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Abstract 

The authors analyze the lubricating interfaces of axial piston machines considering thermo-elastohydrodynamic 
(TEHL) lubrication characteristics. The fluid film geometry in these conditions is strongly influenced by the surface 
elastic deformation of the solid boundaries. The surface elastic deformations derive from the high dynamic pressures 
developing in the fluid film, necessary to balance the external oscillating loads. Furthermore, elastic deflections of the 
fluid film develop from the thermal expansion of the solid bodies, caused by the heat generated due to viscous shear of 
the fluid film. The accurate determination of the solid boundaries elastic deformation is a key element to predict the 
fluid film geometry and consequently the lubricating interface performance. 

When solving for the static elastic deformation of a solid body, constraint conditions must be imposed to avoid rigid 
body motion. Constraint conditions strongly influence the elastic deformation analysis; therefore their definition must 
reflect and interpret the mechanical body real conditions. In an axial piston machine all the mechanical bodies defining 
the fluid film geometry are loosely constrained and significant linear displacements and rotations are intentionally al-
lowed. Hence, the definition of proper constraint conditions for the solid bodies is not a trivial problem and advanced 
constraint conditions must be considered and implemented. 

In the fully-coupled numerical models of the lubricating interfaces developed by the research group of the authors, 
finite element analysis is used to determine the mechanical bodies’ elastic deformations. The finite element analysis is 
coupled with finite volume models of the fluid film, to study the impact of the surface elastic deformations on the inter-
faces behavior. In this paper, the authors present and discuss the implementation of the inertia relief method on the 
finite element elastic deformation analysis of the main mechanical parts of an axial piston machine. Inertia relief allows 
simulating unconstrained structures in a static analysis using their inertia to resist the applied loads. Typical applications 
of this method include modeling an aircraft in flight, a submarine under water or a satellite in space. The impact of this 
method on the elastic deformation of the fluid film solid boundary surfaces is shown and compared to standard con-
straint conditions. In addition, the influence of the inertia relief method on the piston/cylinder interface fluid film behav-
ior is discussed, presenting numerical results for a fully-coupled TEHL simulation over one shaft revolution of a special 
test pump capable of measuring the piston/cylinder axial viscous friction force. The improved accuracy of the pis-
ton/cylinder fully-coupled model including inertia relief effect is presented, comparing simulation results with friction 
force measurements.  
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1 Introduction 

The fluid film interfaces of an axial piston machines 
represent very complex tribological pairs and one of the 
rotating kit key design elements. The three main lubri-
cating interfaces of an axial piston machine are shown 
in the cross section of Fig. 1. The three rotating kit  
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moving bodies are as well highlighted in Fig. 1. The 
fluid film behavior is characterized by the thermo-
elastohydrodynamic lubrication, where the strong inter-
actions between fluid and structures cannot be neglect-
ed. The lubricating interfaces are responsible for bear-
ing the oscillating external loads and for sealing the 
high pressure regions of the machine. The moving 
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mechanical parts adjust their position continuously, in a 
periodic micro-motion, which induces a squeeze film 
effect to balance the external forces. In these condi-
tions, the hydrodynamic pressure field developing in 
the fluid film causes the elastic deformations of the 
solid boundary surfaces (Huang and Ivantysynova, 
2006). These deformations modify the fluid film geom-
etry and the consequent elastohydrodynamic lubrica-
tion regime contributes to the overall load carrying 
capacity of the interfaces. In addition, during axial 
piston machine operation, the fluid film is continuously 
sheared by the relative motion of the mechanical bod-
ies. The relative motion derives from the machine kin-
ematics and the fluid film flow is considered as laminar 
under all possible normal operating points. 

 

Fig. 1: Axial piston machine three main fluid film interfac-
es 

The fluid film shear leads to viscous mechanical 
dissipations, which are translated into heat generation. 
Therefore, the solid parts temperatures are significantly 
increased. The thermal induced loads deriving from 
these temperature increments elastically deform the 
solid parts. Hence, the fluid film geometry is further 
modified by thermal surface elastic deformations 
(Pelosi and Ivantysynova, 2009). 

The accurate determination of the surface elastic de-
formations is therefore crucial to predict the exact fluid 
film geometry and the lubricating interfaces behavior. 

In general, the calculation of the elastic deformation 
of a solid body subjected to complex external and 
thermal static loads is strongly influenced by its con-
straint conditions. As previously illustrated, the main 
mechanical bodies of the rotating kit of an axial piston 
machine are designed to allow a relative kinematic 
motion between the parts and a micro metric interface 
movement. This latter motion is responsible for the 
squeeze film effect and for an increased fluid film load 
carrying ability. Hence, the definition of proper con-
straint conditions for the mechanical parts is a challeng-
ing problem and also design dependent. 

To improve the elastic deformation analysis of axial 
piston machine mechanical parts, the authors imple-
mented and investigated the impact of an advanced 
method. This method, known as inertia relief, strongly 
reduces the influence of the constraint conditions on the 

solution of the linear elastic problem. This technique 
assumes that applied forces and torques are balanced by 
inertial forces induced by an acceleration field (Hintz, 
1975). The acceleration field precisely cancels the 
applied loads. The method therefore allows simulating 
unconstrained structures in an elastic static analysis, 
assuming that the solid structure is in a state of static 
equilibrium even though it is not physically con-
strained. Typical applications of inertia relief include 
modeling an aircraft in flight, a submarine under water 
or a satellite in space. 

In this paper, the motivation for the implementation 
of the inertia relief method and its numerical character-
istics are discussed. The inertia relief method extends 
the capabilities of the thermal and fluid-structure inter-
action models for the axial piston machine fluid film 
interfaces developed by the research group of the au-
thors. An overview of these models is given in the next 
sections of this paper, focusing on the finite element 
modeling used to determine the mechanical parts elas-
tic deformations. 

Numerical results are presented, discussing the in-
fluence of the inertia relief method on the elastic de-
formation of the rotating kit main solid bodies. Fur-
thermore, considering a special design test pump capa-
ble of measuring piston/cylinder friction forces, results 
from a fully coupled piston/cylinder interface simula-
tion over one shaft revolution are shown. The impact of 
the inertia relief method on the prediction of pis-
ton/cylinder axial friction forces is discussed, by com-
paring the simulation results with friction force meas-
urements. 

2 Mechanical Parts Dynamic Load Con-
ditions and Micro-Motion 

To allow for the relative motion between the rotat-
ing kit mechanical bodies and to achieve the desired 
machine kinematics, adequate play is allowed and 
precise clearances for the fluid film interfaces are engi-
neered. During axial piston machine operation, two 
different types of motion of piston, slipper and cylinder 
block can be distinguished, directly affecting the re-
spective fluid film behavior. A macro-motion derives 
from the relative movement between the parts and can 
be described by the machine kinematic characteristics. 
A micro-motion arouses from the extremely transient 
oscillating load conditions acting on the solid bodies 
and periodically squeezes the fluid film. In fact, during 
one shaft revolution of the machine, the displacement 
chamber pressure changes depending on the machine 
kinematics and timing. This pressure induces the main 
oscillating loads acting on the solid bodies and causes a 
transient loading condition. 

