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ABSTRACT

Developed in this paper are mathematical models capturing the one-dimensional underdamped
dynamics of confined fluid flow within cylindrical transmission lines. The resulting models are
rational transfer functions with coefficients that are explicit functions of the fluid properties
and line geometry. Unlike a traditional lumped-parameter approach, the accuracy of the
fluid resonant frequencies predicted by the proposed models is precise and not a function of
transmission line axial discretisation. Therefore, model order (complexity) is solely a function of
the number of desired modes, which in turn influences pressure and flow predictions. The results
are applicable to both laminar and turbulent flow. To develop the models, a distributed lumped-
parameter approach is employed. Specifically, a quasi-steady state friction approximation is
used within the governing partial differential equations. The solution to the linearised ordinary
differential equations produces three transcendent transfer functions that are approximated
using finite-order rational transfer functions. The parameters of resulting transfer functions are
then modified to capture the second-order effects. A fluid power design example using the
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proposed model is provided to illustrate the utility of these models.

1. Introduction

Transient fluid flow in a transmission line is governed by
the Navier-Stokes equations (Rufelt 2010). With general
closed-form solutions not known, numerical solutions
including ‘method of characteristics, ‘transmission line
method, ‘Galerkin finite method, and ‘finite element
methods’ have prevailed (Streeler and Lai 1962, Rachford
and Ramsey 1975, Rao and Eswaran 1993, Soumelidis
et al. 2005, Manhartsgruber 2006, Kogler et al. 2007,
Johnston 2012). These methods are computationally
expensive and the resulting solutions do not directly
translate into compact models having utility in system
design, control design, and system condition and per-
formance monitoring. Advancements have been made to
develop reduced-order models that balance prediction
accuracy against solution complexities (Manhartsgruber
2005). Iberall (1950) and Gerlach (1969) derived exact
first-order solutions that included viscous friction effects
from the basic laws of conservation of momentum, con-
servation of mass and equations of state. Consider the
case of non-turbulent mean flow, Mach number much
less than unity, a low diameter-to-length ratio, a low
normalised density variation and neglecting convective
terms. The governing partial differential equations for
confined fluid flow under these conditions are

Momentum equation: ﬁa—u =9 + 02_” + 10u
1 ' or* ror)

ot ox
(1)
Continuity equation: % + _<d_u + o + K) =0
d T oot P ox or r/)
(2)
. . dp dpP
Liquid state equation: — = —, 3
q q & B (3)
d
Gas state equation: —/_) = E, (4)
dp yP

where x [m] and r [m] are independent cylindrical space
variables, and t is the independent time variable. The
dependent fluid variables include pressure P [Pa], its
time average P, velocities in x-direction and r-direction
(u and v [m/s]), density p [kg/m?], its time average 5,
fluid absolute viscosity y [kg/m/s], fluid effective bulk
modulus 3, [Pa] and specific heat ratio y.

The results found by Iberall (1950) and Gerlach
(1969) were extended by Goodson and Leonard (1972)
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to create ‘the dissipative model’ that includes the heat
transfer effects, which are mainly defined as radial heat
transfer effects. In fact, using the energy equation, the
axial heat transfer term is negligible when compared
with the radial heat transfer terms (Brown 1962). The
resulting analytical solution produces a transfer function
matrix relating the line pressure and flow rate variables
at the inlet (P, (s), Q,,(s)) and outlet (P (s), Q,,.(s)).
The transfer functions are transcendental functions of
the transmission line propagation operator I" and char-
acteristic impedance Z_(Goodson and Leonard 1972):

P | _ cosh™ ()
Q.) | | Z7' tanh()

The dissipative model of (5) is regarded as an accurate
mathematical model for the case of laminar flow (Woods
1981, Stecki and Davis 1986). A limitation of this model
is that the transfer functions contain hyperbolic func-
tions that cannot be transformed to the time domain
using inverse Laplace Transform methods (Oldenburger
and Goodson 1964). To facilitate system analysis
and synthesis in the time domain, dissipative modal
approximations were developed using infinite product
representations of hyperbolic functions (Brown 1962,
D’Souza and Oldenburger 1964). The transcendental
transfer functions are replaced by finite-order rational
polynomial transfer functions, namely:

