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Abstract 

This paper addresses the control of hydraulically driven manipulators with friction compensation. A cascade control 
strategy combined with a friction observer based on the Lugre friction model and including stiction effects is used and 
the convergence properties of the closed loop system are established using the Lyapunov method. This controller design 
and analysis are the new contributions of the paper. The theoretical analysis resulted in practical rules to tune the con-
troller gains in order to guarantee its stability and the convergence of all the tracking errors, including the friction ob-
server errors. An experimental implementation outlines the controller design details and illustrates the main features of 
the proposed strategy. 
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1 Introduction 

Joint friction is one of the major limitations in per-
forming high precision manipulation tasks. It affects 
both static and dynamic performance, and may cause 
instability when coupled to position or force control. 

Friction compensation is particularly important for 
hydraulically driven manipulators in which, due to high 
supply pressure, tight sealing is required to prevent the 
actuators from significant internal leaks. This generates 
very high joint friction. Furthermore, nonlinear 
Stribeck friction, a well known source of stick-and-slip 
oscillations, has a particular importance in hydraulic 
systems. The aim of this paper is to establish the con-
vergence properties of a hydraulically driven manipula-
tor closed loop system with friction compensation 
based on the Lugre dynamic model (Canudas et al., 
1995). 

The controller is designed according to a cascade 
control strategy in which the hydraulically driven ma-
nipulator is interpreted as two interconnected subsys-
tems: a mechanical subsystem driven by a hydraulic 
one as in Sepehri et al. (1990), Heintze et al. (1996), 
Guenther and De Pieri (1997), Lischinsky et al. (1999), 
Guenther et al. (2000), Honegger and Corke (2001),  
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Sirouspour and Salcudean (2001), Cunha et al. (2002) 
and Valdiero (2005). The idea is to promote a fast loop 
in the hydraulic subsystem in order to generate forces 
in the hydraulic subsystem that allow the mechanical 
subsystem to track the desired trajectory. 

This idea was formalized in Guenther and De Pieri 
(1997) and Guenther et al. (2000) taking into account 
the error during the hydraulic subsystem trajectory 
tracking and by presenting a stability proof of the 
whole interconnected system. 

In Franco et al. (2004) the design and experimental 
implementation of controllers for hydraulic actuators is 
considered and two other controllers are proposed: a 
backstepping controller and a LQR-2DOF controller. 

In Lischinsky et al. (1999) the authors outlined how 
to successfully use the friction compensation based on 
the Lugre model in a hydraulically driven manipulator 
by designing a cascade control with a sufficiently fast 
control loop in the hydraulic subsystem, without dis-
cussing the closed loop convergence properties. 

In this paper we use the Lugre model, improved to 
include stiction effects as in Dupont et al. (2000). Addi-
tionally, we modify the friction observer used in Lis-
chinsky et al. (1999) in order to establish closed loop 
convergence properties and rules for the controller gain 
tuning. We consider the manipulator dynamic passivity 
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properties, the nonlinear dynamics of the actuators, the 
strong coupling between the manipulator and the actua-
tor dynamics and the nonlinear friction dynamics. The 
trajectory tracking closed loop convergence properties 
are established using the Lyapunov method and these 
theoretical results are experimentally validated using a 
hydraulically driven test manipulator. 

In section 2, a dynamic model of the hydraulic ro-
bot is presented. The cascade controller is designed in 
section 3. Experimental results are shown and dis-
cussed in section 4. In section 5, the conclusions are 
presented. 

2 Dynamic Model 

In this section we present the system dynamics, in-
cluding rigid manipulator dynamics, actuator dynamics 
and friction dynamics. Consider an n degrees of free-
dom (DOF) robot arm driven by n hydraulic cylinders 
as shown in Fig. 1. The generalized joint position vec-
tor is represented by q and the displacement vector of 
the hydraulic cylinders is y.  

