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Abstract

Fundamental Solutions (FS) are useful for numerical methods, specifically in
applications such as the Boundary Element Method (BEM) or the Method
of Fundamental Solutions (MFS). Obtaining analytically the FS for a given
problem is frequently unfeasible since it entails the solution of a complex
system of differential equations. In this paper, a novel method for the com-
putation of approximate FS based in enhanced Levi Function is presented.
The first terms of the enhanced Levi Function are computed analytically by
an iterative procedure until the residual is regular at the collocation point. The
last step in the computation of the FS is completed approximating the residual
by Modified Radial Base Functions that are particular solutions of the problem
equations.

The method is applied to potential problems with variable coefficients,
and validated comparing to available analytically computed Fundamental
Solutions.
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1 Introduction

Fundamental Solutions are known for many Partial Differential Equations
(PDEs) with constant coefficients [1, 2] which are of scientific and engineering
interest. However, when the coefficients are variable with the position, the
solution is not available in explicit form but for some special cases [3, 4].

Several techniques have been proposed to solve problems with variable
coefficients by the Boundary Element Method or similar techniques, but lead
to domain-boundary integral equations. The Dual Reciprocity Method was
developed by [5]. In this method, a domain source term is approximated with
a series of Radial Basis Functions and particular solutions are employed to
transfer the domain integrals to the boundary.

The Radial Integration Method is a transformation technique that was
implemented by [6]. This method transform domain integrals to the boundary
in order to remove singularities. [7] developed this technique to solve elastic
problems with nonlinearly varying material parameters.

The Analog Equation Method [8] was applied successfully [9] to solve
elastostatic problems for materials with spatially varying properties.

The parametrix or Levi Function [10] is used as a substitute of a Funda-
mental Solution in order to reduce a boundary value problem into a system of
boundary-domain integral equations [11–13].

Additionally, Radial Basis Functions (RBFs) have been applied to solve
many problems in science and engineering [14]. RBFs are employed in the
development of methods for solving partial differential equations and are used
in some of the aforementioned papers [9, 15–19].

One important class of materials where the mathematical modeling leads
to differential equations with variable coefficients is the so called Functionally
Graded Materials (FGM). FGM are natural or artificial materials whose
properties, composition and/or structure vary spatially in a controlled manner
in order to optimize their behavior against spatially varying demands [20, 21].
FGMs have great potential applications but their modelization by BEM
techniques is largely prevented due to the lack of suitable Fundamental
Solution.

The goal of this paper is to prove the feasibility of obtaining the Fundamen-
tal Solution of differential operators with variable coefficients by combining
Levi Functions and Radial Basis Functions. The technique is first developed
theoretically for a general operator A(x) and applied to the heat transfer
problem in a FGM for the purpose of validating the proposed methodology.
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2 Definition of Problem

Let us consider a general linear partial differential operator A(x) of order n.
Its Fundamental Solution is given by the solution U (x; y) of the system of
equations

A(x)U(x; y) = δ(x; y)

where δ(x; y) is the Direc’s Delta function applied at x = y; x, y ∈ Ω ⊂ Rn

are the “observation” and “collocation” point, respectively.
A Levi Function of the operator A(x) is any function UL(x; y) such that

A(x)UL(x; y) = δ(x; y) + R(x; y)

where R(x; y) is “smoother” than δ(x; y) at x = y; R(x; y) will be named
“residual” of the Levi Function.

Defining,
UR(x; y) = U(x; y) − UL(x; y)

which is termed the “remainder”, is obvious that,

A(x)UR(x; y) = R(x; y)

The method for calculate the Fundamental Solution U(x; y) is divided
in two steps: firstly a Levi Function UL(x; y) of A(x) is computed using an
iterative procedure [22]; secondly, the remainder UR(x; y) is approximated
using Modified Radial Basis Functions. The complete Fundamental Solution
will be given by,

U(x; y) = UL(x; y) + UR(x; y)

3 Calculation of a Levi Function

Following [22] the differential operator A(x) is decomposed in two terms,

A(x) = A0(y) − T (x; y)

where A0(y) is the principal part of A(x) with frozen coefficients, i.e. only the
derivatives order n are kept, and x is substituted in the remaining coefficients
by the fixed value y. Here T (x; y) is simply T (x; y) = A0(y) − A(x).