—Z tanh(I") P, (s)
cosh™ (") Qu® |

)

m a;s+b; _Nym ¢;s+d;
Pout(s) _ Zi:l 52+2§,m"‘s+wf“ Zi:l sz-ﬁ-Ztg“w”’s-f—uJil Pin(s)
Zm S(e,erﬁ) Zm a;s+b; Qom (S) >

Q. (s ! oS
m( ) i=1 sz+2§,m"’s+wi’ i=1 52+2§,w”’s+mi(

where m is the desired number of modes, a,, b, ¢, d, e,
and f, are the ith mode numerator coefficients, w, and
¢, are the natural frequencies and damping ratios of the
ith mode, respectively. The approximation of (5) by (6)
mismatches the low frequency gain due to the finite
number of modes used in (6) to approximate transcend-
ent transfer functions of (5). Therefore, corrections to
the steady-state predictions have been introduced. Yang
(1983) proposed a solution in which the numerator coef-
ficients of the approximated transfer functions were
rescaled to satisfy the steady-state characteristics of the
transcendent transfer functions.

Along with the advancements made in (6) are few
distinct challenges remain. The coefficients of the
rational polynomial transfer functions in (6) are dif-
ficult to obtain because the propagation operator and
the characteristic impedance contain zero-order and
first-order Bessel functions (Meziou et al. 2016). These
coeflicients are determined either by numerical calcu-
lations and/or look-up table (Hsue and Hullender 1983,
King 2006). Another drawback of the dissipative modal

approximation is that the physical properties of the
transmission line are no longer connected to the model
coefficients. To overcome these limitations, a solution
was proposed by Yang and Tobler (1991) to calculate
the model coefficients using a linear friction model. The
approach combines the frequency-dependent (unsteady)
friction and heat transfer effects into the propagation
operator and characteristic impedance. The proposed
model is obtained as follows:
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where 3 is the normalised Laplace operator, Z is the
impedance constant, D_is the dissipation number, A is
the dimensional root index for the ith mode, «;and 3, are
the natural frequency modification factor and damping
ratio modification factor for the ith mode, respectively
(Yang and Tobler 1991). The modification factors &, and
B; are a function of the root index 4, and captured in
non-parametric graphs. Another closed form solution is
proposed by Mikota (2013) to approximate the dissipa-
tive model by finite sums of rational fraction expressions.
It is important to note that the reduced-order models in
(6)-(7) are only valid for the case of laminar flow, not
turbulent flow dynamics in transmission lines.

An alternative solution for modelling fluid dynamics
in lines is the lumped-parameter approach (Mamis and
Koksal 2000), which consists of lumped transmission
line elements using a series of equal length lumped fluid
resistance R, inertance I, and capacitance C elements of
the system tetrahedron of state (Figure 1).

The corresponding model, in transfer function form,
is:

Pout(S) _| S+ s _52+}{5 s+ Pin(S)
Q. (9 i ic Quu(9)

(8)
This classical approach is a further simplification of
underlying systems physics with spatially distributed
parameters. For short lines, lumped-parameter model-
ling could be sufficient. The model in (8) is valid when-
ever L K 2m/w__,where L denotes the length of the line
[m], w__ [rad/s] is the maximum frequency anticipated
in the line dynamic response and c[m/s] is the speed of
sound in the fluid. For long transmission lines where
higher frequency modes are present, lumped-parame-
ter modelling is not applicable (Doebelin and Swisher
1970). A simplified model using distributed parameters
for both laminar and turbulent flow was presented for
longer line scenarios by Matko et al. (2000, 2001). The




Figure 1. One-element lumped parameter circuit.

resulting models are described in the frequency domain
using hyperbolic functions. Three different transcend-
ent transfer functions were developed and then approx-
imated by rational transfer functions using Taylor Series
expansion. This work was extended by Blazi¢ et al. (2004)
to include the changes of the fluid density in the model
along with varying pressure and flow rate. The models
are compact in that the model parameters contain the
physical properties of the fluid and transmission line.
However, two major disadvantages of these models are
that the resulting models are only valid for the class of
well-damped transmission lines, and that unlike the
dissipative model these models do not take into account
second-order effects, namely frequency-dependent fric-
tion losses and heat transfer effects.

