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ABSTRACT

ARTICLE HISTORY

The paper presents a novel physically motivated lumped-parameter model for one-dimensional simulation of proportional magnets. The model is deduced by analysing the signiﬁcant
physical interactions, properties of state-of-the art actuators and limitations of contemporary
lumped-parameter models. The resulting model equations are taking into account the main
properties of commonly used proportional magnets in the relevant ﬁeld of operation, as e.g.
nonlinear force and ﬂux linkage characteristics over stroke and current, and are respecting the
dominant physical eﬀects, leading to these nonlinearities and linking the two before mentioned characteristics. This enables not only the parameterisation by a small number of
independent parameters, but also physically correct parameter studies. After the model’s
ability to describe the static behaviour of proportional magnets is proven by using measurement data of two oﬀ-the-shelf actuators, the paper concludes with a dynamic model validation, highlighting the good accuracy of the modelled frequency response.
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Introduction
The rising number of electro-hydraulic controls and
the increasing complexity of control algorithms, disclosed e.g. by Burget and Weber (2012), require
simulation-based studies including the electromechanical interfaces. This leads to a demand for precise
lumped-parameter models of electro-proportional
valve actuators which are taking into account the
electrical and mechanical behaviour and thus linking
electric control and hydraulics. Proportional magnets
are widely used as such actuators for common control
valves. Nevertheless, accurate and physically motivated models, which describe the dominant eﬀects
by use of only few independent parameters and thus
allow physically correct parameter studies, are not
available. In the scope of this paper, ﬁrst the fundamentals of electromagnetism and proportional magnets are presented. Furthermore, state-of-the-art
lumped-parameter models are introduced and compared with respect to accuracy, parameterisation
eﬀort and the ability to realise required parameter
studies by use of independent parameters.
Subsequently, a novel model meeting the above-mentioned requirements is derived and validated with
measurement results.

Fundamentals of electromagnetism
Electromagnetic actuators convert the supplied
electric energy into mechanical energy, magnetic
energy and heat. The magnetic energy is stored in
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the magnetic ﬁeld while dissipation is due to hysteresis losses and the ohmic resistance of the coil R.
The supplied energy W can be calculated out of the
supplied voltage u(t) and current i(t) by Equation
1. Moreover, assuming that hysteresis eﬀects may
be neglected, the energy stored in the magnetic
ﬁeld Wmag can be calculated out of the electrical
signals, current i(t) and inductive voltage uL(t), by
using Equations 2 and 3. Herein, the inductive
voltage equals the time derivative of the magnetic
ﬂux linkage λ(t). The magnetic ﬂux linkage
describes the total magnetic ﬂux passing the surface
spanned by the coil’s windings multiplied with its
number of turns. It is an integral parameter of the
magnetic ﬁeld describing the interaction of electric,
magnetic and mechanical system. For electromagnetic actuators, it depends on the supplied current
and the actuator’s stroke as well as on their history
due to material hysteresis, fringing eﬀects and eddy
current losses.
t

W ¼ ò uðtÞ  iðtÞdt
0

uðtÞ ¼ iðt Þ  R þ

dλ
¼ iðt Þ  R þ uL ðt Þ
dt

t

t

0
t

0

Wmag ðtÞ ¼ ò uL ðt Þ  iðt Þdt ¼ ò
¼ ò iðt Þdλðt Þ
0

(1)

(2)

dλðt Þ
 iðtÞdt
dt
(3)
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By neglecting the above-mentioned hysteresis eﬀects,
the velocity of change and thus the voltage and current course over time are irrelevant and Equation 3
can be written as a function of armature position x
and ﬂux linkage λ:
λ

Wmag ðx; λÞ ¼ ò iðx; λÞdλ
0

Wmech ¼ Wmag ðx0 ; λ0 Þ  Wmag ðx0 þ Δx; λ0 þ ΔλÞ
þ ΔWmag ðΔx; ΔλÞ
λ0

λ0 þΔλ

0

0

Wmech ¼ ò iðx0 ; λÞdλ 
þ

λ0 þΔλ

ò

λ0

ò

iðx0 þ Δx; λÞdλ

i0 dλ

(5)

The method of integration by parts allows the rearrangement of this equation leading to the following
equation:
i0

i0

0

0

Wmech ¼  ò λðx0 ; iÞdi þ ò λðx0 þ Δx; iÞdi

@ i
ò λðx; iÞdi
@x 0

λðx; iÞ ¼

N  iðt Þ
RM ðx; iÞ

(8)