Formally this decomposition can be written as,

A(x) = A0(y){I − A−1
0 (y)T (x; y)}
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and therefore the inverse of A(x) is given by,

A−1(x) = [A0(y){I−A−1
0 (y)T (x; y)}]−1 = {I−A−1

0 (y)T (x; y)}−1A−1
0 (y)

Taking the (formal) expansion of {I − A−1
0 (y)T (x; y)}−1

{I − A−1
0 (y)T (x; y)}−1 = I + Δ + Δ2 + Δ3 + ....

where Δ = A−1
0 (y)T (x; y), then

A−1(x) = (I + Δ + Δ2 + Δ3 + . . . )A−1
0 (y)

From this expansion an iterative process can be implemented

U(x; y) = A−1(x)δ(x; y) =
∞∑
i=0

U (i)(x; y) (1)

where
U (i)(x; y) = (A−1

0 T )iU0(x; y) = A−1
0 TU (i−1)(x; y) (2)

and U0(x; y) = A−1
0 δ(x; y) is the Fundamental Solution for A0(y).

Provided the expansion (1) converges, a Levi Function of the operator
A(x) will be obtained truncating the expansion after N terms,

UL(x; y) =
N∑

i=0

U (i)(x; y) (3)

The number of terms N will be chosen so the residual R(x; y) =
A(x)(U(x; y) − UL(x; y)) is regular.

The recursive formula given by Equation (2) can be split in two steps,

U (i)(x; y) = A−1
0 B(i)(x; y) (4)

B(i+1)(x; y) = T (x; y)U (i)(x; y) (5)

with B0(x; y) = δ(x; y).
Formally, Equations (3) to (5) allow the calculation of the Fundamental

Solution to the desired level of accuracy taking N large enough; however, for
differential operators of practical interest the first step in the iteration (4) can
not be carried out analytically for i > 0, since the equation,

A0U
(i)(x; y) = B(i)(x; y)

can not be solved but for simple source functions B(i)(x; y).
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Even for cases when the iteration may be carried out, the ensuing expres-
sions become unwieldy in a few steps and therefore the expansion is not
suitable for practical computation of the Fundamental Solution for a given
level of accuracy.

However, for the computation of a Levi Function the iteration can be
modify defining the following scheme,

U (i)(x; y) = A−1
0 B(i)(x; y) (6)

B′(i+1)(x; y) = T (x; y)U (i)(x; y) (7)

B(i+1)(x; y) = SP[B′(i+1)(x; y)] (8)

where SP[f ] = means singular part of f and is obtained retaining only the
most singular terms in f at r = |x − y| → 0 and then freezing the coefficients
at x = y. It is worth to emphasize that this singular part should be such that
the expression,

B
(i)
R (x; y) = B′(i)(x; y) − B(i)(x; y)

is regular.
The iteration stops at i = N , when SP[B′(N+1)(x; y)] = 0, and it depends

on the order of the operator A(x).
This new iteration leads to simpler sources B(i)(x; y) since the variation

of the coefficients is removed when taking the singular part so the first step in
the recursion (6) is now analytically feasible.

4 Calculation of the Remainder UR(x; y) Using Modified
Radial Basis Functions

In this section a method to obtain the remainder UR(x; y) using an approxi-
mation of the residual R(x; y) is presented.