The focus of this work is the problem of modelling
laminar and turbulent flow in transmission lines expe-
riencing pressure and flow oscillations (underdamped
lines). The method of solution uses distributed lumped
parameters for the fluid dynamics. The resulting models
are written in form similar to (6), where the model coef-
ficients are expressed analytically as functions of line and
fluid properties and operating conditions. The remainder
of the paper is organised as follows. In Section 2, a brief
description of the problem and method of solution is
provided. In Section 3, the transfer functions presented
are approximated by rational polynomial transfer func-
tions, resulting in a model called the ‘distributed lumped
parameter model. By including frequency-dependent
(unsteady) friction effects due to viscous losses and heat
transfer effects, the model is revised and a new model
called the ‘modified distributed lumped parameter model
is developed. A fluid power design example using the
proposed model is presented in Section 4 to demonstrate
the utility of the proposed model. Concluding remarks
are presented in Section 5.

2. Problem statement and method of solution

By neglecting unsteady friction and heat transfer losses,
the set of partial differential Equations (1)-(4) describ-
ing the dynamics of confined flow in transmission line
can be approximated by one-dimensional partial differ-
ential equations as:

0Q op

L= +RQ=-%,
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where the distributed lumped parameters R , I_and C,
are the resistance, inertance and capacitance per unit
length (see Appendix 1). It is important to note that, for
the case of laminar flow, the resistance per unit length is
constant, and therefore, do not depend on the operating
conditions. However, for the case of turbulent flow, this
resistance depends on the Reynolds number. In this case,
the turbulent flow is described as flow superimposed to
a turbulent average flow based on the time average of
the Reynolds number. Using the Laplace transforma-
tion (Matko et al. 2001), an analytical solution to (9)
and (10) is:

P ) | _ cosh™(nL) —Ztanh(nl) P, (s)
Q.(9) | | Zg'tanh(nL) cosh™'(nL) Qo |
(11)
where
n=4/ICs +RCs, (12)
and
7 ILs+R, (13)
K= Cs

Consider the analytical solution for transient pressure
and flow oscillations given in (11). The transfer functions
are transcendent (i.e. functions of hyperbolic functions)
and do not directly lend themselves to simulations in
time domain. The method of solution is to use infinite
product series expansion technique to approximate
transfer functions in (11) by finite-order rational pol-
ynomial transfer functions. This technique is superior
to the Taylor series approximation technique used by
Matko et al. (2000, 2001) because it preserves the poles of
the transcendent transfer functions. The resulting model
is referred to as the distributed lumped parameter model
and is written in the form of (6) where the model coef-
ficients are obtained analytically as functions of trans-
mission line geometry, fluid properties and operating
conditions for both laminar and turbulent flow cases.
Note that two contradictory terms, namely ‘distributed’
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and ‘lumped’ are used for the model’s name. First,
because the transmission line model is obtained using
distributed elements, and therefore, the name ‘distrib-
uted’ is used. Second, because these infinite elements are
described locally using lumped components notation
(resistance, inertance and capacitance per unit length),
and therefore, the name ‘lumped’ is used.

Because the analytical solution of (9) and (10) is
derived by assuming that unsteady friction and heat
transfer effects are neglected, two frequency-depend-
ent modification factors are included in the distributed
lumped parameter model to account for these second-or-
der effects (Yang and Tobler 1991). This resulting model
is the so-called modified distributed lumped parameter
model. The modification factors are derived by compar-
ing the natural frequencies and damping ratios of the
distributed lumped parameter model with those obtained
numerically from the approximated dissipative model,
which is considered as the exact model in the case of
laminar flow. Empirical equations are proposed to
express these two factors as functions of fluid properties
and line geometry.

