of a single FG micro-scale panel. Besides, from the nature of Equations (18)–(20), it
would be noticed that the three field variables, which include two extensional deforma-
tions (u and v) and one flexural deformation (w), exist in each of Equations (18)–(20).
The existence of each variable in the three governing equations of motions of the sys-
tem reveals the coupling of the extensional-flexural vibration modes for the FG micro-
scale panel. Contrarily, only the extensional deformation field variables are coupled in
the case of the non-FG micro-scale (as reflected in Equations (24)–(26)).

In order to deal with the acceptable magnitude of the stiffness for the elastic con-
nectors, three basic assumptions are made. First, it is assumed that the elastic connec-
tors are made of similar materials. Second, the elastic connectors suffer negligible
distortion of their positions with respect to their initial contact positions with the sur-
face of each FG micro-panel. Third, no structural anisotropy is introduced by the elastic
connectors. Besides, it is also assumed that the two micro-panels are made of the same
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material, length, width and density. Given these assumptions, the rigidities of the elastic
connectors is replaced by a distributed continuous foundation of the Winkler’s type
with an effective stiffness denoted by Kt. The effective stiffness Ktð Þ is then estimated
to be the averaged stiffness of the connectors between the micro-panels. As earlier
noted, the coupled system being investigated is to be employed in a vibration isolation
pad for electronic systems. In this wise, the elastic connectors would be designed to
have resistance to stretching and compression. With this premise, each elastic connector
is idealised as a fixed-fixed bar, with an estimated equivalent stiffness kr. The contribu-
tion of the bars’ stiffness is now reflected in the vibration governing equation of the
individual micro-panel as:

3.2.1. Upper micro-panel
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@2ut
@t2

þ A2
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(27)
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(29)

3.2.2. Lower micro-panel
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(31)
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(32)

In Equations (27)–(32), ut; vt and wt are the field variables for the top FG micro-panel,
while ub; vb and wb are the field variables for the base FG micro-panel. The problem
above can be made a bit tractable, if the displacement transverse field variables describ-
ing the behaviour of each FG micro-panel are homogenised through the method of
sequential subtraction (as done, for instance, in Murmu (Murmu & Adhikari, 2011)) to
get:
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(33)
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(35)

where the following change of variable has been employed:

uh ¼ ut; vh ¼ vt; wh ¼ wt � wb (36)

With Equations (33)–(35), the vibration characteristics of the system is examined under
an idealised boundary conditions in the form of simple supports on the four edges
(SSSS) of the coupled micro-panels as shown in Figure 3.

In order to specify the expressions for the stipulated boundary conditions, the
following stress resultants are defined:

Cxx

Cxy

Cxz

Cyy

Cyz

8>>>><
>>>>:

9>>>>=
>>>>;

¼
Z h=2

�h=2

mxx

mxy

mxz

myy

myz

8>>>><
>>>>:

9>>>>=
>>>>;
dz (37)
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Nxx

Nxy

Nyy

8<
:

9=
; ¼

Z h=2

�h=2

rxx
rxy
ryy

8<
:

9=
;dz (38a)

Mxx

Mxy

Myy

8<
:

9=
; ¼

Z h=2

�h=2

rxx
rxy
ryy

8<
:

9=
;zdz (38b)

where Cxx; Cxy; Cxz; Cyy and Cyz are the couple moments that needs to be mapped to
the displacement field through Equation (8(b)). Also, Mxx; Mxy and Myy are the
moments (related to the Cauchy stress) that are mapped to the displacement field
through Equation (8(a)). Under the SSSS boundary condition, the following constraints
are imposed around the periphery of the coupled FG micro-panels:

wh 0; y; tð Þ ¼ wt 0; y; tð Þ � wb 0; y; tð Þ ¼ 0 (39)

wh a; 0; tð Þ ¼ wt a; 0; tð Þ � wb a; 0; tð Þ ¼ 0 (40)

wh x; 0; tð Þ ¼ wt x; 0; tð Þ � wb x; 0; tð Þ ¼ 0 (41)

wh x; b; tð Þ ¼ wt x; b; tð Þ � wb x; b; tð Þ ¼ 0 (42)