Nevertheless, in the special case of a system working
at low ﬂux densities in soft iron material at suﬃcient
air gap lengths and with negligible stray ﬂux, the
magnetic resistance of the system is dominated by
the air gap and thus is proportional to its length
(xmax–x(t)). Thus, considering an air gap with constant cross section A and permeability μ0, the quadratic reluctance force in Equation 9 is obtained:
λðx; iÞ ¼
¼

N  iðt Þ N  iðt Þ  μ0  A
¼
)F
RM ðxÞ
xmax  xðt Þ
N  iðt Þ2  μ0  A
2  ðxmax  xðtÞÞ2

(9)

In summary, the ohmic resistance and the dynamics
of the magnetic ﬂux characterise the magnetic force
and the electric behaviour of the system, so that a
physically motivated modelling of an actuator should
primarily focus on the magnetic ﬂux characteristics
over stroke and current and its dynamics.
Unfortunately, its highly nonlinear behaviour is diﬃcult to measure and calculate in all stroke positions
and thus is not available for oﬀ-the-shelf actuators in
the ﬁeld, so that modelling approaches out of the
static magnetic force characteristics are of special
interest.

(6)

Finally, the consideration of an inﬁnitely small
change in position yields the direct relation between
force and ﬂux linkage in Equation 7, which may be
found in, e.g. Kallenbach et al. (2012),
F ðx; iÞ ¼

eﬀects of the conducting material and stray ﬂux leading to a stroke and current-dependent behaviour.
Unfortunately, the magnetic resistance is rarely
known in detail, hindering a direct calculation of
the ﬂux linkage out of this equation for most
applications:

(4)

As has been shown, e.g. by Roters (1941), when
moving the armature at a constant supply current
i0 of the coil, the performed mechanical work
Wmech equals the sum of the change in stored magnetic energy by the movement and the additionally
supplied magnetic energy ΔWmag during motion due
to energy conservation. Herein, the additional magnetic energy results from a change in magnetic ﬂux
linkage λ and thus a nonzero uL over the stroke.
Considering the ﬂux linkage λ0 in the starting position x0, the change in position Δx and the change in
ﬂux linkage Δλ due to the movement, the mechanical
work is calculated by
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(7)

The combination of Equation 7 with Equation 2
allows physically motivated modelling of valve actuators including their interaction with electrical and
mechanical subsystems. Nevertheless, the magnetic
ﬂux linkage resulting from a magnetic ﬁeld exerted
by the driving current i(t) in a coil possessing N
windings and from the magnetic resistance of the
system RM must be known in the full stroke and
current regime, which is rarely the case for oﬀ-theshelf actuators.
In general, the magnetic ﬂux linkage can be calculated by Equation 8. The magnetic resistance of the
system is inﬂuenced by the air gap length, saturation

Properties of proportional magnets
Electro-proportional valves are mostly using proportional magnets to control the desired output by balancing the exerted magnetic force with a process
force which linearly depends on the controlled output. Herein, the process force may be generated by a
mechanical spring to control the valve spool’s position in directional valves and/or by pressures acting
on control faces to control the pressure as well in
electromechanically controlled pressure relief and
reducing valves as in ﬂow control valves. In all of
these valves linear control behaviour is intended,
which leads to the requirement that the magnetic
force needs to be proportional to the applied electrical current and almost independent of the armature
position. Additional information on the control behaviour of proportional valves may be found in, e.g.,
Backé and Klein (2004).
Proportional magnets are realised by shaping the
magnetic resistance over the stroke and coil current.

O. REINERTZ

F ðiÞ ¼ k0  i

(10)

By use of Equation 7 and the monotonically rising
integration constant λ0(i) describing the ﬂux linkage
in the initial position, the ﬂux linkage for the abovestated idealised force relationship can be deduced as
follows:
λðx; iÞ ¼ λ0 ðiÞ þ k0  x

(11)

This equation shows unphysical behaviour as a magnetic ﬂux occurs at nonzero armature positions while
no electric current is applied. Hence, a proportional
magnet will never achieve the idealised behaviour in
Equation 10 and a more sophisticated model needs to
be implemented.
In the following, results of an electromagnetic 3Dﬁnite element analysis of an arbitrary chosen proportional magnet are analysed to understand the signiﬁcant limitations in ﬂux shaping and thus in
operational behaviour of proportional magnets.