3. Main results

In this section, the distributed lumped parameter model
that describes oscillating fluid flow in a transmission line
is first developed. Then, this model is adjusted to account
for second-order effects, namely frequency-dependent
friction losses and heat transfer effects, and the resulting
model to develop the modified distributed lumped param-
eter model. The accuracy of this model is finally inves-
tigated by comparing its frequency response functions
(FRFs) with those of the dissipative model presented by
King (2006) for the case of laminar flow and with those
of the numerical model developed by Johnston (2011a,
2011Db) for case of turbulent flow.

3.1. Distributed lumped parameter model

To determine the rational transfer functions, the denom-
inator coefficients are derived by calculating the poles
of the three transfer functions in (11). The numerator
coeflicients can then be obtained by calculating the
corresponding residue of each pole. Note that the three
transcendent transfer functions in (11) all have the
same poles, which are the roots of cosh(nL) calculated
by solving:

o n’L’
COSh(?’lL) = Hi:l <1 + m) =0. (14)

In the case of underdamped transmission lines, two
complex conjugate poles exist for each second-order
mode and are the roots of the following set of equations:

(@i — 0.5)*
L2
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T Ix

Hence, the corresponding complex conjugate poles of
each mode are:

ICs"+RCs+ =0,Vi<m (15)
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From (17) and (18), the damping ratios and natural fre-
quencies in (6) are:
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The numerator coefficients are the corresponding resi-
dues calculated using the LHopital’s rule (Howie 2004),
namely:
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where k = 1, 2. The numerator coeflicients of (6) are:
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e, =0, (34)
and
2
fi= A (35)

The resulting approximated model for oscillating pres-
sure and flow rate in a transmission line can be expressed
as follows:

2i)r R

m L I F LF +LI’;“
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Note that at steady-state conditions, the analytical solu-
tion for transient pressure and flow oscillations of (11)
e, =5; Residue[Z tanh(nL)] becomes:
(28)
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Substituting the corresponding poles of each mode
defined in (17) and (18) into (21)-(23) and then into
(24)-(29) results in:

(30)
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However, these features are not presented in (36) due
to the finite number of modes used to approximate
transcendent transfer functions with an infinite num-
ber of modes. To correct the DC gains of the transfer
functions in (36), two factors, C, and C,, are included in
the diagonal and upper oft-diagonal transfer functions.
The resulting model, the distributed lumped parameter
model, is obtained as follows:

RX

: +”L(210L) 2 Zl ' 2+ N +”L<10:) [ Pin(s) (38)
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FS L 1.C, Qout(s)
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where
2( 1)l+1 -
C, = , 39
[2117[(1—05) (39)
And
1 -1
m
c =y —L | (40)
: [Z,=1 (i — 0.5)2]

Evaluation of the proposed approximations is performed
using a comparison of the frequency response func-
tions for the transcendent (exact) transfer functions,
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cosh™'(nL), Z tanh(nl) and Zg'tanh(nL), and their
rational approximations in (38) for the first eight modes.
Provided in Table 1 are the fluid and line specifics used
for the frequency responses in Figure 2. The proposed
approximated model provides an accurate result by
accurately predicting the corresponding resonant fre-
quencies of (11).

. 1’ a-2ix

i 2
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3.2. Modified distributed lumped parameter
model

The distributed lumped parameter model, derived in the
previous section, is obtained by solving (1)-(4) with
the assumption that only the quasi-steady friction term
contributes to losses (see Appendix 1), thereby neglect-
ing unsteady friction and heat transfer effects. In this
section, the obtained model in (38) is revised to include
these second-order effects. The resulting model is the

Table 1. Case study parameters.

Flow Laminar
Hydraulic line Horizontal rigid pipe
Line length 1000 [m]

Line internal diameter 0.03 [m]

Line roughness 1.5:107> [m]

Liquid density 999 [kg/m?]