Mxxh 0; y; tð Þ þ Cxya 0; y; tð Þ þ Nxxð0; y; tÞ ¼ 0 (43)

Mxxh a; y; tð Þ þ Cxya a; y; tð Þ þ Nxxða; y; tÞ ¼ 0 (44)

�Myyh x; 0; tð Þ þ Cxya x; 0; tð Þ þ Nyyðx; 0; tÞ ¼ 0 (45)

�Myyh x; b; tð Þ þ Cxya x; b; tð Þ þ Nyyðx; b; tÞ ¼ 0 (46)

Figure 3. Schematics of the top-view of the FG micro-panel with simple supports on the four
edges.
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4. Analytical solution

The Navier method of solution is adopted to evaluate the dynamic response of the
coupled system. In this wise, the field variables in the governing equation of the
coupled system of micro-panels are transformed into the following double series:

u x; y; tð Þ ¼
X1
p¼1

X1
q¼1

Dpq cos
ppx
a


 �
sin

qpy
b


 �
eixt (47)

v x; y; tð Þ ¼
X1
p¼1

X1
q¼1

Fpq sin
ppx
a


 �
cos

qpy
b


 �
eixt (48)

w x; y; tð Þ ¼
X1
p¼1

X1
q¼1

Hpq sin
ppx
a


 �
sin

ppy
b


 �
eixt (49)

where p and q are the nodal lines in the x and y directions, respectively. Also, Dpq; Fpq

and Hpq represent the amplitude of the two extensional and the transverse vibration
modes, respectively. The dimensionality of the governing equation is reduced by
introducing the following non-dimensional parameters:

n ¼ x=a; g ¼ y=b; / ¼ a=b (50)

c ¼ f=h; beff ¼ Ka4=Dp; a ¼ a=h; kpq ¼ xpq a2=h
� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

qm=Em

p
(51)

where Dp has been introduced in Equations (50)–51) to denote the flexural rigidity of
the micro-panel. That is: Dp = Eph

3/12(1 − υ2). Besides, in the above expressions, the
parameter kpq represents the non-dimensional natural frequency.

By substituting Equations (47)–(49) into Equations (33)–(35), one obtains the
transformed governing equations in the form:

W11 W12 W13

W21 W22 W23

W31 W32 W33

2
4

3
5 Dpq

Fpq

Hpq

8<
:

9=
; ¼

0
0
0

8<
:

9=
; (52)

The coefficients of the characteristics matrix above are detailed in the Appendix 1. Of
course, for the natural frequency to be determined, the non-trivial solution of Eq. (74)
is sought by making the determinant of the matrix W to vanish as:

Wj j ¼ 0 (53)

5. Discussion

In this section, numerical results relating to the sensitivity of the coupled system of FG
micro-scale panels is detailed. In the meantime, it is necessary to point out that by
looking at the elastically coupled system of the FG micro-panels, two possible mecha-
nistic motions of interests can be achieved by the system. As shown in Figure 4, the
transverse motion can be in the form of an asynchronous motion or in the form of a
synchronous motion. Principally, under the asynchronous motion of the coupled system,
the two FG micro-panels move in different directions, leading to the condition of
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motion in which the relative displacement does not vanish (i.e. wh ≠ 0). However, in
the case of a synchronous motion, the motions of the FG micro-panels system are in
the same direction, hence wh = 0. These two special cases are shown in Figure 4.

As pointed out in Section 2, when dealing with FG structures, the effective material
properties such as density, Young’s and shear moduli of the graded structure needs to
be determined via the distributions of the volume fraction of the constituent materials.
Since FG structures are macroscopically homogeneous, a number of micromechanics
models and procedures have been employed in recent years to determine their effective
properties. These methods include the Mori–Tanaka homogenisation scheme, the
method of the rule of mixture and the self-consistent methods (Chakraborty et al.,
2003). The rule of mixture is adopted in the present study, as illustrated in Section 2,
to estimate the effective properties of the FG bulk micro-panel.