 

Fig. 1: Robot arm driven by n hydraulic cylinders 

2.1 Rigid Robot Dynamics 

The dynamic model of an n-link rigid robot may be 
described in the joint space as described in Sciavicco 
and Siciliano (2004): 

 ( ) ( ) ( ),H q q C q q q G q τ+ + =&& & &  (1) 

where H(q) nxn

∈ℜ  is the inertia matrix, ),( qqC &

nxn

∈ℜ  

is the matrix containing centrifugal and Coriolis effects, 

G(q) n

∈ℜ  is the vector representing gravitational ef-

fects, q n

∈ℜ , q& n

∈ℜ  and q&& n

∈ℜ  are the joint posi-

tion, velocity and acceleration vectors, respectively, 

and τ n

∈ℜ  is the joint torque vector. We consider that 
the joint friction can be neglected when compared to 
the actuator friction as given in Honegger and Corke 
(2001). This is valid for a roller bearing joint with low 
friction. 

2.2 Hydraulic Actuator Dynamics 

The joint torque vector is related to the actuator 
load force vector fL by:  

 
T

L
J fτ =  (2) 

where J  is a diagonal matrix that expresses the geo-
metric relationship between the actuator motion and the 
corresponding joint motion (for details, see Valdiero 
(2005)). 

Neglecting the actuator inertia and the gravitational 
forces that act on the pistons, the load force vector is 

 
L H f
f f f= −  (3) 

where 
H
f  is the hydraulic force vector and 

f
f  is the 

actuator friction force vector. 
Substituting Eq. 2 and Eq. 3 into Eq. 1 results in 

 T T

f H
( ) ( , ) ( , , , ) ( )H q q C q q q J f q q z z G q J f+ + + =&& & & & &  (4) 

Considering a cylinder controlled by a critical cen-
tre four-way spool valve, the hydraulic force dynamics 
can be expressed in the following form: 

 ( ) ( )H q u a b, , , ,f f q q g q p p u= +
&

&  (5) 

where u n

∈ℜ  is the control command vector, fq 
n

∈ℜ  
is the vector of nonlinear functions that depends only 

on the motion variables and gu 
n

∈ℜ  is the vector of 
nonlinear functions that depends on the position vector 
q, on the cylinder chamber pressure vectors pa and pb , 
and on the control signal u. The detailed expressions of 
vectors fq and gu are given in Valdiero (2005). 

The actuator friction forces vector 
f
f  is obtained in 

the next section. 

2.3 Actuator Friction Dynamics 

We consider the actuator friction dynamics de-
scribed by the Lugre model, proposed in Canudas et al. 
(1995) and improved by Dupont et al. (2000) in order 
to include stiction effects. This model is briefly pre-
sented in this section. 

Using the Lugre model, the friction force vector in a 
hydraulic manipulator, considering the friction between 
the piston/cylinder surfaces, is represented by: 

 
f 0 1 2
f z z y= Σ +Σ +Σ &&  (6) 

where 
0 0i

[ ]diag σΣ =  is the diagonal matrix whose 

elements represent the stiffness coefficient 
0i

σ  of the 

microscopic deformation in actuator i; z is the average 
deflection vector of the asperities between surfaces (an 
internal state that can not be measured); 

1 1i
[ ]diag σΣ =  

is the diagonal matrix whose elements represent the 
damping coefficient 

1i
σ  associated with dzi/dt in actua-

tor i; 
2 2i

[ ]diag σΣ =  is the diagonal matrix whose 

elements represent the viscous friction coefficient 
2i

σ  

in actuator i; y&  is the actuator velocity vector. 

The average deflection dynamics are given in Du-
pont et al. (2000): 

 ( , )z y A z y z= −& &&  (7) 

where ( , )A z y&  is the diagonal matrix defined in Eq. 8: 
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 0i

i i i i i

ss i i

( , ) ( , ) ( ) 0
( )

A z y diag z y sign y y
g y

σ

α

⎡ ⎤
= ≥⎢ ⎥

⎢ ⎥⎣ ⎦
& & & &

&

 (8) 

where 
i i i
( , )z yα &  is a function used to represent the 

stiction and 
ss i
( )g y&  is a function that describes the 

steady state friction characteristics. 
It is well known that the friction force in the seal of 

a piston is highly influenced by the hydraulic pressure. 
In the model presented above this influence can be 
included by considering that the stiffness coefficients 

0i
σ  and damping coefficients 

1i
σ  depend on the hy-

draulic pressure.  
In this paper the hydraulic pressure influence on the 

friction force is not taken into account since both coef-
ficients are considered to be constant. The conse-
quences of this assumption will be discussed in section 
3.4. 