Liquid dynamic viscosity 0.0015 [kg/m/s]
Speed of sound 1000 [m/s]

so-called modified distributed lumped parameter model.
A similar approach to that presented by Yang and Tobler
(1991) is used by adding two frequency-dependent mod-
ification factors 7,and «; to correct the natural frequen-
cies and damping ratio parameters of the model.

By comparing the momentum Equations (1) and (9),
the resistance and inertance per unit length need to be
adjusted to include unsteady friction effects. The result-
ing model can be written as:

2 R
e
—C m LC, LIC,
2 i=1 R 2(i-0.5)°
B s L P.
Lo L1.C, in

(-1 (=27 )
N e | B (41)
1 =1 5 N 72(1-0.5)
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where the expression of the factor, C,, becomes:

-1
m T.
C,=)  —— .
? [ i=1 Kiﬂz(i—0.5)2] (42)

Because the damping ratio in (41) has a new expression,
the condition for underdamped lines in (16) is modified
as:

T L

1 Cx
—R 4/—< L (43)

Jar VL

To obtain 7, and K, the true natural frequencies and
damping ratios of the dissipative model of (5) are first
calculated numerically using the technique described by
King (2006) for the case of liquid and air. These param-
eters are functions of the dimensionless characteristic
root A, defined as:
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Figure 2. Frequency response comparison of the transcendent and the rational transfer functions.
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where D is the dissipation number (Yang and Tobler
1991):

LR, |[C, @)
"8 I’

X

D

The values of 7,and «, are computed for the case of lam-
inar flow in horizontal transmission lines by comparing
the natural frequencies and damping ratios of (41) with
those derived numerically from the modal approxima-
tion of the dissipative model (King 2006). Using logarith-
mic and hyperbolic functions, empirically determined
functions are proposed to express the resulting frequen-
cy-dependent modification factors as functions of 4.
The resulting 7, and «; are given as: ‘

7, = A tanh (Azlogu) (’lo ) + A3)

(46)
+ A4tanh(A510g10 (%,) + AG) +A,

log,,(x,) = Bltanh<leog10 <’1c, ) + B3>

+ B4tanh(B510g10 (AC ) + BG> + B,

(47)

where the parameters A, and B, for both liquid and
air cases are numerically obtained using MATLAB'
Curve-Fitting Toolbox and they are given in Appendix
2. Nlustrated in Figure 3 is a comparison between the
numerically computed and analytically estimated values
of the two modification factors.

INTERNATIONAL JOURNAL OF FLUID POWER . 159

To demonstrate the differences between the distrib-
uted lumped parameter model, the modified distributed
lumped parameter model and the dissipative model, the
frequency response functions for eight modes are com-
pared. Illustrated in Figure 4 is the comparison result
using the parameters presented in Table 1. As can be
seen, the modified distributed lumped parameter model
matches the dissipative, while the distributed lumped
parameter model does not accurately predict transmis-
sion line dynamic characteristics because it neglects the
unsteady friction losses. Similar agreement is observed
for other fluid and line properties.

3.3. Accuracy of the modified distributed lumped
parameter model for turbulent flow

Modelling turbulent flow in transmission lines is more
complicated due to the turbulent frequency-dependent
friction function. Numerical methods have been pro-
posed to solve the problem of modelling unsteady tur-
bulent flow in transmission lines. The most common
method is based on weighting functions having certain
approximations and assumptions. Johnston (2011a,
2011b) have developed numerical models for turbulent
friction in both smooth-walled and rough pipes. The
fluid velocity is calculated numerically for a range of
viscosity distributions and frequencies to obtain the fre-
quency-dependent friction. The computed results are
in agreement with other numerical models proposed
in the literature (Vitkovsky et al. 2004) for the case of
smooth-walled pipes (Johnston 2011a). A test rig is also
built to validate the turbulent unsteady friction models
when including the effects of pipe roughness. Measured

I

0 05 1 15 2 25 3 35 4 45 5
log,, (’\cl)

Figure 3. Frequency-dependent modification factors 7,and «..
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Figure 4. Frequency responses of the Distributed Lumped Parameter Model, the Modified Distributed Lumped Parameter Model and the
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Figure 5. Comparison between the proposed model (41) and the numerical model (Johnston 2011a).

and simulated results show a good agreement (Johnston
2011b).