Furthermore, the traditional design of FG structures involves the use of the top
layer (which is often fully ceramic) as a thermal barrier to a metallic structure (the base
material). However, recent studies have demonstrated substantial improvement in the
performance of FG structures whose base matrix phase is polymer, as demonstrated in
Krumova, Klingshirn, Haupert, and Friedrich (2001). It is in this spirit that in the pre-
sent study, the top layer acts as a barrier to a polymeric matrix phase. For the matrix
phase, therefore, the material properties of an epoxy polymer are employed. This
includes Young’s modulus Emð Þ of 1.44 GPa, mass density qmð Þ of 1220 kg/m3 and
Poisson’s ratio mð Þ of .38. Additionally, following Ke, Wang, Yang, and Kitipornchai
(2012), a conservative value of ζ = 17.6 μm is used for the material length scale
parameter of the epoxy micro-panel. The value for the material length scale parameter
used is based on the experimentally determined value (from nano-indentation test of a
micron-sized epoxy beams) reported by Lam et al. (2003). Studies have shown that for
polymeric structural element, whose underlying macromolecular chains are of finite
stiffness, the material length scale fð Þ happens to be directly related to the effective
averaged Frank elastic constant (Gao et al., 2013). Moreover, in this study, two differ-
ent ceramic materials are considered for the functional gradation of the polymer matrix
phase. The first is hexagonal boron nitride, and the second is silicon carbide. The
mechanical properties of these two ceramic materials are given in Table 1.

5.1. Validation of solution procedure

For a start, we assess the accuracy of the predicted results from the solution procedure,
through an initial validation study that is carried out to establish the natural frequency
values of each panel as a single structural entity. From the literature review, it is
observed that the non-dimensional numerical values of the natural frequencies of
micro-plates are not yet as widely published as compared to those of plates with no

Figure 4. Special cases of the transverse motion of the elastically connected micro-panels: (a)
asynchronous transverse motion; and (b) synchronous transverse motion.
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micro-scale effect. This is despite the fact that certain aspect of the dynamics studies of
a single micro-scale plate have been carried out in some recent studies (Akgöz &
Civalek, 2013; Jomehzadeh et al., 2011). Therefore, in this first validation study, a
comparative assessment is done with the exact closed-form solution provided in the
work of Yin et al. (2010). However, it should be pointed out that the work of Yin et al.
(2010) deals with the vibration analysis of a micro-plate with no functional material
gradation (that is, a purely homogeneous micro-plate). Thus, this validation requires
changes to be made to the derived governing equation through the use of
beff ¼ 0; n ¼ 0; Er ¼ 1 and ρr = 1. Table 2 provides the comparison of the non-
dimensional frequencies of a micro-plate with simply-supported edges predicted by Yin
et al. (2010) and the present study. It is seen from this table that the results of the pre-
sent study agree well with that of Liu et al. (Yin et al., 2010), for the two vibration
modes compared.

Table 3 contains the second validation study. This particular validation study
involves a comparison with the work of Baferani, Saidi, and Jomehzadeh (2011), which
deals with the vibration of a FG plate based on the classical thin plate theory (that is,
with no microstructural effect). This validation study also requires the current model to
be reduced. Besides, it involves the elimination of the effects of the elastic connectors
and that of the material length sale from the governing equation (that is, βeff = 0,
γ = 0). From the results presented in Table 3, a relatively good agreement is observed
between the predicted natural frequency of the plate based on the Navier solution
method of the current study, and the Levy method of solution employed by Baferani
et al. (2011). Besides, the table contains values for three vibration modes (k11; k12 and
k22) under four values of the gradient index (n = 0, .5, 1 and 2) and two values of the

Table 1. The mechanical properties of constituents material (Shackelford & Alexander, 2000;
Zhang, He, Liu, Gan, & Shen, 2013).

Material property Boron nitride Silicon carbide

ρ (kg m−3) 2270 3100
E (GPa) 34 427
v .19 .17

Table 2. Representative frequency parameter of a micro-plate with simply-supported edges.