The fluid film interfaces hydrodynamic behavior is 
responsible for bearing these oscillating loads, generat-
ing sufficient fluid film pressure to fully balance the 
external forces and to avoid metal to metal contact. In 
addition, the high degree of freedom characterizing the 
mechanical parts and their self-adjustment motion is 
responsible for a squeeze film pressure build up. This 
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tribological effect, induced by the parts micro-motion, 
strongly improves the load carrying ability of the fluid 
film interfaces and cannot be neglected when studying 
the fluid film behavior of axial piston machines. 

For example, considering the piston/cylinder inter-
face, the varying external forces acting on the piston 
are presented in Fig. 2 (Ivantysyn and Ivantysynova, 
2001). Due to the machine kinematics, the piston slides 
axially in a reciprocating motion. In addition, the piston 
rotates about its axis with an angular speed comparable 
to the shaft speed. The pressure force, FDK, resulting 
from the displacement chamber pressure represents the 
main load acting on the piston body. In addition, piston 
inertia force, FaK, and piston friction force, FTK, change 
their magnitude periodically over one shaft revolution. 
The resulting swash plate reaction force, FSK, is also 
oscillating and creates a side force, FSKy, acting on the 
piston. 

 

Fig. 2: Piston oscillating forces and piston/cylinder coor-
dinate systems 

The side load, FSKy, mainly contributes to the piston 
micro-motion and to the dynamic piston eccentricity 
oscillation. This changing eccentricity of the piston 
induces a squeeze film effect and results in a dynamic 
fluid film pressure field which balances all the external 
forces and moments. Therefore, the piston performs a 
micro-motion, self-adjusting its eccentricity by varying 
the squeeze motion to balance the oscillating external 
loads.  

Similar dynamic considerations can be drawn for 
the other moving parts of the rotating kit: the slipper 
and the cylinder block. Hence, during one shaft revolu-
tion of the machine, all the rotating kit moving mechan-
ical bodies are subjected to a complex transient loading 
condition while not being firmly constrained. 

This design characteristic represents a significant 
issue when performing numerical analysis to predict 
the solid bodies elastic deformations. In the lubricating 
interfaces of an axial piston machine a thermo-
elastohydrodynamic lubrication regime, introduced in 
the next paragraphs, typically develops. In this condi-
tion, the surface elastic deformations of the solid bodies 
and the consequent fluid film thickness modifications 
are critical to determine the lubricating interfaces per-
formance. Therefore, an advanced method to reduce the 
impact of the constraint conditions on the solids static 
deformation analysis is necessary: the inertia relief 
method. 

3 Thermo-Elastohydrodynamic Fluid Film 
Lubrication Conditions and Modeling 

In the complex dynamic loading scenario, affecting 
the rotating kit mechanical bodies, several physical 
phenomena take place and influence the fluid film 
interfaces behavior. The flow in the fluid film is con-
sidered laminar under all possible normal operating 
points. The relative motion between the parts contrib-
utes to develop hydrodynamic pressure in the fluid film 
interfaces. Moreover, the squeeze film effect due to the 
solid parts micro-motion induces local high pressure 
peaks in the fluid film. This dynamic fluid film pres-
sure distribution causes the elastic deformation of the 
solid boundaries, acting as a significant external load 
on the mechanical parts surfaces. These elastic defor-
mations lead to an elastohydrodynamic lubrication 
regime and introduce a fluid-structure interaction prob-
lem involving mechanical solids of complex design. In 
fact, the geometrical characteristics and spatial exten-
sion of the fluid film interfaces do not allow simplifica-
tions in the tribological analysis. 

A second important phenomenon taking place in the 
interfaces is connected to the energy dissipated in the 
film due to the viscous shear of the fluid. The relative 
motion of the solid parts in fact causes a viscous me-
chanical dissipation, which generates heat. The heat 
alters the temperature distribution of the solid parts and 
significantly increases the machine operating tempera-
ture. Irregular solids temperature fields represent a 
complex boundary for a non-isothermal fluid flow 
analysis. Furthermore, temperature increments in the 
solids translate into internal thermal stresses. Thermal 
induced loads elastically deform the solid bodies con-
tributing to additional fluid film thickness modifica-
tions.  

Therefore, a thermo-elastohydrodynamic lubrica-
tion regime characterizes the fluid film interfaces per-
formance (Kim and Sadeghi, 1993). The precise analy-
sis of such a complex physical scenario requires the 
development of advanced numerical models. For this 
reason, the research group of the authors developed 
fully coupled fluid-structure interaction and thermal 
models for the three main lubricating interfaces. The 
models combine the solution of the non-isothermal 
fluid film flow with the solid boundaries behavior 
(Pelosi and Ivantysynova, 2010). 

In the next paragraphs, an overview of the structure 
of the simulation model for the lubricating interfaces is 
given. The model couples different numerical tech-
niques and algorithms to consider the different physical 
effects influencing the fluid film. Particular attention 
will be given to the description of the finite element 
model used to determine the solid parts elastic defor-
mations. This is essential to introduce the inertia relief 
method, its implementation and impact on the finite 
element analysis. 
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3.1 Fully Coupled Fluid-Structure Interaction & 
Thermal Model 

The model combines different computational strate-
gies and discretization techniques to address and to 
solve all the considered fluid film physical phenomena. 
Referring to Fig. 3, an overview of the numerical tools 
coupled to solve for the piston/cylinder interface ther-
mo-elastohydrodynamic regime is given. Similar nu-
merical strategies are adopted for the other fluid film 
interfaces. In particular, finite volume models of the 
fluid film determine the interface pressure, p, and tem-
perature, T, distribution, solving the Reynolds and 
energy equations respectively. The heat transferred 
from the fluid film to the solid parts, QS, is used as a 
boundary for unstructured finite volume models of the 
mechanical bodies to determine their temperature dis-
tribution, TB. The elastic deformations due to pressure 
and temperature loads are determined using finite ele-
ment analysis on hexahedron or tetrahedron based 
meshes of the solid parts. The fluid film surface elastic 
deflections, Δh, are therefore considered in the fluid 
film thickness definition. 

 

Fig. 3: The piston/cylinder fluid-structure and thermal fully 
coupled model 

An external fixed-point iterative coupling between 
fluid and solid domains solves for the mutual interac-
tions. The three main numerical environments are brief-
ly discussed in the following sections, reporting the 
main implemented equations and computational strate-
gies for the piston/cylinder interface. 

3.1.1 Non-Isothermal Fluid Film Finite Volume Flow 
Model 

The fluid film behavior is analyzed through the 
simultaneous solution of the Reynolds and of the ener-
gy equations. The change in fluid properties due to 
pressure field and temperature field are considered. The 
Reynolds equation, which predicts the fluid film pres-
sure field, is shown in is general form in Eq. 1. 
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The Reynolds equation is discretized on a finite 
volume domain and is solved using a geometric multi-
grid method (Pelosi and Ivantysynova, 2010). 

The solution of the energy equation allows calculat-
ing the fluid film temperature distribution. On a finite 
volume domain, a convective-conductive form of the 
energy equation, Eq. 2, is solved using a SOR Gauss-
Seidel scheme. 
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The energy equation presents a source term, ΦD, 
which is a quadratic function of spatial derivatives of 
fluid velocity components, as shown by Eq. 3 in Carte-
sian coordinates (Ivantysynova, 1985). 
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The function gives the rate at which mechanical en-
ergy is converted into heat in a viscous fluid per unit 
volume. The solution of the energy equation allows 
determining the heat fluxes generated in the fluid film 
to the solid bodies. The fluid film heat fluxes are the 
key boundary for the determination of the solid bodies 
temperature distribution. 