Reference data
As a reference, the exemplary geometry of a single
acting proportional magnet comparable to the one
used by Schultz and Tappe (2006) is used. All simulations were carried out in Altair Flux™. The geometry
is depicted in Figure 1. In the origin, the air gap is
closed and x = 0.
Figure 2 shows the force and ﬂux characteristics of
the simulated proportional magnet. The grey parts correspond to the working range and thus the relevant part
for model development. It becomes obvious that at low
driving currents, the exerted force is strongly nonlinear.

Figure 2. Simulated characteristics of the reference system.

Coil

57 mm

Ø 15 mm

The main optimisation goal is a proportionality of force
and current as well as an almost stroke independent
behaviour, both optimising controllability of the valve.
Tuning of the magnetic resistance is achieved by use of,
e.g. chamfers, additional air gaps or conical nonmagnetic rings and soft iron materials of speciﬁc quality, to
approximate the idealised behaviour in the following
equation:

Ø 37.1 mm
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Figure 1. Half-section of the reference geometry.

This can be explained by the fact that by reducing the
magnetic ﬂux linkage by additional air gaps and cones,
the parabolic behaviour in Equation 9 and thus a zero
slope at zero current cannot be avoided. Position has
only a small inﬂuence on the exerted force, but this
should also be considered for model development to
improve its accuracy and applicability. The right diagram shows, that at higher position values, a linear
correlation of current and magnetic ﬂux, and thus a
constant inductance exists. This is due to the fact that
the resistance of the air gap dominates the resulting
magnetic resistance of the system. But already at position 2.8 mm, which is the highest air gap in the working
area, nonlinear behaviour can be observed and has to be
enclosed in the model.

State-of-the-art models
In the following section, diﬀerent approaches for
modelling proportional magnets with lumped
parameters are introduced and discussed. First, it
may be distinguished between two diﬀerent fundamental model structures. These are using diﬀerent
approaches to calculate out of the change in ﬂux
linkage through the coil dλ/dt the coil current i.
Figure 3 shows the ﬁrst-model structure, which
uses the partial diﬀerentials δλ/δx and δλ/δi in
the actual point of operation, deﬁned by x and i,
to calculate di/dt out of dλ/dt and dx/dt. Thus, the
electric current is achieved by integrating its
derivative.
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Figure 3. First-model structure for electromagnet simulation.
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parallel arrangement of restoring and dissipating path
of the coil is present:
iðt Þ ¼ iR ðt Þ þ id ðtÞ

(12)

The restoring part of the current is considered in the
model by means of the two-dimensional polynomial in
Equation 13, which depends on the actual stroke x(t)
and magnetic ﬂux linkage λ(t). For the deﬁnition of its
coeﬃcients pin,m, measurements of the magnetic ﬂux
linkage over supplied current in discrete positions have
to be performed. The indirectly measured ﬂux linkage is
calculated using Equation 14 by time-wise integration
of the measured inductive voltage uL(t), which has ﬁrst
to be corrected from hysteresis:

X X
pin;m  xðt Þm  λðtÞn
(13)
iR ð t Þ ¼

λ(t)

R
i(t)
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Figure 4. Second-model structure for electromagnet simulation.

In the second-model structure, which is shown in
Figure 4, the magnetic ﬂux λ is determined by integrating the inductive voltage uL and thus its time
derivative, while the current is directly calculated
out of a two-dimensional characteristic map or equation depending on actual magnetic ﬂux λ and position x.
Based on these two structures, a multitude of
models can be generated diﬀerently describing the
magnetic ﬂux and its partial derivatives and dynamic
hysteresis due to eddy currents and ﬁeld propagation.
Selected widely used models are discussed in the
following.
Model A: Vaughan and Gamble model
The empirical model described by Vaughan and
Gamble (1996) is widely used in literature. The
model bases on a publication of Chua and
Stromsmoe (1970) on lumped-parameter modelling
of nonlinear inductors focusing on periodic signals.
The model uses integration of the inductive voltage
and thus the second-model structure in Figure 4 for
calculating the electric current.
Nevertheless, contrary to the scheme in Figure 4,
this model considers not only an energy-restoring part
iR(t) of the current which depends on actual magnetic
ﬂux linkage and position, but also dynamic hysteresis
eﬀects due to eddy currents. This is achieved by adding
to the energy-restoring part iR(t) an energy-dissipating
part id(t) summing up to the total supply current i(t).
This means for the modelling of the electric circuit a