Normalised natural frequency

γ = .2 γ = .5 γ = .8

ϕ Present Ref. (Yin et al., 2010) Present Ref. (Yin et al., 2010) Present Ref. (Yin et al., 2010)

ðk11Þ
ðbeff ¼ 0; t ¼ :38Þ
2/3 15.28 15.28 19.81 19.81 26.22 26.22
1.0 21.16 21.16 27.42 27.42 36.29 36.29
1.5 34.38 34.38 44.56 44.56 58.97 58.97
ðk12Þ
ðbeff ¼ 0; t ¼ :38Þ
2/3 29.38 29.38 38.08 38.08 50.46 50.46
1.0 52.89 52.89 68.55 68.55 90.73 90.73
1.5 105.78 105.78 137.11 137.11 181.47 181.47
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aspect ratio (ϕ = .5 and 1). It would be observed that all the values obtained from the
present solution procedure fall within 3% of those obtained by Baferani et al. (2011).
A close examination also reveals that some of the values predicted from the current
study differs by less than .5% from those reported by Baferani et al. (2011). For the
values of the natural frequency reported in Table 3, the material properties of
aluminium and aluminium oxide have been used:

Aluminium: E ¼ 70GPa; m ¼ :3; q ¼ 2707 kg=m3;
Aluminium oxide: E ¼ 320:20GPa; m ¼ :26; q ¼ 3750 kg=m3;
In addition, the matrix phase is metallic as reflected in the non-dimensional form of

the natural frequency written in the form kpq ¼ xpqp2 a2=hð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qm=Em

p
. Figures 5–7

exemplifies the typical pattern of mode shapes k11; k12 and k22 under three different
values of the functional material gradient index. For these plots, the aspect ratio is kept
to the value of 1. In Figures 5–7, the mode shape plots are complemented by the con-
tour plot, reflecting the equilibrium positions. It would be noticed (also apparent in
Table 2) that higher values of the gradient index lead to a decrease in the natural
frequency values.

5.2. Parametric studies

This section consists of the hierarchical qualitative assessment of the influence of the
gradient index (n), the span-to-thickness ratio (α), the aspect ratio (ϕ), the density ratio
(ρr), the elastic modulus ratio (Er), the size effect parameter (γ) and the stiffness of the
elastic connectors to the (beff ) on the natural frequency values of the elastically con-
nected FG micro-panels. The next set of analyses employs the non-dimensional natural
frequency written in the form kpq ¼ xpq a2=hð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

qm=Em

p
, which happens to be the stan-

dard non-dimensional form of the natural frequency for FG plate-like structure. More-
over, for quantitative measures of the degree of influence of some of the parameters
(especially, the material length scale and the gradient index), two normalised frequency
parameters are defined as:

Table 3. Non-dimensional natural frequencies of a FG plate with simply-supported edges
(aluminium functionally graded with aluminium oxide).

Normalised natural frequency kpq ¼ xpqp2 a2=hð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qm=Em

p
 �
ða ¼ 100Þ

k11 k12 k22

Gradient
index (n)

Aspect
ratio /ð Þ

Present
study

Baferani
et al. (2011)

Present
study

Baferani
et al. (2011)

Present
study

Baferani
et al. (2011)

0 1 112.63 115.87 281.58 289.77 449.93 463.47
.5 70.39 72.39 112.63 –** 281.20 –

.5 1 96.48 98.01 241.22 245.33 385.46 392.44
.5 60.30 61.33 96.48 – 240.90 –

1 1 88.02 88.31 220.08 221.06 351.69 353.62
.5 55.01 55.12 88.02 – 219.79

2 1 81.35 80.35 203.41 200.88 325.05 321.41
.5 50.84 50.07 81.359 – 203.13
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Kpq ¼
kpq
� 	

FGP�EC

kpq
� 	

NFGP�EC

(54)

Mpq ¼
kpq
� 	

FGP�EC

kpq
� 	

FGP�NEC

(55)

where in Equation (54), the term kpq
� 	

FGP�EC
is the natural frequency of the elastically

connected FG micro-panels, while knmð ÞNFGP is the natural frequency of the elastically
connected non-FG micro-panels. The second ratio relates (Mpq) relates kpq

� 	
FGP�EC

with kpq
� 	

FGP�NEC (which is the natural frequency of the non-elastically connected
system with FG micro-panels).