2.4 System Dynamics 

The entire system dynamics is given by Eq. 4, 5  
and 7.  

3 The Cascade Control Strategy 

In hydraulically driven manipulators the trajectory 
tracking problem consist of the design of a control law 
for the control vector u such that the vector 

T[ ( ) ( )]q t q t&  tracks a desired trajectory vec-

tor T

d d
[ ( ) ( )]q t q t& , where 

d
( )q t  is the desired joint 

position vector. To achieve this end we define the error 
in the applied hydraulic forces as: 

 
H H Hd
f f f= −
%  (9) 

where 
Hd
f  is the desired hydraulic force vector de-

signed so as to obtain the trajectory tracking. Substitut-
ing Eq. 9 into Eq. 4 gives: 

 
T

f

T T

Hd H

( ) ( , ) ( , , , )

( )

H q q C q q q J f q q z z

G q J f J f

+ +

+ = +

&& & & & &

%

 (10) 

Including Eq. 7 and 5 reproduced below 
 ( , )z y A z y z= −& &&

 

 H q u a b( , ) ( , , , )f f q q g q p p u= +
&

&  

The system described by Eq. 10, 7 and 5 is in the 
cascade form. Equations 10 and 7 represent the me-
chanical subsystem with friction, driven by a desired 
hydraulic force vector 

Hd
f  and subjected to an input 

disturbance
H
f% . Equation 5 represents the hydraulic 

subsystem. 
The design of the cascade controller for the system 

described above can be summarized as: 
• Compute a control law

Hd
f  for the mechanical 

subsystem in Eq. 10 such that the joint position 
vector q(t) achieves a desired trajectory qd(t) taking 

into account the presence of the disturbance
H
f% ; 

• Compute a control law u for the hydraulic subsys-
tem in Eq. 5 such that fH tracks the desired hydrau-
lic force vector

Hd
f  as close as possible. 

In this paper the design of the mechanical subsys-
tem control law

Hd
f  is based on the controller proposed 

by Slotine and Li (1988) which includes a friction 
compensation scheme. The friction compensation is 
based on an observer, designed using the Lugre friction 
model. The control law u is synthesized to achieve 
good tracking performance characteristics related to the 
hydraulic subsystem. A cascade control structure block 
diagram is shown in Fig. 2. The friction force observer 
and the controllers are then described. 

 
 
 

 

Fig. 2: Cascade control structure block diagram  
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3.1 The Friction Force Observer 

According to Canudas et al. (1995) the estimated 

friction force vector 
f

ˆ ˆ ˆ( , , , )f q q z z&&  is given by: 

 
f 0 1 2

ˆ

ˆ ˆf z z y= Σ +Σ +Σ&

&  (11) 

where ẑ  is the estimated friction internal state vector. 
In this paper we propose that it is given by: 

 
obs 0

ˆˆ ˆ ˆ( , )z y A z y z K Js= − −

&

& &  (12) 

where Kobs > 0 is the observer gain diagonal matrix; s0 
is the measure of the velocity tracking error defined in 

Eq. 21; )y,ẑ(Â &  is the diagonal matrix defined in 

Eq. 13: 

 0i

i i i i i

ss i i

ˆ ˆˆ ˆ( , ) ( , ) ( ) 0
( )

A z y diag z y m y y
g y

σ

α

⎡ ⎤
= ≥⎢ ⎥

⎢ ⎥⎣ ⎦
& & & &

&

 (13) 

where 
i i i
ˆ ˆ( , )z yα &  is the function used to represent the 

stiction as 
i i i
( , )z yα &  in Eq. 8, calculated using the es-

timated friction state 
i
ẑ . The function 

i
( )m y&  is intro-

duced to smoothen the signal function 
i

( )sign y&  in 

order to calculate the desired hydraulic force time de-

rivative 
Hd
f& , employed to obtain the trajectory tracking 

in the hydraulic subsystem (see Eq. 18) based on 
Eq. 14.  