3.1.2 Solid Bodies Finite Volume Heat Transfer Model 

The fluid film viscous shear due to the solid parts 
macro motion is responsible for the tribological inter-
faces mechanical dissipation. This energy is transferred 
from the fluid film to the mechanical bodies in form of 
heat flux, generating significant temperature gradients 
in the solid parts, which are therefore characterized by 
complex uneven temperature distributions (Pelosi and 
Ivantysynova, 2009). 

The development of detailed heat transfer models of 
the solid bodies is important to obtain an accurate pre-
diction of their temperature fields. The knowledge of 
these temperatures allows implementing a more precise 
temperature boundary for the fluid film surfaces, im-
proving the results of the non-isothermal fluid flow 
calculations. The three dimensional temperature distri-
butions in the solid bodies are not only used as a better 
boundary for the fluid film but also to determine the 
thermal loading conditions, which cause fluid film 
thickness alterations due to temperature induced sur-
face elastic deformations. 

   0T    (4) 

The in-house developed heat transfer models are 
based on an unstructured finite volume discretization of 
the solid parts, while the solution of the diffusive tem-
perature equation (Eq. 4) is achieved using an over-
relaxed Gauss-Seidel (SOR) iteration scheme. To ob-
tain a high level of accuracy in the prediction of the 
solid temperatures, the thermal diffusive equation solv-
er is able to handle unstructured discretization of the 
solid domains (Murthy, 2002). The solid bodies are 
therefore directly analyzed from CAD drawing of the 
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machine and discretized using powerful external mesh-
ing software, Altair HyperMesh, as shown in Fig. 4. 

 

Fig. 4: The cylinder block and piston unstructured finite 
volume discretization 

First order elements, such as tetrahedrons or hexa-
hedrons can be implemented. During the external 
meshing process, the proper boundary conditions for 
the thermal calculations are set by the user, together 
with the specification of the different material proper-
ties. The thermal solver can in fact handle different 
materials combinations, being axial piston machine 
design often characterized by the presence of compo-
nents having different material properties as well as 
various types of coatings. 

3.1.3 Solid Bodies Finite Element Elastic Deformation 
Model 

Based on the external loads due to fluid film pres-
sure and on the internal loads due to solids temperature 
a finite element elastic model determines the elastic 
deformation of the solids. Similarly to the heat transfer 
module, the finite element analysis is based on external 
meshing of tetrahedrons or hexahedron elements. The 
user specifies loaded surfaces, constrained nodes and 
material properties. The finite element analysis, which 
will be theoretically discussed in depth in the next 
paragraphs, is based on the solution of the linear system 
of elastic equations, reported in Eq. 5. 

 d E T  K u F F  (5) 

In this form, the elastic nodal deflection of the solid 
body mesh, ud, is in direct proportion with the pressure 
external nodal loads, FE, and the temperature internal 
loads, FT, applied to it. K represents the master stiff-
ness matrix of the solid body, function of material and 
discretization properties. The solution of the master 
linear system of equations for ud is obtained using a 
conjugate gradient iterative method. 

Two different methods to determine the final elastic 
deformation are employed according to the type of 
load. The solution of pressure surface elastic defor-
mation is obtained using an influence method, running 
complete FEM analysis off-line. On the other side, the 
solution of the thermal deformation is achieved running 
a complete FEM analysis run-time (Pelosi and Ivanty-
synova, 2009). 

In fact, since the deformation due to pressure load-
ing must be recalculated at each of the Reynolds equa-
tion iterative steps being directly connected to the lu-

bricating film dynamic pressure field, solving the com-
plete finite element analysis at this rate would make the 
simulation time unacceptable. Therefore, an influence 
method scheme is implemented. Using the integrated 
FEM code, a set of influence matrices for the solid 
bodies is calculated off-line. Before executing the fully-
coupled simulation, considering for example the pis-
ton/cylinder interface, separate sets of influence matri-
ces are generated for the piston and cylinder bodies. In 
particular, each face of the solid surface defining the 
fluid film boundary is loaded with a reference pressure 
of 100 bar. Each influence matrix corresponding to the 
loaded face contains the elastic deformation of the 
entire surface. Furthermore, the surface elastic defor-
mation due to a reference displacement chamber pres-
sure of 100 bar acting on the surfaces exposed to pDC is 
also calculated. Referring to Fig. 5, an influence matrix 
for the piston is shown, where the deformation field 
due to the reference load acting on one surface element 
face is represented. 

 

Fig. 5: Influence matrix IMi for ith piston surface element 

During simulation, depending on the actual dynam-
ic pressure field and boundary pressures, the solid body 
surface elastic deformation is determined based on 
Eq. 6. 

 DC
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Where Δh is the array containing the elastic deflec-
tion of each of the surface nodes of the solid domain, pi 
is the external fluid pressure acting on each of the N 
faces of the loaded surface. Furthermore, IMi is the ith 
face influence matrix, containing the elastic defor-
mation of all the surface nodes, when the ith face is 
loaded with a reference pressure pref. IMDC is the influ-
ence matrix containing the elastic deformation of all the 
surface nodes from displacement pressure load. The 
influence method is based on the superimposition prin-
ciple, valid since the deformation is assumed to take 
place in the elastic region. Thanks to this method, the 
FEM surface elastic deformation calculations reduce to 
matrix addition and multiplication, dramatically reduc-
ing the solution time. Further acceleration of the pro-
cess is obtained through parallel computing of the Δh 
vector. 

3.1.4 Fluid-Structure Interaction 

The communication between fluid domain and 
structure domain is complicated by two separate caus-
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es. The first problem is the difference in the fluid dis-
cretization and the solid discretization. The fluid film is 
discretized using a regular structured grid, while the 
solids are discretized using typically an unstructured 
mesh. The second issue is related to the relative motion 
presented by the solid parts, which causes the fluid film 
to face a continuously changing solid boundary. For 
these reasons, an advanced interpolation scheme has 
been implemented between the fluid and structure do-
main, based on the relative position of the respective 
cells centroids. Pressure and heat are interpolated from 
the fluid film to the structures, while surface elastic 
deformations and temperatures are interpolated from 
the structures to the fluid film. 

The interpolation method is based on a very effi-
cient approximate nearest neighbor searching. The 
search finds for each query point, q, a set of P nearest 
points and respective square distances, d2. With this 
information, a modified inverse distance weighting 
interpolation is implemented, also known as modified 
Shepard’s method. In particular, for a given query point 
the interpolated value, Fq, from the neighbors’ values, 
fi, can be expressed as: 

 q
1

( , , ) ( , , )
P

i i
i

F x y z w f x y z


   (7) 

Where, the weight functions wi are each function of 
Euclidean distance and are radially symmetric about 
each neighbor point. As a result, the interpolating sur-
face is symmetric about each point. The weight func-
tions are defined as follows for each neighbor point: 
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Where, R is the distance between the query point 
and the most distant neighbor. 