Figure 8–12 demonstrates the variation of the natural frequency values related to
the asynchronous motion of the coupled system. For brevity sake, all of the plots in
Figure 8–11 correspond to the coupled system with the micro-panels made of polymer
matrix FG with boron nitride. Specifically, Figure 8 reveals the variation of the nor-
malised natural frequency (K11) with respect to the span-to-thickness ratio (α) for four
different values of the gradient index (n). The other parameters are taken as: βeff = 50,
γ = 0, ϕ = 1. From this plot, it is seen that increased values of the span-to-thickness
ratio leads only to a negligibly marginal increase in the natural frequency, under a
constant value of the gradient index. However, for a given value of the span-to-width
ratio, the magnitude of the natural frequency is found to decrease substantially with
increasing value of the gradient index.

Figure 5. The vibration mode shape (upper) and the contour plot (lower) of k11: (a) n = 0; (b)
n = .5; and (c) n = 1.
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Figure 9 shows the influence of the effective stiffness (contributed by the elastic
connectors) to the relationship between the frequency parameter and the gradient index.
This plot illustrates the expected stiffening effect of the elastic connectors. It would be
noticed that Figure 9 involves the normalised frequency (Mpq), with a focus on M11

and M22. A few observations can be made from Figure 9. One of these observations is
that the elastic connectors generate a quasi-quadratic incremental effect on the fre-
quency-gradient index relationship, when the gradient index falls in the range
0 < n ≤ 3. However, a linear incremental effect is observed when the gradient index is
in the range 3 ≤ n < ∞, where n = ∞ results in a structure with a homogeneous poly-
meric matrix phase. The other observation is that, since the elastic connectors are of
finite stiffness when compared with the bending rigidity of each micro-panel, the
increase in the value of the natural frequency caused by the effective stiffness of the
elastic connectors is non-monotonic. This is highlighted in Figure 9(b), where it is seen
that at the higher vibration mode, the percentage increase in the frequency value,
caused by different value of the effective stiffness of the elastic connector, approaches
each other. In Figure 10, the effect of the aspect ratio (ϕ) on the natural frequency–
gradient index relationship is noticed to be very small under the two vibration modes
considered. Moreover, an increasing trend in the frequency value is also found to
accompany higher aspect ratio.

Figure 11 illustrates the influence of the size effect as the thickness value reduces.
The size effect parameter considered falls in the range .1 < γ ≤ .9. It would be recalled
that the size effect parameter γ is defined as ζ/h. Thus, given the estimated value of the
material length scale fð Þ for epoxy to be 17:6lm, then the thickness values that corre-
spond to the size effect parameter considered is in the range 170 ≤ h ≤ 20. With this

Figure 6. The vibration mode shape (upper) and the contour plot (lower) of k12: (a) n = 0; (b)
n = .5; and (c) n = 1.
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range of thickness value, the influence of the size effect is then evaluated on the system
with FG micro-panels having aspect ratios of 1, effective stiffness value of 50 and a
span-to-thickness value of 100. The observation from the two plots (Figure 11(a) and
(b)) reveal that the low value of the gradient index (especially n = .5) contributes most
significantly to the increase in the natural frequency, for a particular size effect. It is
also seen that the incremental influence of the size effect decreases with increase in the
thickness of the connected micro-panels. Figure 12 shows the sensitivity of the
frequency parameter of the asynchronous motion of the coupled system at higher

Figure 7. The vibration mode shape (upper) and the contour plot (lower) of k22: (a) n = 0; (b)
n = .5; and (c) n = 1.

Figure 8. Variation of the normalised frequency of the asynchronous motion with respect to the
span-to-width ratio for different values of the gradient index.
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half-wave numbers. By comparing the four plots in Figure 12, one notices that of all
the parameters, it is the size effect parameter that has a substantially noticeable effect at
the higher frequency modes.