3.2 The Tracking Control of the Mechanical Sub-

system 

Based on Slotine and Li (1988) and including the 
friction compensation, we propose the following con-
trol law to obtain trajectory tracking in the mechanical 
subsystem: 

 
T 1

Hd r r

P1 D 0 f

( ) [ ( ) ( , ) ( )

ˆ ˆ ˆ] ( , , , )

f J H q q C q q q G q

K q K s f q q z z

−

= + +

− − +

&& & &

&

% &

 (14) 

where KP1 and KD are diagonal positive definite matri-
ces; q~  is the tracking joint error vector defined in Eq. 

15; 
r
q&  is the joint reference velocity vector defined in 

Eq. 16; s0 is a measure of the velocity tracking error 

vector Eq. 17; 
f

ˆ ˆ ˆ( , , , )f q q z z&&  is the estimated friction 

forces vector calculated in Eq. 11. 

 
d

q q q= −%  (15) 

 
r d

q q q= −Λ& & %  (16) 

 
0 r
s q q q q= − = + Λ&

& & % %  (17) 

where Λ is a diagonal positive definite matrix. 

3.3 Tracking Control of the Hydraulic Subsystem 

In order to obtain the force tracking in the hydraulic 
subsystem we propose the following control law: 

u a b q Hd P H 0( , , , ) ( , )g q p p u f q q f K f Js= − + − −
& %

&  (18) 

where KP is a positive definite gain diagonal matrix. 
Note that the control vector u is obtained using gu given 
by Eq. 18. 

3.4 The Cascade Controller Stability 

The cascade controller stability is presented in de-
tail in appendix. In this section we present a qualitative 
discussion in order to outline the closed loop conver-
gence properties, and the gain tuning. 

Theoretically we established that the controller 
gains can be chosen in order to obtain the convergence 

of the tracking errors, )(~ tq  and )(~ tq& , to a residual set 

R as ∞→t . Moreover, the set R depends on the fric-
tion characteristics and on the controller gains. 

To this end the friction force observer gains should 
be designed in order to satisfy the equation below:  

 
obs i 0i 1i i

2 /( )K Jσ σ<  (19) 

where 
0i

σ  is the stiffness coefficient of the microscopic 

deformation in actuator i, 
1i

σ  is the damping coeffi-

cient associated with dzi/dt in actuator i, and i
J  is the 

norm of the i-th element of the J  diagonal matrix 
which expresses the geometric relationship between the 
actuator motion and the corresponding joint motion. 

To obtain the convergence of the tracking errors, 
besides condition 19, the mechanical subsystem gains 
given in matrix KD have to satisfy the following condi-
tion:  

 2

Di i imax i obs i 1i

ˆ1/ 2K J A J K σ⎡ ⎤> −⎣ ⎦  (20) 

where 
i max i i imax

ˆ ˆ ˆ( , )A A z y= & is an upper limit for the i-th 

diagonal element of the matrix defined in Eq. 13, calcu-
lated according the upper limit to the i-th actuator ve-
locity, 

i max
y& , given by an initial condition.  

Under conditions 19 and 20 the error state vector 

defined as 
T TT T T

0 H
[ ]s q z fρ =

%

% % tends to a residual 

set given by:  

 /Dρ α>  (21) 

where D is an upper limit to the so called “disturbance 
vector” )(D ρ , which depends on the friction charac-

teristics and on the smoothing function 
i

( )m y&  (see the 

appendix), and α  is a positive constant which is de-
pendent on the controller gains (see Eq. A23 in appen-
dix). 

Remark: Since the stiffness coefficients 
0i

σ  and 

the damping coefficients 
1i

σ  may be dependent on the 

hydraulic pressure, condition 19 should be satisfied 
considering the case in which the relation between the 
coefficients is minimal. Furthermore, condition 20 
should be satisfied considering the maximum value of 
the damping coefficient 

1i
σ .  

With the equipment friction parameters determined 
taking the above remark into account and choosing a 

smoothing function, the residual set ρ  given in Eq. 

21 is dependent on the mechanical subsystem controller 
gains given in matrices Λ, KP1 and KD , on the hydraulic 
subsystem gains (matrix KP) and on the friction force 
observer gains (matrix Kobs). The design of these gains 
is presented in detail in Cunha et al. (2002). 
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The experimental results presented in section 4 il-
lustrate these results. 