3.1.5 Fully Coupled Numerical Algorithm 

The complete solution scheme can be described re-
ferring to Fig. 6. A shaft revolution of the machine is 
simulated, solving in time at discrete intervals, corre-
sponding to a progressively increasing shaft rotation 
and different load conditions (Pelosi and Ivantysynova, 
2009). The core of the algorithm is represented by the 
thermo-elastohydrodynamic fluid film described so far. 
The Reynolds and the energy equations are solved on a 
finite volume discretized domain. The non-isothermal 
fluid film flow equations are solved iteratively by the 
most inner loop. The fluid properties and the surface 
elastic deformation due to the dynamic pressure field 
are updated at each iteration step. The piston and cylin-
der solids surface elastic deformation is calculated via 
an influence method, where a set of influence matrices 
for the solid bodies is calculated running an off-line 
finite element analysis. The fluid dynamic pressure 
field and the solid boundaries surface elastic defor-
mation are strongly related, making the problem non-
linear and the numerical solution extremely delicate 

and stiff. The problem is treated as a partitioned fluid-
structure interaction analysis, where the non-linearity is 
incorporated by an outer iterative Picard scheme. 
Hence, the pressure-deformation convergence is ob-
tained using a smart under-relaxed fixed point Picard 
iteration, which adjusts the under-relaxation coeffi-
cients proportionally to the pressure residual behavior. 

 

Fig. 6: The complete fully-coupled solution algorithm 

Once a converged solution for the instantaneous flu-
id-structure interaction problem is reached, a numerical 
scheme based on a Newton-Raphson root finding, varies 
the piston squeeze velocity to achieve a load balanced 
condition, as developed by Wiezcorek and Ivantysynova 
(2002). In fact, the fluid film pressure field must balance 
the external loads acting on the moving body. When a 
balanced condition is reached, the proper squeeze motion 
is integrated using a first order fixed time step Eulerian 
integrator. A new eccentric position in the next simula-
tion time step is found. This scheme repeats itself until 
the end of one shaft revolution. In addition, at each simu-
lation step the thermal conductive fluxes from the fluid 
film to the solid bodies are calculated. At the end of the 
revolution, the averaged heat fluxes are used to deter-
mine the solid parts temperature distribution, using the 
finite volume heat transfer models. These temperatures 
are used in the following revolution as a more accurate 
boundary condition for non-isothermal fluid film flow 
calculations and to predict fluid film thickness variations 
due to solids thermal expansions through a complete 
finite element analysis. The most outer loop continues to 
iterate over few shaft revolutions until stable temperature 
distributions in the solid bodies are reached. 

4 Inertia Relief Method in FEM 

The determination of the mechanical parts surface 
elastic deformations is crucial to predict the correct 
fluid film geometry. As previously described, the elas-
tic deformation of the solid bodies is calculated using a 
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finite element analysis. The numerical solution of the 
linear system of elastic equations, Eq. 5, needs the 
definition of sufficient constraint conditions to prevent 
rigid body motion. In fact, when performing an elastic 
deformation analysis a sufficient number of boundary 
(constraint) conditions must be imposed to avoid rigid 
body motion and rotation. In addition, the constraints 
definition should replicate the mechanical body real 
conditions. In supporting a three dimensional body, the 
minimal number of degrees of freedom (DOFs) that 
have to be constrained is six and many combinations 
are possible. Essential Zero Dirichlet constraint condi-
tions have to be defined to avoid rigid movements. In 
particular, assuming boundary values of zero (no dis-
placement for the constrained nodes), allows for a re-
duction in the linear system of equations by removal of 
rows and columns associated with those zero displace-
ments. A unique solution for the displacement vector 
can be therefore found. 

A proper definition of the constraint conditions is 
therefore fundamental both numerically, to obtain a 
unique solution of the linear system, and physically, to 
reproduce the mechanical part real environment. The 
main rotating kit mechanical parts present a relative 
macro-motion and are designed to perform a squeeze 
film micro-motion. The squeeze film effect plays a key 
role in ensuring fluid film hydrodynamic pressure build 
up and sufficient interface load carrying ability. There-
fore, the solid bodies forming the core of an axial pis-
ton machine are loosely constrained, introducing a 
significant numerical issue when dealing with their 
finite element elastic deformation analysis. For these 
reasons, an advanced method has been implemented to 
strongly reduce the impact of the constraint conditions 
on the elastic deformation solution, referred to as the 
inertia relief method. This technique allows simulating 
unconstrained structures in an elastic static analysis. It 
is assumed that the solid structure responds to the ap-
plied loads with its inertia and, for this reason, can be 
defined in a state of static equilibrium even though it is 
not physically constrained. All the applied forces and 
torques reduced to the body center of mass (CG) are 
balanced by inertial forces and moments induced by an 
inertial acceleration field. 

In the next paragraphs, the inertia relief method and 
its mathematical coupling with the developed finite 
element analysis will be presented. 

4.1 Elastic Finite Element Analysis 

The elastic deformation of the solid bodies is ana-
lyzed for one single element and then extended to the 
rest of the numerical domain (Hartley, 1986). The min-
imum potential energy principle is the fundament of the 
finite element analysis developed and implemented in 
the model. Based on this principle and considering only 
element nodal forces derived from external pressure 
loads and from internal thermal stress, the total poten-
tial energy in the single element system consists of the 
element strain energy, Uε, and the external loads energy 
potential, VNF. Therefore, the total potential energy in 
the element, Π, can be expressed as follows: 
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Where εT is the temperature induced strain, B is the 
strain-displacement matrix and C represents the consti-
tutive matrix for an isotropic material. Assuming that 
of all the possible deformed configurations, the element 
will assume the one corresponding to its minimum total 
potential energy, Π is minimized relative to the nodal 
vector ud. Differentiating the energy with respect to 
each displacement and setting each resulting equation 
equal to zero yields to the matrix equation of elasticity. 
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The Eq. 10 represents the working force deflection 
equation for the element and is the base of the finite 
element method implemented. Knowing the expression 
for the element stiffness matrix k, the nodal forces 
vector due to external loads FE and the nodal forces 
vector due to thermal induced stress FT, the nodal dis-
placements vector ud is solved, upon imposing the 
proper constraints conditions. 

The element stiffness matrix is formally given by 
the volume integral of Eq. 11, which is numerically 
approximated with a two point Gauss quadrature for-
mula. 
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Similar considerations can be done for the nodal in-
ternal thermal loads definition, described by the follow-
ing volume integral: 
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The analysis developed till this point refers to a sin-
gle element, while the solid is discretized using a large 
number of them. For this reason, the assembly process 
that constructs the master stiffness matrix K and master 
equations, related to the whole discretized solid has to 
be performed. This procedure is not trivial and takes 
advantage of the master stiffness matrix characteristics. 
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In particular, being K sparse and symmetric, the com-
pressed column storage (CCS) technique is used. The 
global nodal elastic displacement vector of Eq. 5 is 
obtained through a conjugate gradient iterative method, 
after imposing the suitable essential zero constraint 
conditions to the system. Zero Dirichlet boundary con-
ditions are in fact necessary to obtain a unique solution 
for the system of equations and to avoid rigid body 
motion. The rows and columns corresponding to the 
constrained nodes are removed from the master stiff-
ness matrix K, allowing determining a static elastic 
deformation.  

4.2 Inertia Relief 

The mechanical bodies composing the rotating kit 
of an axial piston machine are designed to allow for 
relative motion. Furthermore, a micro-motion relative 
to the fluid film interfaces separating the mechanical 
bodies takes place. This micro-motion improves the 
load carrying capability of the fluid film, through the 
squeeze film effect.  

Applying an arbitrary constraint to a finite element 
model of the moving parts could lead to a wrong an-
swer in the determination of the elastic deformation. In 
fact, a reaction force would arise at the constraint 
which does not exist in the real situation. This force 
would cause unrealistic nodal elastic deflection, ulti-
mately predicting false thermo-elastohydrodynamic 
fluid film geometry. 