Figures 13–15 feature further illustration of the changes in the dynamic behaviour
of the system. Essentially, these plots are meant to complement the analysis results pre-
sented in Figures 8–12. In these plots, examination of the influence of the material
properties (Young’s modulus and density ratios) on the changes in the natural frequen-
cies of the asynchronous motion of the elastically connected system is investigated. By
focusing on the property of the two materials (provided in Table 1), we evaluate: (i)
the distribution of the normalised natural frequencies for mode 1 under different gradi-
ent index (shown Figure 13); (ii) the distribution of the normalised natural frequencies
for different aspect ratio in Figure 14; and (iii) the distribution of the normalised natural
frequencies for different aspect ratio in Figure 15. In each plot, comparison is made
between the normalised natural frequency of the system with micro-panels consisting
of epoxy-boron nitride combination and epoxy-silicon carbide combination. It is seen
from Figure 13, that for all values of gradient index, the average natural frequency of
the system with epoxy-silicon carbide is higher than that consisting of epoxy-boron

Figure 9. Influence of the effective stiffness of the elastic connectors on the frequency
parameter: (a) with respect to K11; (b) with respect to K22.

Figure 10. Effect of aspect ratio on the relationship between the natural frequency–gradient
index relation of the asynchronous motion of the FG micro-panel system: (a) k11; (b) k22.
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nitride combination, with the difference getting higher as the gradient index increases.
With respect to the variation of the aspect ratio, it is noticed from Figure 14 that the
average natural frequency of the system with epoxy-silicon carbide is again higher. In

Figure 11. Effect of gradient index on the relationship between the natural frequency and the
size effect: (a) k11; (b) k22.

Figure 12. Sensitivity of the frequency parameter of the asynchronous motion of the coupled
system at higher half-wave numbers: (a) influence of the material length scale; (b) influence of
connectors’ effective stiffness; (c) effect of span-to-thickness ratio; and (d) influence of the
gradient index.
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Figure 13. Distribution of the normalised natural frequencies for the mode 1 for different
gradient index.

Figure 14. Distribution of the normalised natural frequencies for mode 1 for different aspect
ratios.

Figure 15. Distribution of the normalised natural frequencies for mode 1 for different span-
to-thickness ratios.
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Figure 15, the distribution of the frequency parameter is evaluated under the variation
of the span-to-thickness ratio. This plot shows that at the lower values of the span-
to-thickness ratio, the distribution of the frequency is quite similar for the two material
properties. Additionally, increasing values of the span-to-thickness ratio further reveals
a glaring difference between the frequency values of the epoxy-silicon carbide
combination and the epoxy-boron nitride combination. The behaviours noticed from
Figure 13–15 seem to be consistent with the fact that the epoxy-silicon carbide com-
bination provides a very high value of the Young’s modulus ratio.

6. Conclusion

The free vibratory behaviour of a system of elastically connected micro-panels is
studied. The behaviour analyses were predicated on a set of biharmonic governing
equations derived from a combination of the energy method, postulates of the
Kirchhoff–Love theory of thin plate and the constitutive rule of the MCST. The
formulation procedure yields a system of three field equations representing the motion
of the system in a Cartesian system of coordinates. The three field equations were cast
into non-dimensional forms to reduce the dimensionality of the mathematical model.
As a result, seven non-dimensional variables emerged and they are used to examine the
variation of the dynamic behaviour as a result of changes to: (a) geometric parameters
of the FG micro-panel; (b) the materials properties of the FG-micro-panels; and (c) the
effective stiffness of the elastic connectors. The free vibration behaviour of the coupled
FG micro-scale panels were investigated in terms of the out-of-phase motion of the
coupled FG micro-panel via the Navier method of solution. The analyses revealed that:
(i) the ratio of the constituents Young’s modulus imposes a higher degree of stiffening
effect to the vibration of the system than the stiffness of the elastic connectors and the
density ratio of the constituent materials; (ii) the influence of the size effect is more
pronounced as the thickness of the FG micro-panel is reduced; (iii) the effect of the
increase in the gradient index is reduced by the presence of the size effect; and (iv) the
effect of the span-to-thickness ratio on the natural frequency of the system is reduced
for lower values of the gradient index and higher values of the half-wave number.
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6npp3q2að1� t2Þ/2ð�1þ EerÞ
ð1þ nÞð2þ nÞð�1þ tÞð1þ tÞ