λðt Þ ¼ ò uðt Þ  iðt Þ  Rdt ¼ ò uL ðt Þdt

(14)

id ðtÞ ¼ hðuL ðtÞ; t Þ

(15)

Contrary to this, the model for the energy-dissipating
current id(t) directly depends on the inductive voltage
uL(t) and thus on dλ/dt. The describing equation has
to be adapted to the system so that realistic eddy
current losses and thus hysteresis loops are achieved.
Therefore, diﬀerent polynomial approximation functions are used in literature. These have to be monotonically rising and have to cross the origin, so that
under static condition, the dissipating current equals
zero. Moreover, Zavarehi and Lawrence (1999) use a
ﬁrst-order element, in addition to a polynomial function, to consider dynamic eﬀects resulting from magnetic ﬁeld propagation in the core.
For the calculation of the magnetic force, the model
also uses a polynomial approximation function, which
is not linked to the functions for the electrical system.
The grade of this polynomial function has again to be
tuned on the behaviour of the investigated system.
Dell’Amico (2016), for example, uses this approach
with 16 nonzero coeﬃcients pfsn,m in Equation 16. In
contrast to this, the original model of Vaughan and
Gamble includes only a one-dimensional polynomial
depending on λ2 which in turn is both stroke and
current dependent:

X X
(16)
F ði; xÞ ¼
pfsn;m  xm  in
Cristofori and Vacca (2012) implemented an additional hysteresis model for modelling static hysteresis
in the magnetic circuit resulting from residual magnetism, which is not inﬂuencing the electromagnetic
properties, but the force build-up.
In conclusion, this method leads to very accurate
simulation models if polynomial functions of suﬃcient
order are used and carefully parameterised. A suitable
parameterisation guideline was published by Zavarehi
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and Lawrence (1999), ensuring very accurate model
parameterisation. Nevertheless, the required eﬀort for
measurement and parameterisation is still comparably
high.
Besides this high eﬀort for measuring the required
data and subsequent parameter estimation, the
above-mentioned dependencies between the describing functions for force and restoring current are not
considered. In the case of parameter studies, this may
lead to unphysical behaviour, as the existing dependencies between the available tuning parameters are
not covered by the model and unphysical combinations are not supressed.
Hence, a compromise with lower parameterisation
eﬀort needs to be found in the following that possesses, besides a good accuracy, physically independent parameters to avoid unphysical combinations in
parameter studies.
Model B: characteristic maps
The use of multiple characteristic maps describing the
electromagnetic system is another widely used
approach. Recent examples of application can be
found, e.g., in Ruderman and Gadyuchko (2013),
Krimpmann et al. (2016) and Meng et al. (2016). In
both model structures mentioned earlier, a map is
used to model the force depending on the core position and either on the actual ﬂux linkage or on
electric current, while one or more additional tables
allow the static characterisation of the magnetic ﬂux
linkage. With the ﬁrst-model structure in Figure 3,
this is achieved by characteristic maps for dλ/dt and
δλ/δx, the partial diﬀerentials of the ﬂux linkage,
while in the second case, a characteristic map for
restoring current is required.
Especially the calculation of the above-mentioned
diﬀerentials out of measurement data can be numerically challenging, so characteristic maps are mostly
used with the second-model structure in Figure 4.
The implementation of eddy currents is in most
cases realised by means of a series arrangement of
an additional resistor and partially by an inductance
in the electric circuit in parallel to the inductance of
the coil to model the time behaviour of the ﬁeld
propagation. Also by characteristic maps, the energy
conservation and thus Equation 7 are not used to
reduce parameterisation eﬀort and to enable physically correct parameter studies.
Model C: linearised model
A linearisation of both above-mentioned models
leads again to the description of an idealised proportional magnet, as has been shown in Equations 10
and 11. Such a linearised model, used e.g. by
Huayong et al. (2009) and by Cristofori and Vacca

(2012) for a small-signal approach, possesses a proportionality of force and current while the force is not
aﬀected by the armature position. Moreover, proportionality between magnetic ﬂux and current is
assumed and described by using the inductance L.
This yields the non-physical model in Equations
17 to 19, which allows simple parameterisation, small
calculation times and the development of control
schemes by linear control technique:
F ðiÞ ¼ k0  i