Firstly, it is easily shown that the residual R(x; y) is given by,

R(x; y) =
N∑

i=1

B
(i)
R (x; y) + B(N+1)(x; y) (9)

where B
(i)
R (x; y) = B′(i)(x; y) − B(i)(x; y) = B′(i)(x; y) − SP[B′(i)(x; y)],

i.e., the regular part of B′(i)(x; y).
The problem to be solved is given by,

A(x)UR(x; y) = R(x; y)
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where R(x; y) is regular. The solution of this problem can be found using
standard procedures based in Radial Basis Functions (RBF) as shown by
[17, 18]. However, since in most applications one is interested in the solution
of this problem for many points y, a procedure that combines RBF and the
Method of Particular Solutions (MPS) is developed.

Let zj ∈ Ω a set of M points, and let f(x; zj) be a Radial Basis Function
(RBF) whose value at any point x ∈ Ω depends only on the distance from the
point zj .

The first step is to compute a particular solution up(x; zj) solving the
equation

Apup(x; zj) = f(x; zj) (10)

where Ap is the principal part of A(x) at a point x = zp. The point zp can be
zj or a fixed point zp∀j .

From this particular solution a Modified Radial Basis Function (MRBF)
is computed by,

A(x)up(x; zj) = fp(x; zj) (11)

and the residual R(x; y) is approximated by a linear combination of these
MFBRs in the following form,

R(x; y) �
M∑

j=1

λj(y)fP (x; zj) (12)

Collocating this equation at x = zi the following system of linear equations
is obtained,

Mλ(y) = R(y)

where

λ(y) = (λ1(y), λ2(y), . . . , λL(y))T

R = R(z1; y), R(z2; y), . . . , )T

M = (Mij) = (fp(zi; zj))

The matrix M is called the kernel matrix. This matrix is independent from
the collocation point y. So, it is necessary to calculate and factorize it just once.

Solving this linear system of equations, and considering Equations (10),
(11) and (12), the remainder UR(x; y) is obtained simply by,

UR(x; y) �
M∑

j=1

λj(y)up(x; zj)
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Finally, the Fundamental Solution is given by,

U(x; y) � UL(x; y) +
N∑

j=1

λj(y)up(x; zj)

where UL(x; y) is the Levi Function computed analytically by the procedure
shown in previous section.

5 Fundamental Solution of Heat Transfer Equation
in Functionally Graded Materials

To validate the proposed methodology it will be tested by solving the equation

∇ · (k(x)∇u(x)) = δ(x; y)

for an arbitrary variation of k(x).
In this case the operator is,

A(x) = ∇ · (k(x)∇)

and therefore,
A0 = A(y) = ∇ · (k(y)∇) = k0∇2

where k0 = k(y).
The operator T(x; y) is therefore,

T (x; y) = A0 − A = −∇ · ({k(x) − k0}∇) = −k0∇ · (s(x; y)∇)

where s(x; y) = k(x)−k(y)
k(y) = k(x)−k0

k0
.

It is easy to obtain U (0)(x; y) = A−1
0 δ(x; y) since A0 = k0∇2,

U (0)(x; y) = − 1
2πk0

log r

where r = |x − y|.
Applying the recursive iteration given by Equations (6) to (8) the next

terms of the Levi Function are obtained,

U (1)(x; y) = − 1
4πk0

b(1) log r

U (2)(x; y) = − 1
96πk0

(
a(2) + b(2) log r

)
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where,

b(1) = r1s10 + r2s01

a(2) = 3r2(s2
01 + s2

10) + (7s10s20 + 5s02s10 + 2s01s11)r3
1

+ (7s01s02 + 5s01s20 + 2s10s11)r3
2

b(2) = (15s2
10 − 3s2

01)r
2
1 + (15s2

01 − 3s2
10)r

2
2 + 36s01s10r1r2

+ (4s10s20 − 4s02s10 − 2s01s11)r3
1 + (4s01s02 − 4s01s20 − 2s10s11)r3

2

+ 6(3s10s11 − s01s02 + s01s20)r2
1r2 + 6(3s01s11 − s10s20 + s02s10)r1r

2
2

and ri = xi − yi, sjk = ∂j+ks

∂xj
1∂xk

2

∣∣∣∣
x=y

= 1
k0

∂j+kk

∂xj
1∂xk

2

∣∣∣∣
x=y

.