� 6nppð1� t2Þk2pqð�1þ qrÞ
ð1þ nÞð2þ nÞa (A28)

W21 ¼ 6pp2qa2ð1� t2Þ/ðnþ ErÞ
ð1þ nÞð�1þ tÞ þ 3p3p4qa2c2ð1� t2Þ/ðnþ ErÞ

2ð1þ nÞð1þ tÞ
þ 3pp4q3a2c2ð1� t2Þ/3ðnþ ErÞ

2ð1þ nÞð1þ tÞ (A29)

W22 ¼ � 6p2p2a2ð1� t2Þðnþ EerÞ
ð1þ nÞð1þ tÞ � 3p4p4a2c2ð1� t2Þðnþ EerÞ

2ð1þ nÞð1þ tÞ
� 3p2p4q2a2c2ð1� t2Þ/2ðnþ EerÞ

2ð1þ nÞð1þ tÞ þ 12p2q2a2ð1� t2Þ/2ðnþ EerÞ
ð1þ nÞð�1þ tÞð1þ tÞ

þ k2pqðnþ qrÞ
1þ n

(A30)

W23 ¼ � 6np2p3qað1� t2Þ/ð�1þ EerÞ
ð1þ nÞð2þ nÞð�1þ tÞð1þ tÞ �

6np3q3að1� t2Þ/3ð�1þ EerÞ
ð1þ nÞð2þ nÞð�1þ tÞð1þ tÞ

� 6npqð1� t2Þ/k2pqð�1þ qrÞ
ð1þ nÞð2þ nÞa (A31)

W31 ¼ � 6np3p3að1� t2Þð�1þ ErÞ
ð1þ nÞð2þ nÞð�1þ tÞð1þ tÞ �

6npp3q2að1� t2Þ/2ð�1þ ErÞ
ð1þ nÞð2þ nÞð�1þ tÞð1þ tÞ

� 6nppð1� t2Þk2pqð�1þ qrÞ
ð1þ nÞð2þ nÞa (A32)

W32 ¼ � 6np2p3qað1� t2Þ/ð�1þ EerÞ
ð1þ nÞð2þ nÞð�1þ tÞð1þ tÞ �

6np3q3að1� t2Þ/3ð�1þ EerÞ
ð1þ nÞð2þ nÞð�1þ tÞð1þ tÞ

� 6npqð1� t2Þ/k2pqð�1þ qrÞ
ð1þ nÞð2þ nÞa (A33)

W33 ¼
k2pqðnþ qrÞ

1þ n
þ p2p2ð1� t2Þk2pqðn3 þ 6qr þ 3n2ð1þ qrÞ þ nð8þ 3qrÞÞ

ð1þ nÞð2þ nÞð3þ nÞa2 þ 2beff

þW33a þW33b þW33c

(A34)
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W 33a ¼ � 8np4q4/4

ð1þ nÞð2þ nÞð3þ nÞ �
3n2p4q4/4

ð1þ nÞð2þ nÞð3þ nÞ �
n3p4q4/4

ð1þ nÞð2þ nÞð3þ nÞ
� 36np4q4a2c2/4

ð1þ nÞð2þ nÞð3þ nÞ �
30n2p4q4a2c2/4

ð1þ nÞð2þ nÞð3þ nÞ �
6n3p4q4a2c2/4

ð1þ nÞð2þ nÞð3þ nÞ
þ 36np4q4a2c2t/4

ð1þ nÞð2þ nÞð3þ nÞ þ
30n2p4q4a2c2t/4

ð1þ nÞð2þ nÞð3þ nÞ þ
6n3p4q4a2c2t/4

ð1þ nÞð2þ nÞð3þ nÞ
� 6p4q4/4Er

ð1þ nÞð2þ nÞð3þ nÞ �
3np4q4/4Er

ð1þ nÞð2þ nÞð3þ nÞ �
3n2p4q4/4Er

ð1þ nÞð2þ nÞð3þ nÞ
� 36p4q4a2c2/4Er

ð1þ nÞð2þ nÞð3þ nÞ �
30np4q4a2c2/4Er

ð1þ nÞð2þ nÞð3þ nÞ �
6n2p4q4a2c2/4Er

ð1þ nÞð2þ nÞð3þ nÞ
þ 36p4q4a2c2t/4Er

ð1þ nÞð2þ nÞð3þ nÞ þ
30np4q4a2c2t/4Er

ð1þ nÞð2þ nÞð3þ nÞ þ
6n2p4q4a2c2t/4Er

ð1þ nÞð2þ nÞð3þ nÞ
(A35)