(17)

λðx; iÞ ¼ L  i þ k0  x

(18)

uðtÞ ¼ iðtÞ  R þ L

diðt Þ
dxðt Þ
þ k0
dt
dt

(19)

The parameter k0 is calculated out of one data couple
for force and current and describes the force gain
over current as well as the velocity-dependent mutual
inductance of the system. The ohmic resistance R can
be measured by means of an RLC meter, while the
inductance should be measured in the operating
point. The equations above are arranged for use in
the ﬁrst-model structure. Nevertheless, due to its
simplicity, this model may be used with both previously shown model structures by rearranging the
equations accordingly. Due to the linearisation, this
model represents measurement results only in a small
ﬁeld of application with suﬃcient accuracy.

Development of a novel physically motivated
model
The development of this novel model aims to achieve
a simple to use mathematical representation of proportional magnets, which is physically motivated and
thus reducing the eﬀort for parameterisation compared to mostly phenomenological approaches while
enabling physically correct parameter studies. Taking
a closer look on Equation 7, it becomes obvious that
by providing a characteristic map of the stroke- and
current-dependent magnetic ﬂux linkage, the force
characteristic is deﬁned as well. Unfortunately in
most cases, the ﬂux characteristic is not available, so
an inverse approach focusing on the exerted force is
favourable. Therefore, Equation 7 has to be
rearranged:
λðx; iÞ ¼

@x
ò F ðx; iÞdx þ λ0 ðiÞ
@i 0

(20)

The use of Equation 20 poses the following challenges for model development:
●

In general, a description of the force over the full
stroke and current regime F(x, i) is not available.
● Usage of Equation 20 requires knowledge on the
integration constant λ0(i).
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Hence, an adequate approximation function for the
force F(x, i) has ﬁrst to be developed, respecting the
physical restrictions for the force as well as for the
magnetic ﬂux linkage while being deﬁned by only a
few datapoints. Considering the above-stated Equation
20 and additionally Equation 9, a series of properties
can be deduced for negligible driving currents, and
thus at a current-independent magnetic resistance
RM. Moreover, at higher driving currents, the aspired
proportional behaviour has to be taken into account.
As may be seen in Figure 2, real systems always possess a certain oﬀset from proportional behaviour, as
the slope at small currents is limited and thus smaller
than aspired. The slope of the force over current
should be constant at higher driving currents to
achieve proportional behaviour. However, usually a
stroke dependency occurs. Table 1 summarises these
requirements.
The mathematical representation of the obviously
changing order of the force equation over current can
be achieved by use of a switching function f(n, i) in
the current–force relationship. The polynomial function k(x) handles the stroke dependency of the force.
By this, the force and ﬂux linkage can be calculated
by the following set of equations:
8
9
F ðx; iÞ ¼ f ðn; iÞ  i  kðxÞ
>
>
<
=

 x
>
: λðx; iÞ ¼ λ0 ðiÞ þ f ðn; iÞ þ @f ðn;iÞ  i  ò kðxÞdx >
;
@i
0
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linkage is proportional to the current, while at
higher currents saturation eﬀects occur and, as a
rough estimate, limit the ﬂux linkage to a constant
value λmax. This eﬀect is described by Equation 22
basing also on a switching function g(L0/λmax, i) for
description of the switching from proportional to
constant behaviour:


L0
;i
(22)
λ0 ðiÞ ¼ λmax  g
λmax
Finally, for dynamic simulation, the following set of
Equations 23 can be used, which is based on the ﬁrstmodel structure. As the inverse function of the ﬂux
linkage is not available, the use of the second-model
structure is not feasible:
8
9
F ðx; iÞ ¼f ðn; iÞ  i  kðxÞ 
>
>
>
>
>
>
> @λðx;iÞ
>
@f ðn;iÞ
>
>
¼
f
ð
n;
i
Þ
þ

i

k
ð
x
Þ
>
>
>
>
@x
@i
>
>


>
>
2
< @λðx;iÞ @λ0 ðiÞ
=
k
@f ðn;iÞ
@ f ðn;iÞ
¼
þ
2
þ

i

ò
ð
x
Þdx
2
@i
@i
@i
@i
>
>
> diðtÞ uðtÞiðtÞR@λ@xðx;iÞdxdtðtÞ
>
>
>
>
>
¼
@λðx;iÞ
>
>
dt
>
>
@i
>
>
>
>
diðt Þ
>
>
:
;
dt
iðt Þ ¼ ò dt
(23)
To include eddy current losses in the magnetic circuit, the method used by other models described in
the previous section can be applied. Hence, the total
current on the driving ports of the coil is raised by an
additional resistance in parallel to the coil inductance.