A comparison between the numerical model devel-
oped by Johnston (2011a) and the proposed model in
(41) is conducted. The numerical model is simulated
using the method of characteristics. The system is
excited using pseudo-random binary sequence (PRBS)
for the input signals for P, and Q,,» over a broad fre-
quency range. The amplitude of the excitation is chosen

to be 10% about the steady-state values of the signals so
that the system is simulated under small perturbations
around the operating point. Both inputs (P, , Q_ ) and
outputs (P, Q, ) are captured and then compared by
calculating the FRFs using the Fast Fourier Transform
(FFT) algorithm in combination with the Hanning win-
dow function. To compare the models, the simulated
results are provided in Figure 5 using the data given in

Table 1 except for the flow conditions where the flow is
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Figure 7. Step response comparison. Case 1: Laminar (Re = 500).

turbulent (Re = 5000). Figure 6 illustrates the discrep-
ancies between the numerical model and the proposed
model by calculating, over the frequency range of inter-
est, the magnitude of the unstructured multiplicative
uncertainty function W (jw) defined as:
G(jw) = G(jw)(1 + W, (jw)A,(jw)),  (48)
where G(jw) is the FRF from the numerical model in
Johnston (2011a), G(ja)) is the FRF of the proposed
model (41) and A (jw) is any stable transfer function
upper bounded as| A, (jw)| < 1, V. Agreement between
the two models is observed despite the fact that the
second-order effects are introduced in the two models
differently. Johnston (2011a) has made several sim-
plifications and assumptions to approximate the true

20 40 50
Time (s)

60

frequency-dependent friction losses for the turbulent
flow case. In the proposed model, the unsteady friction
effects are included using results from the dissipative
model, which is only valid for the case of laminar flow
with only steady friction losses are adjusted. This results
in small discrepancy between the two models. Similar
observations are obtained for different flow conditions,
fluid properties and transmission line geometry.

To further examine the accuracy of the proposed
model, pressure and flow step responses of (41) with
different number of modes are simulated and compared
with those of the numerical model for different bound-
ary conditions, fluid properties and transmission line
geometry. Shown in Figures 7 and 8 are the flow rate
step responses at the inlet of the transmission line for the
cases of laminar and turbulent flow, respectively. Fluid
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Figure 8. Step response comparison. Case 2: Turbulent (Re = 5000).
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Figure 9. Schematic of the fluid power system.

characteristics and line geometry are given in Table 1. As
can be seen in Figure 7, the proposed model matches the
numerical model for the laminar flow case, particularly
when the number of modes included in the approxi-
mation is sufficiently high. A performance metric is
used to evaluate the accuracy of the proposed model by
comparing its response to that of the numerical model
in the time domain. This measure, the weighted mean
absolute percentage error (WMPAE) defined in (49), is
appropriate for data that have some values that are equal
or close to zero (Kolassa and Schutz 2007).

n =il

= ZZ:I yk

The WMPAE between the step response given by the
numerical model and that obtained by the proposed
eight-mode model is equal to 4%, whereas it is equal
to 9% and 7% for the case of two-mode and four-mode
models, respectively. Thus, transient response estima-
tions including time delay are improved with the num-
ber of modes increasing.

For the turbulent flow case, increasing the number
of modes also improves the time delay representation
but does not improve the transient response estimation
of the proposed model response compared with that of
the numerical model (Figure 8). The WMAPE between
the step response of the numerical model and that given

WMPAE = 100 ) (49)

Ve
|\

Cylinder

Yy

Hydraulic Pipeline

by the three models, namely the two-mode, four-mode
and eight-mode models, is less than 1%. The discrepancy
between the numerical model and the proposed model
in the over- and under-shoots is due to the difference in
assumptions and simplifications made to characterise
turbulent unsteady friction effects. However, despite the
significant differences between the two approaches, the
simulation results show acceptable agreement between
the two models. As will be illustrated in the following
section, one major advantage the proposed model has
over the numerical model is that it is written in rational
transfer function form and its coeflicients are explicitly
obtained given the fluid properties and transmission line
geometry. This simplifies simulation analysis, especially
when the transmission line is one component of a total
complex system composed of other components, such
as pumps, valves and actuators.

