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Abstract 

Motion control of valve controlled hydraulically actuated systems may be improved by compensating directly for 

the nonlinear relationship between valve displacement, differential pressure across the valve and the flow rate. In this 

paper a method is described in which such a relationship can be obtained from a relatively small experimental data set 

for a valve with an orifice of unknown configuration through the application of a modified discharge coefficient in the 

turbulent orifice equation. 
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1 Introduction 

Motion control of a hydraulically actuated system 

using low cost proportional valves is aided by inclusion 

of compensation for the nonlinear relationship govern-

ing flow rate through such valves. The mathematical 

description of flow rate as a function of differential 

pressure and valve displacement depends on the two 

issues of flow regime (laminar or turbulent) and orifice 

geometry.  

In the case of turbulent flow, the volumetric flow 

rate may be described by the turbulent orifice equation 

that is derived from the Bernoulli equation applied 

across an orifice as, 
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It was suggested by Merritt (1967) that the turbulent 

orifice equation can be used to describe flows in both 

the laminar and turbulent flow regimes provided the 

discharge coefficient is modified at low Reynolds 

numbers. Viall (2000) experimentally determined the 

discharge coefficient of a typical spool valve. Vescovo 

(2002), Borghi (1998) Ellman, (1996) Gromala, (2002) 

employed computational fluid dynamics (CFD) models 

to numerically compute the discharge coefficient and 

compared the computational and experimental results. 

In  these  studies, a  functional  relationship  between the  
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discharge coefficient  and  Reynolds  number  were  not 

presented. A main reason is that the Reynolds number 

also depends on the flow rate requiring an iterative nu-

merical solution (Miller, 1996). 

The idea of modifying the discharge coefficient was 

expanded on by Wu (2002) with mathematical formal-

ization of the required modification to the discharge 

coefficient to achieve a general flow rate relationship 

valid in the laminar and turbulent regimes. The work of 

Wu related the flow rate relationship to the Reynolds 

number as, 
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where, 
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the variables a, b, δ1, and δ2  

are geometry dependant. 

The discharge coefficient becomes asymptotic to 0.611 

and this is denoted, Cd∞. 

The determination of the Reynolds number depends 

on the orifice area, A, which implies knowledge of the 

geometry of the orifice being studied. It also requires 

the flow rate, Q, which when used in conjunction with 

Eq. 2, requires an iterative solution and, in the case of 

unknown geometry, presents no unique solution. 

In the case where the specifics of valve geometry are 

unknown to the hydraulic designer, it would be useful to 
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have a mathematically compact description of the flow 

rate characteristics which is straightforward to obtain and 

sufficiently flexible in its application to a range of con-

figurations and does not require a priori knowledge of the 

orifice geometry. The objective of this paper is then to 

present such a mathematical description. 

2 General Description of the Flow 

In order to remove knowledge of orifice geometry 

from the discharge coefficient a modified turbulent 

orifice equation of the following form was proposed, 

 PKxQ Δ=
ρ

2   (4) 

where the modified flow coefficient, K, is a function of 

the differential pressure across an orifice and the valve 

actuation, x, which need not be a linear displacement. 

As theoretical development of the general form of the 

modified flow coefficient is made difficult when main-

taining a general geometry, an experimental approach 

was taken instead.  

3 Experimental Determination of the 

Modified Flow Coefficient 

The valve employed was a Parker EHD31VJ1C111 

GT spool type two-stage proportional valve. The valve 

had seen lengthy industrial service, the details of which 

were unknown. This made the valve ideal for this study 

because its true geometry was unknown without exten-

sive valve disassembly and precision measurements. 

The electronic valve control package was replaced with 

a digital PID spool displacement controller utilizing 

feedback from the integrated LVDT. The controller 

was developed and implemented using the Mat-

lab/Simulink® Real-Time Workshop package and a 

National Instruments DAQCard 1200 12-bit PCMCIA 

data acquisition card. 

In order to obtain the characteristics for a single me-

tering orifice of this bi-directional valve, the experi-

mental apparatus was built in the configuration shown 

in Fig. 1. 