When performing the finite element analysis of a 
free structure, an advanced method that reduces the 
impact of the constraint conditions on the final solution 
is known as inertia relief. In this method, the applied 
loads are assumed not be in equilibrium and the solu-
tion to the problem is obtained introducing an acceler-
ating coordinate system, attached to the center of mass 
(CG) of the structure. The applied loads are balanced 
by a set of translational and rotational accelerations 
generated by the applied loads. These accelerations 
provide body forces, distributed over the structure in 
such a way that the total sum of the applied forces on 
the structure is zero. This provides the steady-state 
stress and deformed shape in the structure as if it were 
freely accelerating due to the applied loads. 

Essential boundary conditions for the solution of the 
FEM linear system are applied only to restrain rigid 
body motion. In particular, since the inertial accelera-
tions are found with respect to the body CG and 
d’Alembert inertia forces are then distributed over the 
structure, it can be assumed that the CG is fixed to 
earth. Because the external loads are balanced by the 
inertial accelerations, the reaction forces corresponding 
to these boundary conditions at the CG are zero. 

Considering a discretized structure with N elements, 
in the implementation of the inertia relief method the 
coordinates of the CG respect to the origin (o) are 
found, as shown by Eq. 13. 
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Where, M is the total mass of the structure, ρi is the 
density of the ith element and ΔVi is the volume of the 

ith element. Knowing the coordinates of the CG, the 
moment of inertia tensor, I, of the entire structure can 
be determined. 
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Where, ri = {xi, yi, zi} represent the distance of the 
center of each element from the CG and E3 is the (3x3) 
identity matrix.  

Since, it is assumed that all the applied forces and 
torques to the structure are balanced about the CG of 
the structure, solving the following equations allows 
determining the entire solid body inertial linear, aCG, 
and rotational, αCG, accelerations at the CG.  
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Where, Fi is the element applied load vector, in-
duced by external and internal nodal forces. The result-
ant inertial loads deriving from these accelerations are 
distributed back to the structure elements, according to 
their specific mass and moment of inertia tensor. The 
fictitious inertia forces for each element, resulting from 
this distribution process, are assumed to be applied in 
the element center and uniformly applied to its nodes. 
In particular, each element experiences a total inertial 
force, which presents a linear, Fai, and a rotational, Fαi, 
component. The linear force is shown in the following 
equation. 

   CGai i iV F a  (17) 

The rotational force is function of the inertial angu-
lar torque, ταi, which can be expressed as follows: 

 CGi i  I   (18) 

Where, Ii is the moment of inertia tensor for the ith 
element. Taking advantage of the properties of the 
vector triple cross product, an expression for the rota-
tional force can be obtained:  
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Being the force Fαi associated to a rotation, it is as-
sumed to be orthogonal to the element center position 
vector, ri. This assumption causes the dot product ri·Fαi 
to be zero and the rotational force can be derived from 
Eq. 19 as: 
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Therefore, considering also the inertial loads acting 
on the entire structure in the master linear system of 
equations, it is possible to write: 

 d E T IR   K u F F F  (21) 

Where, FIR represents the nodal load vector contain-
ing the inertial linear and rotational contribution of each 
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element to balance the applied loads. The solution of the 
system is obtained after the imposition of zero displace-
ment constraint conditions on the nodes closer to the CG 
of the structure only to avoid rigid body motion. 

5 Numerical Results 

In this section, the impact of the inertia relief meth-
od over the standard zero displacement constraint 
method is discussed through the finite element analysis 
on the main bodies of an axial piston machine. In addi-
tion, a fully-coupled simulation using inertia relief to 
predict elastic deformations of the solid bodies is 
shown for the piston/cylinder interface.  

5.1 Axial Piston Machine Mechanical Bodies 

Finite element analysis on the three main moving 
bodies of an axial piston machine are discussed, consid-
ering the typical pressure loading conditions used in the 
fully-coupled modeling. The elastic deformation from a 
suitable zero displacement constraint condition and from 
the inertia relief technique is compared for each of the 
discretized solid bodies. A special focus is given to the 
surface elastic deformations corresponding to the sealing 
surfaces of the bodies, since they directly affect the fluid 
film geometry. For simplicity, all the parts are consid-
ered made of standard steel presenting a Young modu-
lus, E, of 210 GPa and a Poisson ratio, ν, of 0.27. 

5.1.1 Piston 

Two different types of loading conditions on the 
piston body have been considered and are depicted in 
Fig. 7. On the left, the loading condition corresponding 
to a face on the piston sealing surface, highlighted in 
red, is shown. The face is loaded with a reference pres-
sure of 100 bar. The result of this analysis is important 
because, as explained in the previous sections (Eq. 6), 
the influence matrices generation is based on combin-
ing elastic deformations obtained from this loading 
principle. Without inertia relief, the nodes constrained 
with a zero displacement are the ones on the surface 
closer to the piston axis, highlighted in blue.  

 

Fig. 7: Piston loading and constraint conditions for one 
face on piston sealing surface (left) and for surfaces 
exposed to displacement chamber pressure (right) 

On the right of Fig. 7, the loading and constraint 
conditions corresponding to a pressure load of 100 bar 
on the surfaces typically exposed to displacement 
chamber pressure are presented.  

 

Fig. 8: Piston exaggerated radial elastic deformation for 
zero displacement constraint (left) and inertia relief 
(right) due to 100 bar radial face load 

The loaded surfaces are highlighted in red, while 
the color blue is used to define the constrained nodes. 
For this loading condition, the nodes on the outer sur-
face in contact with the slipper socket are fully con-
strained when not considering the inertia relief. 

Referring to Fig. 8, the radial elastic deformations re-
sulting from the application of a local load on one face of 
the piston surface (i.e. one influence matrix) are shown. 
The piston view is exaggerated to emphasize the local-
ized piston elastic deflections. It can be noticed how, the 
piston on the left of Fig. 8, constrained with a zero dis-
placement boundary condition on the nodes closer to the 
piston axis, presents a very localized surface elastic 
deformation. The highest elastic deformation corre-
sponds to the point of application of the compressing 
pressure force. Differently, the piston on the right of 
Fig. 8 is studied applying the inertia relief method, there-
fore the external localized pressure load on the same face 
is balanced by the induced inertial acceleration field. It 
can be noticed how, for a similar local deformation the 
piston tends to bend in a direction opposite to the com-
pressive pressure load. This is a result of the inertial 
forces distributed on the solid structure which are gener-
ated to balance the external applied load. This inertial 
forces cause a non-negligible elastic surface deformation 
of the regions distant from the loaded face, which will 
affect the fluid film overall geometry.  

Similar different results can be found if referring to 
Fig. 9, where the finite element analysis have been 
performed on the piston body loaded with 100 bar 
displacement chamber pressure.  

 

Fig. 9: Piston exaggerated radial elastic deformation for 
zero displacement constraint (left) and inertia relief 
(right) due to 100 bar DC surfaces load 

On the left of Fig. 9, the piston presenting a zero 
displacement constraint on the piston head surface 
nodes is shown. It can be noticed, from the exaggerated 
view, how the piston tends to significantly compress 
axially towards the constrained head. The result of this 
compression is a radial surface elastic deformation 
presenting a peak of 0.175 μm closer to the constrained 
head. On the right of Fig. 9, the piston subjected to the 
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same type of load but analyzed using inertia relief is 
shown. It can be noticed how, being the reaction at the 
constraint disappeared; the overall axial compression is 
significantly less. In addition, the radial surface elastic 
deformations, ultimately affecting fluid film thickness, 
are lower and present a different distribution. 