(21)
To allow comparable results with constant k(x),
the diﬀerent switching functions f(n, i) are normalised. Their gain in the origin is n and their limit at
high currents is 1. Table 2 gives an overview on
diﬀerent normalised switching functions used for
model development.
The integration constant λ0(i) in Equation 20 or
21, respectively, represents the magnetic ﬂux linkage in the origin. The location of the origin can be
arbitrarily deﬁned. At low currents, a constant
inductivity L0 can be assumed so that the ﬂux
Table 1. Required model properties.
Current
i=0
i→0
i≫0

Magnetic ﬂux linkage
λ = 0; λ0 = 0
λ~i

Force
F = 0; δF/δi = 0
F ~ i2; δF/δi ~ i
δF/δi = k(x)

Table 2. Normalised switching functions and corresponding
diﬀerential terms.
Switching function f ðn; iÞ or gðn; iÞ
pﬃﬃ

erf 2π n  i

f ðn; iÞ þ @f ð@in;iÞ  i
pﬃπ 2
pﬃﬃ
 pﬃﬃ

erf 2π n  i þ 2π n  i  e 2 ni

tanhðn  iÞ
π

2
π atan 2 n  i

4ni
tanhðn  iÞ þ ðeni þe
ni Þ2
π

2
4ni
atan
n

i
þ
π
2
4þðπniÞ2

ni
1
ð1þnK iK ÞK

2niþnKþ1 iKþ1
Kþ1
K

ð1þnK iK Þ

Parameterisation
The model parameters in Table 3 are required for simulation. While the ohmic resistance R can be measured
directly, all other values have to be indirectly determined
by calculation out of measurement data. Assuming the
polynomial
X
kðxÞ ¼ k0 þ
km  xm with m 2 N ½0
(24)
is used, the simplest way for parameterisation of n and
the constant k0 of the polynomial is to use two data
couples consisting of force and current in position
x = 0. By this, all other terms of the polynomial k(x)
are zero and the two remaining model parameters can
easily be deﬁned.
The origin of the coordinate system can be chosen
depending on the application and on available

Table 3. Model parameters.
Parameter
R
L0
n
k0
k1. . .n
λmax

Determination
RLC meter
RLC meter
Static force characteristic @ x = 0
Static force characteristic @ x = 0
Static force characteristic @ x ≠ 0
Step response or
measurement of λ0(i) @ x = 0
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measurement data. When modelling pressure valves
for example, the origin may be set to the static armature position at zero ﬂow. Thus, the force characteristic in x = 0 can be determined by using the control
face areas and measuring the controlled pressure over
current. For directional valves, the highest air gap
length is most suitable.
Thus, the reference position is reached at zero
current.
The required approximation functions are summarised in Table 4. The switching function f(n, i)
can be chosen according to the system behaviour.
Table 2 gives an overview of such functions. Model
accuracy can be improved by changing the course of
the force build-up. In most of the cases, the switching
function f(n, i) = tanh(n∙i) represents the force buildup over current with best accuracy, so that it is
exclusively used in the following examples for modelling the force build-up.
The polynomial k(x) describes the course of the
force over the stroke. Thus, its behaviour must be
determined by use of additional data for diﬀerent air
gap lengths. It can be set constant for proportional
magnets with negligible inﬂuence of the stroke on the
force, which are widely used in directional valves.
To allow for a good parameterisation of n and k(x),
datapoints should be gained out of static force measurements. Herein, hysteresis eﬀects and resulting
measurement inaccuracies have to be considered.
These would directly result in model inaccuracies of
the same magnitude, especially when parameterising n
and k(x) with only few datapoints. Therefore, all force
measurements should be repeated after a rising and
falling current and stroke, to minimise the impact of
hysteresis eﬀects on model accuracy. By averaging all
results for a datapoint hysteresis and measurement
noise are reliably cancelled.
The inductance L0 should ideally be determined by
measuring the inductance at small currents in the
origin of the stroke coordinate. Nevertheless, if this
is not feasible, it can be measured in another position
xM in the working stroke. In this case, the following
equation is used for converting the measured value
LM into L0:
xM