 

Fig. 1: Schematic of the experimental apparatus used to 

measure the pressure/flow characteristics of a sin-

gle metering orifice 

The inlet oil was provided by a pressure and tem-

perature regulated supply, thereby allowing all tests to 

be performed at a fixed temperature of 38oC. As the 

experimental apparatus was meant to mimic a pressure 

compensated system operating at less than full capac-

ity, the supply pressure remained approximately con-

stant. A variable differential pressure was obtained by 

varying the load pressure using the downstream relief 

valve. To generate a data set for a specified operating 

range of the valve, the valve spool was moved to a de-

sired displacement and the load pressure was set. The 

flow and pressure data were recorded for a duration of 

approximately five seconds. The values of flow and 

pressure were then time averaged to create a single data 

point. The pressure was then adjusted incrementally 

and a new data point was obtained in a similar fashion. 

Once the differential pressure range was exhausted, the 

valve spool was moved to a new position and the proc-

ess was repeated. A typical result for the valve is 

shown in Fig. 2. 

 

Fig. 2: Flow measurement for a specific valve and a spe-

cific operating range 

The apparent saturation at the upper flow range il-

lustrates the maximum flow capacity of the test system 

pump. Saturated flow measurements were not included 

in the mathematical analysis described in this paper. 

Initially the flow was assumed fully turbulent over 

the operating range shown in Fig. 2 and, with a corre-

sponding constant discharge coefficient of 0.611 as 

suggested by Merritt (1967) it was assumed the follow-

ing relationship for orifice gradient would be valid. 
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Substitution of measured data into Eq. 5 yielded a 

solution for the orifice gradient that varied with differ-

ential pressure as well as valve spool displacement. As 

the orifice gradient is strictly a geometric construct, it 

was not capable of variation with operating conditions. 

As the fluid flow phenomena contributing to the dis-

charge coefficient are the only non-negligible pressure 

dependant factors (incompressibility was assumed) in 

Eq. 5, it was evident that a more useful examination 

should be, in fact, 
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the results of which are plotted in Fig. 3. 

It was apparent from the data in Fig. 3 that the flow 

coefficient, K, varied linearly with pressure; however, 

the slope and intercept of the linear variance were a 

function of spool displacement. These quantities (slope 

and intercept) were examined graphically as shown in 

Fig. 4 and 5. 

 

Fig. 3: Modified discharge coefficient as a function of dif-

ferential pressure 

 

Fig. 4: Slope of the flow coefficient curves for selected 

valve spool displacements 

 

Fig. 5: Intercept of the flow coefficient curves for selected 

valve spool displacements 

An exponential curve fit was performed on the flow 

coefficient slope and the flow coefficient intercept data 

with a commercial analysis package. This yielded a 

specific parameter set for this valve as follows: 

 111076211 1014.2104)( −−−

×+×=
x

exm   (7) 

and, 

 485003 101.6103.2)( −−−

×+×=
x

exb   (8) 

Equations 7 and 8 were rewritten in terms of ge-

neric coefficients, C1 through C6, to yield the general 

form of the modified turbulent discharge coefficient, 

 )]()[(),( 63
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and the turbulent orifice equation, 
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The similarity in form of Eq. 10 to the trans-regime 

equation developed by Wu (2003) and given in Eq. 2 is 

apparent. The important difference is that the geometric 

properties and the orifice discharge properties have 

been captured by the experimental data and are con-

tained in the coefficients. Furthermore, the equation 

may be solved closed-form for a given operating condi-

tion of spool displacement and differential pressure and 

does not require an iterative solution. 

4 Static Verification and Coefficient Op-

timization 

It was speculated that the graphical technique used 

to determine the form of the modified turbulent orifice 

equation would likely lead to a non-optimal set of pa-

rameters for that equation. This was evident when the 

original data points were plotted against the estimated 

flow rate using Eq. 10 for the same operating condi-

tions as shown in Fig. 6. 

 

Fig. 6: Flow estimation employing the modified turbulent 

orifice equation with an empirically determined pa-

rameter set 

The error between the measured and estimated val-

ues at the same operating points was determined and 

the sum square of these values for each spool position 

was determined. These results and those for a fixed 

discharge coefficient and fixed orifice gradient ap-

proximation are shown in Fig. 7. 
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Fig. 7: Summed absolute error for the flow estimates calcu-

lated by the turbulent orifice equation and the modi-

fied turbulent orifice equation using the pressure, 

displacement, and flow data presented in Fig. 2 

 

Fig. 8: Flow estimation employing the modified turbulent 

orifice equation with the optimized parameter set 

 

Fig. 9: Comparison of the summed absolute error for the 

flow estimates calculated using the modified turbu-

lent orifice equation with non-optimal and optimal 

parameter sets and the pressure, displacement, and 

flow data presented in Fig. 2 

This represents a significant improvement over a 

wide operating range but at specific operating points 

there existed discrepancies of up to 15%. 