5.1.2 Slipper 

Similar finite element analysis has been performed 
on the slipper body, considering two different types of 
loading conditions. In one case, one face of the slipper 
sealing surface is loaded with 100 bar pressure. On the 
other case, the slipper surfaces normally exposed to 
displacement chamber pressure (pocket) are loaded 
with 100 bar. In both conditions, the slipper socket 
surface is fully constrained and compared with analysis 
executed using the implemented inertia relief method.  

The loading and zero displacement constraint con-
ditions for the slipper finite element analysis are shown 
in Fig. 10. 

 

Fig. 10: Slipper loading and constraint conditions for one 
face on slipper sealing surface (left) and for surfac-
es exposed to displacement chamber pressure 
(right) 

The results from face loading for the standard socket 
surface constraint and the inertia relief method are shown 
in Fig. 11, where exaggerated slipper views are overlaid to 
a non-deformed transparent slipper. The elastic defor-
mation of the sealing surface in z-direction, corresponding 
to the fluid film thickness direction, is higher when the 
socket is strictly constrained (left). The inertia relief influ-
ence on the surface elastic deflection of the slipper sealing 
area is clearly visible on the right of Fig. 11.  

 

Fig. 11: Slipper exaggerated z-axis elastic deformation for 
zero displacement constraint (left) and inertia relief 
(right) due to 100 bar face load on sealing surface 

The inertial accelerations reduce the local defor-
mation and cause part of the remaining slipper surface 
area to deflect in the opposite direction of the pressure 
force. This effect has a potential strong influence on the 
slipper fluid film geometry. 

 

Fig. 12: Slipper exaggerated z-axis elastic deformation for 
zero displacement constraint (left) and inertia relief 
(right) due to 100bar pocket surfaces load 

Inertia relief method has a major impact on slipper 
sealing land surface deformation when considering the 
pressure loads acting on the slipper pocket surfaces. 

Referring to Fig. 12, on the left the elastic defor-
mation of the slipper structure when the socket is fully 
constrained is depicted. The body compresses under the 
pressure force acting normally to the pocket surface if 
compared to the transparent non-deformed configura-
tion. This effect theoretically increases the clearance 
between slipper and swash plate. The inertia relief 
effect (right) shows how the inertial forces, necessary 
to balance the pressure loads, strongly reduce the solid 
body compression. An elastic deflection of the sealing 
surface in the opposite direction induces a theoretical 
reduction of the slipper/swash plate fluid film thick-
ness, which would contribute to an increment of the 
hydrodynamic pressure build up below the sealing 
surface, directly affecting the slipper dynamics. It 
should be noticed that the displacement pressure load 
transferred from the piston is an additional load com-
ponent acting on the slipper body, which is not present-
ed in this paragraph. 

5.1.3 Cylinder Block 

Due to its mass and to the major pressure loads act-
ing on it from the displacement chambers, the inertia 
relief method presents a strong influence on the cylin-
der block finite element analysis. One displacement 
chamber is loaded in this study with 100 bar reference 
pressure. As shown in Fig. 13, the cylinder bock loaded 
surfaces are highlighted in red. Zero displacement 
constraints are assigned, when not using inertia relief, 
to the typically splined surface (blue).  

 

Fig. 13: Cylinder block loading and constraint conditions 
for one displacement chamber 

The external pressure force acting in the displace-
ment chamber causes the entire block to bend around 
the constrained splined surface, as shown by the left of 
Fig. 14.  
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Fig. 14: Cylinder block exaggerated z-axis elastic defor-
mation for zero displacement constraint (left) and 
inertia relief (right) due to 100bar load 

This bending generates an elastic deformation of the 
cylinder block sealing land in z-direction directly af-
fecting the fluid film thickness of this interface. The 
same elastic deformation is not visible when perform-
ing the analysis with inertia relief. The cylinder block 
does not bend thanks to the balancing action of the 
inertial loads and a different sealing land elastic defor-
mation distribution is obtained. The influence of the 
constraint conditions on the static analysis is removed. 

6 Piston/Cylinder Interface Fully-Coupled 
Simulation and Measurement Compari-
sons

To assess the validity of the inertia relief method 
and to understand its impact on the fluid film perfor-
mance, in this section the fully-coupled model is used 
to simulate the non-isothermal fluid film flow condi-
tions between piston and cylinder of an axial piston 
pump designed to allow cylinder friction force meas-
urements on one of the pistons of the rotating block. 
This test pump, referred as Tribo Pump, exactly repli-
cates the behavior of a nine piston axial piston pump, 
but has been designed to measure the friction forces in 
axial and tangential direction between the pis-
ton/cylinder (Ivantysynova and Lasaar, 2004). In par-
ticular, the measured friction force is the one acting on 
the cylinder surface. The instantaneous displacement 
chamber pressure is also measured. A telemetry system 
allows transferring the sensors signals from the rotating 
group to the data acquisition system. 

 

Fig. 15: Tribo test rig pump assembly 

Fig. 15 shows the design of this special pump, 
which has a fixed swash plate angle of 17°. The cylin-
der block is oversized compared to a standard one to 
accommodate the force measurement system. 

Only three main pistons are reciprocating in the 
block, while other five balancing pistons are located on 
the block outer circumference to compensate the exter-
nal forces unbalance. One of the three main moves in a 
hydrostatically balanced brass bushing, decoupled from 
the steel cylinder block. 

The brass bushing transfers the axial and circumfer-
ential viscous friction forces exerted on the bushing 
through a lever to the piezoelectric force sensor. 

 

Fig. 16: Hydrostatic cylinder and sensor 

A closer representation of the brass bushing design 
is shown in Fig. 16. The pockets on the outer circum-
ference of the brass bushing are pressurized with dis-
placement chamber pressure, which guarantees the 
hydrostatic bearing function. 

Table lists the material properties for the test rig 
steel piston and brass cylinder mechanical parts, which 
are used as input to the fully-coupled fluid structure 
model.  

Table 1: Tribo pump material properties 
Material property Piston Bushing 

ρ  [kg/m3] 7800 8600 

E  [GPa] 210 130 

ν  [-] 0.27 0.32 

αT  [E-6/°C] 12 21 

λ  [W/m°C] 54 105 
 
These parameters are critical because they directly 

affect the thermal behavior and fluid-structure interac-
tion of the piston/cylinder interface. The pis-
ton/cylinder assembly numerical environment, with the 
discretized solids for this simulation study, is depicted 
in Fig. 17. The geometry of the actual piston and bush-
ing are precisely replicated from CAD solid models and 
meshed. 

The measured oscillating displacement chamber 
pressure is used as boundary for non-isothermal fluid 
film flow, piston force balance and surface elastic de-
formation calculations. It represents one of the key 
boundaries for the simulation, being the most signifi-
cant oscillating force influencing the piston micro-
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motion. Different heat transfer boundaries are imple-
mented for the piston/cylinder assembly. In particular, 
the fluid film surfaces are assigned a Neumann bounda-
ry, being the heat flux from the fluid film determined 
by the non-isothermal fluid film model.  