W33b ¼ � 16np2p4q2/2

ð1þ nÞð2þ nÞð3þ nÞ �
6n2p2p4q2/2

ð1þ nÞð2þ nÞð3þ nÞ �
2n3p2p4q2/2

ð1þ nÞð2þ nÞð3þ nÞ
� 72np2p4q2a2c2/2

ð1þ nÞð2þ nÞð3þ nÞ �
60n2p2p4q2a2c2/2

ð1þ nÞð2þ nÞð3þ nÞ �
12n3p2p4q2a2c2/2

ð1þ nÞð2þ nÞð3þ nÞ
þ 72np2p4q2a2c2t/2

ð1þ nÞð2þ nÞð3þ nÞ þ
60n2p2p4q2a2c2t/2

ð1þ nÞð2þ nÞð3þ nÞ þ
12n3p2p4q2a2c2t/2

ð1þ nÞð2þ nÞð3þ nÞ
� 12p2p4q2/2Er

ð1þ nÞð2þ nÞð3þ nÞ �
6np2p4q2/2Er

ð1þ nÞð2þ nÞð3þ nÞ �
6n2p2p4q2/2Er

ð1þ nÞð2þ nÞð3þ nÞ
� 72p2p4q2a2c2/2Er

ð1þ nÞð2þ nÞð3þ nÞ �
60np2p4q2a2c2/2Er

ð1þ nÞð2þ nÞð3þ nÞ �
12n2p2p4q2a2c2/2Er

ð1þ nÞð2þ nÞð3þ nÞ
þ 72p2p4q2a2c2t/2Er

ð1þ nÞð2þ nÞð3þ nÞ þ
60np2p4q2a2c2t/2Er

ð1þ nÞð2þ nÞð3þ nÞ þ
12n2p2p4q2a2c2t/2Er

ð1þ nÞð2þ nÞð3þ nÞ
(A36)

W33c ¼ � 8np4p4

ð1þ nÞð2þ nÞð3þ nÞ �
3n2p4p4

ð1þ nÞð2þ nÞð3þ nÞ �
n3p4p4

ð1þ nÞð2þ nÞð3þ nÞ
� 36np4p4a2c2

ð1þ nÞð2þ nÞð3þ nÞ �
30n2p4p4a2c2

ð1þ nÞð2þ nÞð3þ nÞ �
6n3p4p4a2c2

ð1þ nÞð2þ nÞð3þ nÞ
þ 36np4p4a2c2t
ð1þ nÞð2þ nÞð3þ nÞ þ

30n2p4p4a2c2t
ð1þ nÞð2þ nÞð3þ nÞ þ

6n3p4p4a2c2t
ð1þ nÞð2þ nÞð3þ nÞ

� 6p4p4Er

ð1þ nÞð2þ nÞð3þ nÞ �
3np4p4Er

ð1þ nÞð2þ nÞð3þ nÞ �
3n2p4p4Er

ð1þ nÞð2þ nÞð3þ nÞ
� 36p4p4a2c2Er

ð1þ nÞð2þ nÞð3þ nÞ �
30np4p4a2c2Er

ð1þ nÞð2þ nÞð3þ nÞ �
6n2p4p4a2c2Er

ð1þ nÞð2þ nÞð3þ nÞ
þ 36p4p4a2c2tEr

ð1þ nÞð2þ nÞð3þ nÞ þ
30np4p4a2c2tEr

ð1þ nÞð2þ nÞð3þ nÞ þ
6n2p4p4a2c2tEr

ð1þ nÞð2þ nÞð3þ nÞ
(A37)
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