4. Fluid power system design example

Presented in this section is a fluid power design example
illustrating the utility of the proposed model in (41).
The system is composed of an ideal pressure source, a
directional (solenoid) valve, a hydraulic single-acting
cylinder and a smooth hydraulic line connecting the
two latter components (Figure 9), which are modelled
as hydraulic two-port networks (Manhartsgruber 2009).
The goal of the system design is to select the line sizing



to avoid vibrations of the system components due to
pressure and flow oscillations when operating the cylin-
der (i.e. opening the valve). This translates into finding
optimal lengths and diameters of the transmission line
such that transient pressure peaks do not exceed half of
the supply pressure and the cylinder closing time is less
than five seconds.

A mathematical physics-based model of each compo-
nent is developed with the assumptions that the cylinder
has no loading on its piston and no leakage (internal
or external) is taken into account for all components.
The system parameters, design parameters and operat-
ing condition are summarised in Table 2. The resulting
models for the valve and the cylinder can be expressed as

Directional valve: Q, = %CdAV \/Z_ VP, - P,.
7,8 p
(50)

2

A’P;s
QL:—L

Single-acti linder: .
ingle-acting cylinder STk

(51)
To achieve the design goal, a model of the total system
is first built in MATLAB' Simulink using Equations (41),
(50) and (51). A script is then created to automatically
simulate the performance of the system for any possible
configuration within the defined design space and save
model outputs (i.e. pressures, flow rates and cylinder
displacement). The designs that meet the defined per-
formance requirements (successful designs) are finally
selected. The results are presented in Figure 10.
Because it is defined in analytical form and can be
simulated in time domain, the model in (41) can be
integrated with other analytical time domain models.
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This introduces modelling and simulation flexibility of
fluid power systems while still maintaining accuracy
and complexities. The use of simpler but less accurate
analytical model of transmission lines may results into
inappropriate solutions. In fact, the proposed model is
replaced with the conventional lumped parameter model
of (8). As can be seen in Figure 10, the resulting suc-
cessful designs using this model are different for those
obtained using the proposed model.

5. Conclusion

Models for laminar and turbulent flow in transmission
lines using distributed lumped parameters were derived.
Three transcendent transfer functions were obtained by
solving the Navier-Stokes equations and assuming that
only quasi-steady friction effects contribute to losses.
These transfer functions are then approximated by
finite-order rational polynomial transfer functions for
the case of underdamped lines using residue theorem.

Table 2. Design example parameters.

Fluid Density p [kg/m?] 999
Absolute viscosity u [kg/m/s] 1.5E-3
Bulk modulus g, [Pa] 1.5E9
Source Pressure PS [Pa] 2E7
Solenoid valve Discharge coefficient C, 0.7
Spool dynamics time constant 0.1
7, [s]
Maximum orifice area A [m?] 8E-6
Single-acting cylinder Piston Area A_[m?] 4E-3
Spring stiffness k_[kg/s?] 9E5
Cylinder viscous damping ¢, 9E5
[kg/s]
Design parameters Minimum, Maximum line 7E-3,12E-3
diameter [m]
Minimum, Maximum line 05,3
length [m]

-3
14 110 . : : y
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Figure 10. Successful design using the Modified Distributed Lumped Parameter Model (41) and the classical lumped parameter model