The function B
′(3)
s (x; y) = T (x; y)U (2)(x; y) is regular, since the operator

A(x) is order 2, and therefore the Levi Function is given by,

UL(x; y) = U (0)(x; y) + U (1)(x; y) + U (2)(x; y) (13)

The Residual of this Levi Function is obtained by applying Equation (9)

R(x; y) = B
(1)
R (x; y) + B

(2)
R (x; y) + B(3)(x; y) (14)

that in this case are computed by,

B
(1)
R (x; y) = − 1

2πr2 {r1[s1 − (s10 + s20r1 + s11r2)] + r2[s2 − (s01 + s11r1 + s02r2)]}

B
(2)
R (x; y) = − 1

16πr2 {a
(2)
0 (s − (s10r1 + s01r2)) + (a(2)

1 + b
(2)
1 r2 log r2)(s1 − s10))

+ (a(2)
2 + b

(2)
2 r2 log r2)(s2 − s01)}

B(3)(x; y) = − 1
96πr2 {(a(3)

0 + b
(3)
0 r2 log r2)s + (a(3)

1 + b
(3)
1 r2 log r2)s1

+ (a(3)
2 + b

(3)
2 r2 log r2)s2}

where s = s(x; y), s1 = ∂s(x;y)
∂x1

, s2 = ∂s(x;y)
∂x2

and

a
(2)
0 = 8(s10r1 + s01r2 + s20r2

1 + 2s11r1r2 + s02r2
2)

a
(2)
1 = r1{4(s10r1 + s01r2) + (3s20 + s02)r

2
1 + 4s11r1r2 + (s20 + 3s02)r

2
2}

b
(2)
1 = 2s10 + (s20 − s02)r1 + 2s11r2
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a
(2)
2 = r2{4(s10r1 + s01r2) + (3s20 + s02)r

2
1 + 4s11r1r2 + (s20 + 3s02)r

2
2}

b
(2)
2 = 2s01 + 2s11r1 + (s02 − s20)r2

a
(3)
0 = 6{12(s2

10r2
1 + s2

01r2
2) + (11s20 + s02 + 20s11)s10r2

1r2

+(s20 + 11s02 + 20s11)s01r1r2
2 + (11s20 + s02)s10r3

1 + (s20 + 11s02)s01r3
2}

b
(3)
0 = 6{2(s2

10 + s2
01) + (−s10s02 + 2s01s11)r1 + (2s10s11 + s01s02)r2}

a
(3)
1 = r1{3(7s2

10 + s2
01)r

2
1 + 36s10s01r1r2 + 3(s2

10 + 7s2
01)r

2
2

+(11s02s10 + 4s01s11 + 25s10s20)r
3
1 + 6(3s10s11 + s01s20 − s01s02)r

2
1r2

+3(7s02s10 + 8s01s11 + 5s10s20)r1r2
2 + 2(2s01s02 − s10s11 + 2s01s20)r

3
2}

b
(3)
1 = 3{(5s2

10 − s2
01)r1 + 6s01s10r2 + (2s10s20 − 2s02s10 − s01s11)r

2
1

+2(3s10s11 + s01s20 − s01s02)r1r2 + (s02s10 + 3s01s11 − s10s20)r
2
2}

a
(3)
2 = r2{3(7s2

10 + s2
01)r

2
1 + 36s10s01r1r2 + 3(s2

10 + 7s2
01)r

2
2

+(11s01s20 + 4s10s11 + 25s01s02)r
3
2 + 6(3s01s11 + s02s10 − s10s20)r1r2

2

+3(7s01s20 + 8s10s11 + 5s01s02)r
2
1r2 + 2(2s10s20 − s01s11 − 2s02s10)r

3
1}

b
(3)
2 = 3{(5s2

01 − s2
10)r2 + 6s01s10r1 + (2s01s02 − 2s20s01 − s10s11)r

2
2

+2(3s01s11 + s10s02 − s10s20)r1r2 + (s20s01 + 3s10s11 − s01s02)r
2
1}

Note that all three terms in the residual R(x; y) given by Equation (14)
are regular.