To combat this, an optimization strategy was em-

ployed. A nonlinear optimization resulting in the mini-

mization of the following penalty function was re-

quired, 
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For the reasons outlined by Andersson (2001) a 

“simplex” routine based on the method proposed by 

Neldler and Mead (1965) was used. The result of the 

optimization was a much improved estimation over the 

entire operating range as indicated by the estimation 

results shown in Fig. 8 and the cumulative sum squared 

error versus the non-optimal parameter set as shown in 

Fig. 9. 

It was evident that this technique had the potential 

to represent turbulent flows with non-constant orifice 

gradient properties. It was of interest, however, to de-

termine if the technique was applicable to a wide range 

of flow scenarios. These scenarios could include lami-

nar/turbulent transition or orifice gradients which are a 

function of valve spool displacement. 

5 Application to Diverse Flows 

The data shown in Fig. 2 represented the flow char-

acteristics of the valve up to approximately 

7 X 104m3/sec. For precise positioning, it was required 

to accurately determine the flow characteristics at low 

flows and low differential pressures. To this end, a sec-

ond set of pressure flow data was obtained. As resolu-

tion of the flow meter in the previous section placed the 

lower limit on the flow rates that could be evaluated, it 

was necessary to develop an in situ measurement sys-

tem. This system is shown schematically in Fig. 10. 

In this apparatus the piston displacement, xp, was 

recorded by an LVDT. Flow rate was calculated by 

numerically differentiating piston displacement and 

multiplying by piston area.  

 

Fig. 10: Experimental apparatus for evaluation of low flow 

rate valve characteristics 

The results obtained with this system are presented 

in Fig. 11. 
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Fig. 11: Low flow rate characteristics of the same valve 

In this operating range the flow rate characteristics 

varied dramatically. For small valve displacements the 

flow rate exhibits an approximately linear variation 

with pressure while at larger openings, the relationship 

tends to that examined in Section 4. To determine if the 

modified turbulent orifice equation could represent a 

flow of this type, the penalty function and optimization 

routine presented in the previous section were applied 

to the data shown in Fig. 11. The results are shown 

graphically in Fig. 12. 

 

Fig. 12: Flow approximation curves generated with the 

modified turbulent orifice equation optimized for 

the low flow range of a specific valve 

The accuracy of the approximations is limited in the 

low end as the optimization routine sacrificed these 

data points in favor of an improved fit throughout the 

midrange flows.  

6 Conclusions 

Based on the results of this study, it was concluded 

that a modified form of the turbulent orifice equation 

was capable of estimating flow rates through valves 

with variable geometries and trans-regime operating 

conditions. 

Application of a non-linear optimization routine to 

this equation results in a usable form of the equation 

employing a very small data training set. This feature 

opens the possibility to employ this technique to valves 

whose flow rate characteristics may be time variable 

(wear, etc.) and require application of online training to 

maintain accuracy. 

This method removes the requirement of a priori 

knowledge of the valve geometry in order to develop a 

pressure/flow characteristic. By applying the form sug-

gested by Wu and by the graphical method introduced 

here, a wide range of flows can be estimated. 

Additionally, this method is both numerically effi-

cient and very compact in terms of parameter storage. 

This makes the method useful in applications where 

computing power is limited, such as production mobile 

equipment. 

Nomenclature 

A orifice area  

Cd generalized discharge coefficient  

Cd∞  asymptotic discharge coefficient  

Ci curve fitting coefficients  

Dh hydraulic diameter  

K(ΔP, x)  modified flow coefficient  

L penalty function  

ΔP  pressure drop across the orifice  

Q valve flow  

Re Reynolds number  

w orifice gradient  

x spool displacement  

ρ fluid density  

μ fluid viscosity  

a, b, δ1, δ2   orifice dependent variables  
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