 

Fig. 17: Tribo test rig piston/cylinder discretization and 
boundaries 

Table 2:Mixed boundaries convection coefficients 
Displacement chamber αDC  [W/m2°C] 3000 

Rotating kit case αCase  [W/m2°C] 2000 

Block/valve plate fluid film αCB  [W/m2°C] 1000 
 
All the other surfaces of the piston and of the bush-

ing are considered to be a Mixed boundary, assuming 
forced convection to better describe the heat transfer in 
those regions. Convection coefficients for the different 
boundary surfaces are shown in Table. 

The numerical analysis has been performed consid-
ering two operating conditions corresponding to meas-
ured cases. The main parameters from the simulations 
are reported in Table. The purpose of the numerical 
analysis is to demonstrate the capability of the fully-
coupled model to capture the viscous friction force 
behavior over one shaft revolution, evaluating the in-
fluence of the different constraint conditions. 

Table 3:Tribo pump measured and simulated operating 
conditions 

Operating Conditions 1 2 

Differential pressure Δp  [bar] 101.7 130.0 

Low pressure pLP  [bar] 19.3 21.0 

Shaft angular speed ω  [rpm] 1000 1000 

Case temperature TCase  [°C] 49.3 50.6 

High pressure temp. THP  [°C] 45.4 44.1 

Low pressure temp. TLP  [°C] 43.5 41.9 
 
The solid parts constraint conditions play a very 

important role in the determination of the pressure and 
thermal elastic deformations. For these reasons, the 
fully/coupled simulations have been run considering 
both zero displacement constraint conditions and inertia 
relief (IR). 

 

Fig. 18: Piston (top) and brass bushing (bottom) loading 
and constraint conditions for one face on sealing 
surface (left) and for surfaces exposed to DC pres-
sure (right) 

In case of zero displacement constraint conditions, 
mesh nodes must be constrained to avoid rigid body 
motion. Fig. 18 shows the loaded and constrained sur-
faces for the piston and brass bushing solid bodies 
when calculating pressure induced elastic deformations. 
Proper degrees of freedom are removed to obtain con-
strain conditions representing reality as close as possi-
ble. The piston is in fact unconstrained during normal 
operation of an axial piston pump and in case of full 
film lubrication is sustained and consequently loaded 
only by fluid film pressure. The brass bushing is theo-
retically completely free to move thanks to the hydro-
static bearing. 

The comparison of the fully-coupled simulations 
with the measured axial friction forces allows deter-
mining the impact of this advanced constraint method 
on the numerical results. The behavior of the fluid film 
is also analyzed considering the main physical varia-
bles affecting its performance over one shaft revolu-
tion. 

6.1 Operating Condition 1 

This operating condition, which is characterized by 
a high pressure of 120 bar, represents a moderate load 
for the test pump. The axial viscous friction force act-
ing on the hydrostatic bushing is a result of the com-
bined contributions from the pressure differential 
across the piston (Poiseuille component) and from the 
piston relative motion (Couette component). Addition-
ally, the complex oscillating shape assumed by the 
piston/cylinder fluid film thickness directly affects the 
generated axial viscous friction force. During the first 
180° of shaft angle the piston is pumping fluid, hence it 
is subjected to high displacement chamber pressure, 
while the suction phase at low pressure takes place 
during the next 180°.  
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Fig. 19: Axial viscous friction force comparison for operat-
ing condition 1 

The axial viscous friction force prediction for this 
operating condition obtained by the two model combi-
nations is shown in Fig. 19. Both the constraint condi-
tions allow capturing the friction force behavior during 
the critical delivery stroke. 

However, at this moderate load conditions, the 
combination of the inertia relief constraint method 
coupled with pressure induced deformations and ther-
mal effects does not play a significant role in generat-
ing more precise numerical results if compared to a 
zero displacement constraint method. In particular, the 
magnitude of the axial friction force is well predicted 
by both models. 

6.2 Operating Condition 2 

This operating condition represents the highest con-
sidered load, with a high pressure of 151 bar. The im-
pact of fluid-structure interaction and thermal effects is 
more significant at this point; due to the fluid film more 
critical conditions to bear the external oscillating loads 
acting on the piston.  

 

Fig. 20: Axial viscous friction force comparison for operat-
ing condition 2 

Referring to Fig. 20, the simulated axial viscous 
friction forces are compared with the measured curve. 
It can be noticed how the solid model based on zero 
displacement constraint boundaries diverges from the 
real parts conditions as the external load increases, 
underpredicting the axial friction forces during the 

pumping stroke. For this operating condition, the supe-
rior accuracy provided by the combination of the ad-
vanced inertia relief constraint method coupled with 
pressure induced deformations and thermal effects 
plays a key role in generating more precise numerical 
results. 

 

Fig. 21: Simulated axial friction force components for oper-
ating condition 2 

Hence, inertia relief method becomes more im-
portant at high loads, to accurately replicate the solid 
bodies unconstrained characteristics. In addition, 
Fig. 21 shows the components of the axial viscous 
friction force for the most accurate model together with 
the resulting total friction force. This analysis allows 
decoupling the impact of the two main physical phe-
nomena generating viscous friction in the interface, i.e. 
Couette and Poiseuille contributions. 

 

Fig. 22: Simulated leakage across the piston/cylinder inter-
face for operating condition 2 (negative leakage 
towards the displacement chamber in –zK direction) 

The leakage flow across the piston/cylinder inter-
face represents another critical variable defining the 
fluid film performance over one shaft revolution. The 
fully-coupled model allows evaluating the fluid film 
flow as well considering the impact of the thermo-
elastohydrodynamic phenomena described so far. In 
particular, Fig. 22 shows the piton/cylinder interface 
leakage flow and its two components over one shaft 
revolution for this operating point. 

Friction forces and leakages represent the two main 
sources of energy dissipation for the fluid film inter-
face. Their development over one shaft revolution of 
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the machine is strictly related to the interface perfor-
mance and to the dynamic behavior of the fluid film 
interacting with the boundary structures. Therefore, for 
this operating condition, thanks to the fully-coupled 
model, the piston/cylinder fluid film thermo-
elastohydrodynamic behavior is studied. Considering 
the numerical results obtained with inertia relief, the 
most significant physical fields defining the interface 
performance over one shaft revolution are analyzed 
using an unwrapped Cartesian coordinate system, as 
shown by Fig. 23.  

 

Fig. 23: Piston/cylinder interface unwrapped Cartesian 
coordinate system definition 

Referring to Fig. 24, the oscillating thermo-
elastohydrodynamic fluid film geometry at discrete 
shaft angles is depicted.  

 

Fig. 24: Piston/cylinder interface unwrapped thermo-
elastohydrodynamic fluid film thickness over one 
shaft revolution using inertia relief 

Regions of low film thickness are present during the 
high pressure stroke, where the piston inclines the most 
due to the high external loads. During the suction 
stroke, the load on the piston decreases and the sliding 
motion takes place almost coaxially with the cylinder 
bore. The regions of lower fluid film thickness are 
characterized by high pressure peaks and are responsi-

ble for the strong fluid-structure interaction, as shown 
by Fig. 28. A correspondence between piston micro-
motion and fluid film pressure field dynamics is clearly 
visible. 

 

Fig. 25: Piston/cylinder interface unwrapped thermo-
elastohydrodynamic pressure field over one shaft 
revolution using inertia relief 

Furthermore, the fluid film behavior is affected by 
the pressure and thermal elastic deformations, which 
change continuously over one shaft revolution. The 
dynamic behavior of the surface elastic deformations is 
influenced by piston micro and macro motions. 