5.1 Modified Radial Basis Function

In order to approximate the residual R(x; y) the standard Radial Basis Function
are modified in order to obtain a particular solution of the operator A(x). In
the case we are considering in this section, given a Radial Basis Function f(r),
firstable the corresponding solution u(r) is computed solving the equation,

∇2u(r) = f(r) (15)

Table 1 shows a selection of the most popular RBFs, while Table 2 shows
the corresponding particular solutions u(r).

Secondly the modified Radial Basis Function fp(x) is obtained by,

fp(x) = ∇ · (k(x)∇u(r))
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Table 1 Radial Basis Functions

RBF name f(r)

Linear r + S

Thin Plate Spline r2 logr

Wendland (1 − r
S
)4(1 + 4 r

S
)

Buhmann 1 − 21( r
S
)4 + 32( r

S
)3

−12( r
S
)2 + 12( r

S
)4log( r

S
)

Gaussian e−Sr2

multiquadrics
√

r2 + S

Inverse multiquadrics 1√
r2+S

Inverse quadratic 1
r2+S

Table 2 Modified Radial Basis Functions

RBF name u(r) g(r) → 0

Linear r2

36 (4r + 9S) 0

Thin Plate Spline r4

32 (2 log(r) − 1) 0

Wendland S2( 4
49 ( r

S
)7 − 5

12 ( r
S
)6

+ 4
5 ( r

S
)5 − 5

8 ( r
S
)4 + 1

4 ( r
S
)2) 0

Buhmann S2

900 (225( r
S
)2 − 675( r

S
)4 + 1152( r

S
)5

−625( r
S
)6 + 300( r

S
)6 log( r

S
)) 0

Gaussian −Ei(−Sr2)
4S

− 1
2Sr

(singular)

Multiquadrics 1
9

√
r2 + S(r2 + 4S) + 1

3S3/2log r

(
√

S
√

r2+S+S)

S3/2

3r
(singular)

Inverse multiquadric
√

r2 + S +
√

Slog r

(
√

S
√

r2+S+S)

√
S

r
(singular)

Inverse quadratic 1
2 logr logS − 1

4Li2(− r2

S
) logS

2r
(singular)
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that leads to,

fp(r, θ) = k(r, θ)f(r) +
∂k

∂r
g(r)

The modified Radial Basis Function fp(x) has two terms, the first one were
the original Radial Basis Function is recovered (times the material constant
k(x)), plus a second one which further modifies the original Radial Basis
Function. In Table 2 the limit of g(r) as r → 0 is shown. It is clear that the
last four Radial Basis Functions in these tables can not be used since the
corresponding Modified Radial Basis Functions are singular at x = zj . In
Figure 1 the four valid RBFs and the corresponding MRBFs are shown for
two different variations of the material properties k(x). Note that the Wendland
and Buhmann RBF are the most “stable” functions when subject to the
modification procedure, since they remain mostly “radial” after modification.

5.2 Numerical Examples

In this section, the Fundamental Solution computed by the procedure presented
above is compared with the exact Fundamental Solution, which is analytically
available for some variations of the material property k(x) (see [23]).