L0 ¼ LM  ò kðxÞdx
0

(25)

Finally, determination of the parameter λmax and
the switching function g(L0/λmax, i) deﬁnes the course
of λ0(i) and thus of the diﬀerential inductance over
Table 4. Approximation functions.
Model functions
f(n, i)
k(x)
g(L0/λmax, i)

Determination
F(i) @ x = 0
F(x) @ x ≠ 0, i = const.
Step response

current. The equation for g and its parameter λmax are
also referenced on the stroke origin previously
deﬁned. Parameterisation can be achieved by measurement of the current-dependent magnetic ﬂux
linkage or by ﬁtting the behaviour of the actuator
on step responses. In most of the cases, the switching
function g = 2λmax/π ∙ atan(π/2 ∙ n ∙ i) is best suited
and thus used for all following model validations.

Model validation
The validation process is divided into three steps.
First, the static force and ﬂux linkage of lumpedparameter model and reference data are compared.
Second, the model is used to approximate two diﬀerent static force characteristics of measured proportional magnets by means of the presented
parameterisation rules. Finally, the dynamic behaviour of both measured devices is compared with
the dynamic model properties, to show the ability of
the model, to predict the actuator’s dynamics out of
the static force and few additional parameters.
As a ﬁrst model check, its results are compared to
the simulated static reference data. Figures 5 and 6
represent the results of the model in absolute values
of force and magnetic ﬂux linkage, as well as their
deviation to reference data by colour scale in the
working area. A positive deviation represents an
overestimation of the model compared to the reference data. It is obvious that in a wide stroke regime,
good accordance in force as well as in ﬂux linkage is
achieved. Thus, the previously shown model is capable of representing the reference system with suﬃcient accuracy. For the polynomial k(x), a ﬁrst-order
equation with small gain is used, as the magnet shows
almost linear behaviour in the working regime.
Further, the model is validated by means of measurements. Therefore, the static force characteristics
of two diﬀerent actuators were measured. Due to
inevitable hysteresis, caused by friction and magnetic
hysteresis of the iron parts, the mean value of the
measurement data at rising and falling current is used
in the following for model parameterisation and validation. The processed measurement results are
shown in Figure 7. The ﬁrst tested device, displayed
on the left, shows approximately linear behaviour in
its working stroke from 0.5 to 2.5 mm. Out of the
working stroke, strong nonlinearities occur, so that
these regimes should be avoided by design measures
in a real valve. The model parameterisation therefore
focuses on the working stroke highlighted in grey.
The second tested device possesses a working stroke
of 0 to 2 mm which has to be modelled. In this stroke
regime, the actuator’s force behaves nonlinear, so that
this curvature has to be taken into account by an
appropriate order of k(x) and its parameterisation.
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Figure 5. Result of a lumped-parameter model for reference data; colour: deviation to reference data.

Figure 6. Result of a lumped-parameter model for reference data; colour: deviation to reference data.

Figure 7. Measured reference data; left: test device 1, right: test device 2.

By means of the presented model parameterisation rules, all parameters are set and the deviations of measured and simulated forces in steady
state are depicted in Figures 8 and 9 for both
actuators. Please note that colour scales of
Figures 4, 7 and 8 are diﬀering to ensure good

visibility of the resulting deviations between measurements and models.
All presented models are based on a tanh(ni) switching function for the force build-up. The degree m of k(x)
varies depending on the shape of the force characteristics.
In the case of the reference model and test device 1, a
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Figure 8. Result of a lumped-parameter model for device 1; colour: deviation to measurement.

Figure 9. Result of a lumped-parameter model for device 2; colour: deviation to measurement.

linear correlation is used while in case of test device 2, a
third-order polynomial needs to be applied. Slightly
higher inaccuracies occur in the case of test device 2 on
the left border of the characteristics. Nevertheless, in the
main operating area good accordance between measurement data and model is achieved.
A MATLAB Simulink model based on the set of
Equations 23 is used to compare dynamic measurements with simulation results. Measurements were
performed by operating the proportional magnets
against a pre-tensioned spring, resulting in a dynamic
system comparable to common valves.
Parameterisation of dry friction occurring at the
interface between armature and iron core during the
measurement poses a big challenge for isolated validation of a magnetic model. This friction forces are the
result of inevitable magnetic radial forces between
armature and iron core, due to asymmetric radial
ﬂux resulting from design, a dislocation of the armature in its guidance and production tolerances. Hence,
this radial magnetic force depends on the stroke as
well as on the ﬂux. It can hardly be described without