(8).
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Due to the finite number of modes being used in the
approximation, a low frequency gain correction was
applied. Unlike the dissipative model, the distributed
lumped parameter model do not account for the unsteady
friction and heat transfer effects. Therefore, frequen-
cy-dependent effects are extracted from the dissipative
model and the results are incorporated in the distributed
lumped parameter model by adding two modification
factors. The resulting model called the modified distrib-
uted lumped parameter model can be applied for both
laminar and turbulent flow cases. In the case of turbulent
flow, the overall model depends on the operating con-
ditions (i.e. flow rate), and therefore, it is approximated
by a combination of locally linear models derived for a
constant average Reynolds number. A major advantage
of the proposed model over existing models is that its
coefficients are expressed analytically as functions of
the transmission line and fluid parameters rather than
tables or graphs. The accuracy of the proposed model
was investigated by comparing its frequency responses
with those of the dissipative model in the case of lami-
nar flow. In the turbulent flow case, the proposed model
is compared with a reliable numerical model showing
acceptable coincidence. To demonstrate the effectiveness
of the proposed model, a design problem of a fluid power
system comprised of a transmission line, a valve and an
actuator is finally formulated and presented.
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Appendix 1

The unsteady flow problem in a cylindrical transmission line
can be described using the set of partial differential Equa-
tions (1)-(4). By neglecting heat transfer losses and adding
the effects of gravity, this system of equations can be written
in a one-dimensional-form as (Rufelt 2010):

poQ  oP

Z§+a+ﬁgsm9+f(Q)=0a (A.1)
oP  ¢poQ
— + L=, A2
Jat * A oOx (4.2)

where Q [m?¥/s] is the fluid flow rate, A is the line cross-sec-
tional area [m?], ¢ is the average speed of sound in the fluid, g
is the gravity constant [m/s?], 8 is the angle of the line inclined
with respect to the horizontal [rad], and f{Q) is the friction
term, defined as:

F(Q =f(Q +/,(Q), (A.3)

with £,(Q)is the contribution of quasi-steady flow line resist-
ance and f, (Q)1is the contribution of the frequency-dependent
flow line resistance (Rufelt 2010). The quasi-steady friction
term can be computed using Darcy and Weisbach formula
(Colebrook 1939):

AQ
2D,A?

Q= pQlQl, (A4)

where D, [m] is the inner diameter of the line and 4, is the
dimensionless Darcy-Weisbach friction factor. For the case
of laminar flow (Re < 2300), the friction factor is (Colebrook
1939):

64 64uA
¢ Re  pDJQI
For transitional and turbulent flow (Re > 2300), A, can

be calculated using the Goudar-Sonnad explicit equation
(Goudar and Sonnad 2008):

(A.5)

L 0386861In M , (A.6)
VAo (M —0.31)3x

where

M = 0.124 Reg— +1n(0.4587 Re)

1

(A7)

and ¢ is the line roughness [m].

As discussed by Rufelt (2010), the unsteady friction term,
£.(Q), represents the additional friction losses due to viscous
losses caused by the two-dimensional (three-dimension-

al) behaviour of the velocity profile for the case of laminar
flow (turbulent flow). To retain a one-dimension model, the
effects of the unsteady friction are temporarily neglected
(f(Q=0).

Substituting (A.4) into (A.3) and then into (A.1) gives:

50Q oP  _ . Aq
——+ — +pgsinf +
r 2D,A’

pQIQI=0. (A.8)

A ot o0x

The partial differential equations in (A.2) and (A.8) can
now be written as (Matko et al. 2001):

dQ op
= +RQ=-%, .
SE+RQ=-5 (A9)
0P __0Q
TR (A.10)

where R, I _and C_are the resistance, inertance and capaci-
tance per unit length, respectively, defined as:

R = pgsino L+ 22 Q] All
= 1 =+ — s
= pgsinfz 20,42 (A.11)
F;
1 = .
=2 (A12)
A
c ==,
=2 (A.13)

with Q and Agare the nominal flow rate and nominal friction
factor, respectively.

Appendix 2

Table B1. Values of the parameters A, and B,.

Liquid Air
A, 0.920 2.050
A, 1.500 1.300
A, —-2.100 -2.100
A, 0.870 0.800
A; 2.000 2.530
A, —4.320 —5.780
A, 2.470 3.610
B, 0.100 0.275
B, 1.143 0.665
B, —1.147 —0.649
B, -0.127 -0.100
B 0.716 0.702
B, 0.455 -1.323
B, 0.000 —-0.213
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