5.2.1 Exponential variation of the material properties
Let’s consider an specific case described in Dumont et al. (2002). A time-
independent problem with material properties varying in the direction x2 is
defined, such that

k(x2) = koe
−2βx2(αe2βx2 + 1)2

where k0 = k̄e2βx̄2(αe2βx̄2 + 1)−2; k̄, β, α and x̄2 are material parameters.
The Fundamental Solution is given analytically in this case by U (x; y) =

p(x2)h(x; y)
where

p(x2) = P0e
βx2(αe2βx2 + 1)−1 (16)

h(x; y) =
1
2π

{K0(βr) + [log(β/2) + γ]I0(βr)} (17)

where p0 = eβx0
2K−1

0 (αe2βx0
2 + 1)−1;x0

2 is the collocation point x2 coor-
dinate; I0 and K0 are the modified Bessel Functions of the first and second
kind of order 0, respectively. For the numerical test the material properties are
α = 0.215, β = 1.5, k̄ = 5, x̄2 = 0.2.
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Figure 1 Radial Basis Functions (firts column) and corresponding modified Radial Basis
Functions for a material with quadratic variation of k(x) (second column) and exponential
variation of k(x) (third column).
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Figure 2 (a) Residual R(x; y) and (b) remainder UR(x; y) approximated by 10 × 10 Wendland
Modified Radial Basis Functions (parameter S = 1.2 for the RBF) for the problem described
in [23].

In Figure 2 the residual and the remainder are shown for the collocation
point at (0, 0). The residual is computed exactly by the analytical expression
in (14) while the remainder UR(x; y) is approximated using a grid of 10 × 10
Wendland Modified RBFs (parameter S = 1.2 for the RBF). Note that both the
residual and the remainder are smooth functions, even around the collocation
point (0, 0).

In Figure 3 the Fundamental Solution analytically computed (Uexact(x; y)),
approximated by the proposed procedure (Uapprox(x; y)) and their difference
(ΔU = Uexact(x; y) − Uapprox(x; y)) are shown for different axes (x1 =
const. and x2 = const.). The approximation is carried out using a grid of
10 × 10 Wendland Modified RBFs. Very similar but slightly different results
are obtained using Buhmann Modified RBFs as shown in Figure 4.

It is shown that using both the Wendland RBFs and the Buhmann RBFs,
the difference between the exact and approximated FS’s goes to zero as one
approaches the collocation point, but it seems that Uapprox(x; y) is not a good
approximation of Uexact(x; y) far from it. However, it can be numerically
checked that

∇·(k(x)∇ΔU(x; y)) = ∇·(k(x)∇[Uexact(x; y)−Uapprox(x; y)]) ≈ 0 (18)

This means that Uapprox(x; y) is a Fundamental Solution but different from
the one provided by Uexact(x; y). Actually, the Uapprox(x; y) are different for
different RBFs, but in all cases ∇ · (k(x)∇ΔU(x; y)) ≈ 0.
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Figure 3 Analytically computed Fundamental Solution (dotted blue line), approximated by
the proposed procedure (dashed green line) and their difference (continuos red line) for different
axes (x1 = const. and x2 = const.). The approximation is carried out using a grid of 10 × 10
Wendland Modified RBFs.
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Figure 4 Analytically computed Fundamental Solution (dotted blue line), approximated by
the proposed procedure (dashed green line) and their difference (continuos red line) for different
axes (x1 = const. and x2 = const.). The approximation is carried out using a grid of 10 × 10
Buhmann Modified RBFs.
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6 Conclusions

In this paper, a method is proposed and implemented for obtaining Funda-
mental Solutions in problems with spatially variable material parameters.
The method is based in two steps: firstly a Levi Function of the problem is
analytically obtained by an iterative procedures, and secondly the remainder
of this Levi Function is approximated using particular solutions of the original
operator, which are found modifying standard Radial Basis Functions.

The following remarks apply to the present approach:

• The technique is easy to implement numerically.
• Modified Radial Basis Functions provide very high rates of convergence,

but not all standard RBF can be applied, since the ensuing MRBF is not
regular for all RBF.

• If using a global approximation of the remainder, the kernel matrix M
is computed and factorized only once, and therefore the calculation of
the Fundamental Solution for any number of collocation points y is not
computationally expensive.

The method is validated using the heat transfer problem with variable
conductivity. For this problem the Levi Function to the third order is computed
and presented in this paper for the first time.
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