a deeper knowledge on the unknown geometry, tolerances and materials of the device. Therefore, the model
only includes a constant friction force and is validated
with harmonic signals, keeping the armature continuously in motion to avoid standstill and thus stick-slip
eﬀects. The frequency response diagrams in the following are based on measurements with harmonic excitations for distinct frequencies. The driving voltage
signals of the measurements with amplitudes of
approximately 0.5 V for the ﬁrst device and 1 V for
the second are used as input signal for simulation.
Figures 10 and 11 give the frequency responses of
both tested actuators. A simple state-of-the-art eddy
current model, consisting of a constant resistor in
parallel to the coil inductance, was introduced in the
simulation model.
Obviously, the stroke amplitude and phase shift are
well represented in the measured frequency range. Test
data at higher frequencies show unsteady behaviour due
to statistical friction eﬀects, making a comparison of
measurement and simulation impossible. Due to diﬀering design of the two testing devices, friction behaviour
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Figure 10. Frequency response of test device 1; points: measurement, lines: simulation.

Figure 11. Frequency response of test device 2; points: measurement, lines: simulation.

of device 2 is less pronounced and up to 60 Hz, reproducible measurements are possible. It is obvious that a
good accordance between measurement data and simulation exists enabling not only the representation of the
measured status quo but furthermore detailed parameter studies due to the physical coupling of all relevant
subsystems.
Furthermore, the mathematical model and its realisation in MATLAB Simulink are computationally
eﬃcient. Using one core with a clock speed of
2.8 GHz and a ﬁxed step size of 2 ∙ 10−5 s, the actuator
model including its mechanics achieves real-time performance. The included closed algebraic loop resulting
from the eddy current model requires almost 50% of
the calculation time.

Conclusion and outlook
In the scope of this paper, a novel lumped-parameter
model for proportional magnets is derived and validated by means of simulation and measurement
results. Starting with the fundamental equations for
such actuators, state-of-the-art models are analysed.
In contrast to the existing phenomenological models,
the introduced approach is physically motivated and
thus enables parameter studies respecting the most
signiﬁcant fundamental correlations on parameter
change. This is achieved by use of approximating
functions for the static force characteristics inherently
possessing the required shape. This enables analytical
calculation of the fundamental diﬀerential equations
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for deducing the ﬂux linkage characteristics out of the
given force equation. Besides a good accordance
between reference data and modelled static characteristics, it was demonstrated that in dynamic applications, a good accordance between measurement data
and model is achieved.
Nevertheless, further work has to focus on the friction behaviour in such actuators, as radial forces
between armature and iron core strongly inﬂuence the
actuators’ performance. Enhanced with such a friction
model, the presented approach enables dither and control optimisation in lumped-parameter simulation with
high accuracy and especially highly accurate parameter
studies e.g. for tolerance analysis or DoE purposes
retaining physical correctness on parameter change.

Nomenclature
A
F
f(n, i)
g(L0/λmax, i)
h(uL, t)
i
iR
id
k(x)
k0…m
L0, LM, L
N
n
m
pin,m
pfn,m
RM
R
t
u
uL
W
Wmag
Wmech
x
x0
xM
λ
λ0
λmax
μ0

Cross section
Magnetic force
Switching function
Switching function
Eddy current function
Current
Restoring current
Dissipating current
Polynomial function
Polynomial coeﬃcients of k(x)
Inductance
Number of windings
Scaling factor of g(n, i)
Degree of polynomial k(x)
Polynomial coeﬃcients
Polynomial coeﬃcients
Magnetic resistance
Ohmic resistance
Time
Voltage
Inductive voltage
Electric energy
Stored magnetic energy
Mechanical energy
Stroke
Reference position
Measurement position
Flux linkage
Flux linkage in position x0
Flux linkage in saturation
Permeability

[m2]
[N]
[-]
[-]
[A]
[A]
[A]
[A]
[N/A]
[N/(A mn)]
[H]
[-]
[-]
[-]
[AWbnm–m]
[NAnm–m]
[A/Wb]
[Ω]
[s]
[V]
[V]
[J]
[J]
[J]
[m]
[m]
[m]
[Wb]
[Wb]
[Wb]
[H/m]
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