 

Fig. 26: Piston/cylinder interface unwrapped pressure 
induced elastic deformations over one shaft revolu-
tion using inertia relief 

Referring to Fig. 28, the total pressure elastic de-
formation directly modifying the fluid film geometry is 
presented. The elastic deformation fields combine the 
contribution of piston and cylinder surface to the fluid 
film geometry alteration. The inertial forces balancing 
the external loads contribute as well to the surface 
elastic deformation. The fluid film geometry is modi-
fied also by the surface elastic deformations due to the 
thermal expansion of the piston and the cylinder. The 
steady state thermal surface elastic deformations are 
superimposed to the dynamic pressure elastic defor-
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mations. The relative motion of the piston causes the 
piston sealing surface to slide relative to the fluid film, 
periodically modifying the thermal deformation field 
seen by the fluid film.  

 

Fig. 27: Piston/cylinder interface unwrapped thermal elastic 
deformations over one shaft revolution 

The total thermal elastic deformation altering the 
fluid film geometry over one shaft revolution is shown 
by Fig. 27. The thermal deformation fields couple the 
contribution of piston and cylinder expansions due to 
the uneven solids temperature gradients.  

The fluid film flow solution is obtained considering 
non-isothermal conditions, where the influence of the 
solids boundary temperature is very important for an 
accurate result. In fact, the fluid film is bounded by the 
piston and cylinder sealing surfaces. The heat transfer 
calculations allow predicting the solid bodies tempera-
ture distributions, hence the fluid film boundary tem-
peratures. Referring to Fig. 28, the predicted tempera-
ture distributions of the piston and the bushing for this 
operating condition are shown. 

 

Fig. 28: Piston/cylinder assembly temperature distribution 
(top) and fluid film boundary surfaces radial ther-
mal elastic deformation (bottom) for operating con-
dition 2 

The unwrapped fluid film surface temperatures are 
depicted as well. Furthermore, Fig. 28 shows the tem-
perature induced radial elastic deformations for the 
mechanical parts, which are combined and interpolated 
to the fluid film at each time step. The magnitude of 
these surface thermal elastic deformations is compara-
ble with the fluid film thickness of the interface. Hence, 
these physical phenomena play a critical influence on 
the Tribo Pump piston/cylinder overall fluid film per-
formance. 

Finally, it should be noticed how the magnitude of 
the boundary temperatures, determined by the laborato-
ry test conditions, is significantly lower than the typical 
operating temperatures of an axial piston unit. There-
fore, the influence of thermo-elastohydrodynamic phe-
nomena on the piston/cylinder fluid film performance 
of standard axial piston machines, characterized by 
more extreme and more complex boundaries in terms 
of displacement chamber pressure and surrounding 
temperatures, cannot be neglected.  

7 Conclusions 

An advanced method to calculate the elastic defor-
mations affecting the main mechanical bodies of axial 
piston machines has been presented in this paper. The 
main moving parts of an axial piston machine rotating 
kit are in fact not firmly constrained, presenting a sig-
nificant numerical issue when performing a finite ele-
ment analysis. An accurate prediction of the elastic 
deformation of the solid bodies is crucial to determine 
the axial piston machines fluid film interfaces behavior. 
The implemented technique, known as inertia relief, 
expands in fact the capabilities of the fully-coupled 
thermo-elastohydrodynamic model for the lubricating 
interfaces of axial piston machines developed by the 
authors’ research group.  

The inertia relief method allows reducing the influ-
ence of zero displacement constraint conditions on the 
solution of a finite element linear system of elastic 
equations. It is assumed that the external applied loads 
acting on the solid structure are balanced by an inertial 
acceleration field induced by the applied loads. The 
method therefore allows simulating unconstrained 
structures in a static elastic analysis and is suitable to 
replicate the real design characteristics of axial piston 
machines moving mechanical parts.  

Numerical results on the surface elastic deformation 
of typical rotating kit solid structures are shown. The 
impact of inertia relief for the same type of applied 
external pressure load is shown to be significant com-
pared to a zero displacement constraint condition, espe-
cially for the cylinder block and the slipper bodies. 
Furthermore, fully-coupled simulations on the pis-
ton/cylinder interface of a special design test pump, 
capable of measuring the piston/cylinder friction forc-
es, are presented. The comparison of the numerical 
results with piston/cylinder interface friction force 
measurements shows the improvement in model accu-
racy obtained considering inertia relief method when 
solving for the mechanical parts pressure induced elas-
tic deformation especially at higher load conditions. 
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Additionally, the piston/cylinder fluid film fields dy-
namic behavior is shown, when considering inertia 
relief, by presenting the dynamic performance of the 
most critical fields over one shaft revolution. The mag-
nitude of surface elastic deformations related to ther-
mo-elastohydrodynamic phenomena cannot be neglect-
ed and directly affects the piston/cylinder interface 
dynamics.  

Nomenclature 

aCG Linear acceleration vector [m/s2] 
B Strain-displacement matrix [-] 
cp Fluid heat capacity [J/kgK] 
C Constitutive matrix [-] 
CB Cylinder block/valve plate film [-] 
dV Differential volume [m]3 
DC Displacement chamber [-] 
E Elastic modulus [GPa] 
FTK Axial viscous friction force [N] 
Fi Total element force vector [N] 
Fai Linear inertial force [N] 
Fαi Rotational inertial force [N] 
FIR Inertial load vector [N] 
FE External load vector [N] 
FT Thermal load vector [N] 
HP High pressure [-] 
h Film thickness [m] 
IMi Influence matrix surface face [m] 
IMDC Influence matrix DC surfaces [m] 
I Solid moment of inertia tensor [kgm2] 
Ii Element moment of inertia tensor [kgm2] 
k Element stiffness matrix [N/m] 
K Body master stiffness matrix [N/m] 
N Total number of finite elements [-] 
n Element node number [-] 
p Fluid pressure [Pa] 
pref Fluid reference pressure [Pa] 
pDC Displacement chamber pressure [Pa] 
pHP Delivery port pressure [Pa] 
pLP Suction port pressure [Pa] 
QS Solid body heat flux [W/m2] 
QTK Piston/cylinder leakage flow [m3/s] 
r Position vector [m] 
T Fluid temperature [°C] 
TB Solid body temperature [°C] 
TCase Case fluid temperature [°C] 
THP High pressure fluid temperature [°C] 
TLP Low pressure fluid temperature [°C] 
ud Displacement vector [m] 
V Fluid velocity vector [m/s] 
ˆ ˆ ˆ, ,x y z  Piston unwrapped coordinates [m] 
αCG Rotational acceleration vector [rad/s2] 
αT Thermal expansion coefficient [E-6/°C] 
αDC DC convection coefficient [W/m2°C] 
αCase Case convection coefficient [W/m2°C] 
αCB CB convection coefficient [W/m2°C] 
ε Total elastic strain [-] 
εF Elastic strain vector [-] 
εT Thermal strain vector [-] 
μ Fluid dynamic viscosity [Pas] 

ρ Fluid density [kg/m3] 
ρi Solid finite element density [kg/m3] 
λ Solid thermal conductivity [W/m°C] 
ω Shaft speed [rad/s] 
ν Poisson ratio [-] 
ФD Mechanical dissipation [W/m3] 
ταi Inertial angular torque [Nm] 
Δh Deformation vector [m] 
ΔVi Solid finite element volume [m3] 
 Divergence [-] 

 Gradient [-] 
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