4 Experimental Results 

The cascade control strategy was implemented on 
the 2 DOF hydraulically driven test manipulator shown 
in Fig. 3, installed at LASHIP (in the Federal Univer-
sity of Santa Catarina).  

This manipulator is composed of the main compo-
nents shown in Table 1, a data acquisition and control 
board DS 1104 dSPACE and a conditioning and power 
hydraulic unit. The experimental setup is described in 
detail in Valdiero (2005). 

 

Fig. 3: Experimental Hydraulic Robot Arm 

Table 1: Main components from experimental test 
apparatus on joint 1 

Component Make Catalog code 

Hydraulic 
cylinder 

BOSCH 
REXROTH 

CDT3MP5/25/18/200/
Z1X/B1CHDTWW 

Proportional 
valve 

BOSCH 
REXROTH 

4WRE6E1-08-
2X/G24K4/V 

Pressure 
sensors 

ZÜRICH PSI-420 (0-100 bar) 

Incremental 
Encoder 

HOHNER 7510-0622-0500 

 
The proportional valve has a dead zone whose pa-

rameters were identified observing the dynamic behav-
ior of the pressure in the valve gaps (Valdiero, 2005). 
The harmful effects of the dead zone are compensated 
using an inverse as in Cunha et al. (2002). 

The tests were performed using a polynomial de-
sired trajectory on joint 1, with joint 2 stopped at its 
maximum position. The desired trajectory of joint 1 is 
shown in Fig. 4 and can be described by Eq. 22. 

7 6 5 4 3

d1 7 6 5 4 3

0.43 ( 0.02 0.4 2.8 7 )10 6

0.69 6 12
( )

0.69 ( 0.02 0.4 2.8 7 )10 12 18

0.43 18

t t t t for t

for t
q t

t t t t for t

for t

−

−

⎧ + − + − + <
⎪

≤ ≤⎪
= ⎨

− − + − + < <⎪
⎪ >⎩

 (22) 

The position and velocity reference trajectories of 
actuator 1 corresponding to the joint 1 position refer-
ence given in Eq. 22 are shown in Fig. 5 and Fig. 6, 
respectively. 

 

Fig. 4: Joint 1 position reference. 

 

Fig. 5: Actuator 1 position reference. 

 

Fig. 6: Actuator 1 velocity reference. 

The cascade controller is given by the friction force 
observer (Eq. 11), the mechanical subsystem control 
law (Eq. 18), and by the solution of Eq. 25.  

To calculate the estimated friction force we need to 
obtain the function )(

1
yg

ss
& , the viscous friction coeffi-

cient 
12

σ , and the dynamic parameters 
01

σ and 
11

σ  in 

actuator 1. 
The function )(

1
yg

ss
&  and the viscous friction coef-

ficient 
12

σ  are obtained experimentally using the static 

friction map (Fig. 7), in which the friction forces corre-
sponding to steady state velocities are plotted.  
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Fig. 7: Static friction map for actuator 1 with experimental 

values and fitting curves 

Figure 7 shows the adjusted functions )(
1
yg

ss
&  and 

the viscous friction. The corresponding viscous coeffi-
cients are 

12
σ = 105.15 Ns/m for 0>y&  and 

12
σ = 

125.41 Ns/m for 0<y& . 

According to Canudas and Lischinsky (1997), the 
dynamic parameters 

01
σ and

11
σ  are calculated using 

an experimental procedure combined with a numerical 
non-linear optimization. For hydraulic actuators this 
experimental procedure is difficult to use because it is 
based on detecting stick-slip movements and velocity 
inversions. These inversions are difficult to detect due 
to valve internal leakages and a residual dead zone. 
Similar difficulties are observed in pneumatic actuators 
(Perondi, 2002). 

For pneumatic actuators, Perondi (2002) compares 
experimental results, obtained according to Canudas 
and Lischinsky (1997), with parameters adjusted by 
simulations, and concludes that the dynamic parameter 
values obtained by simulations are lower than measured 
values. 

In this paper, the dynamic parameters 
01

σ and
11

σ  

were adjusted by simulation in order to obtain accept-
able microscopic deformations considering the sample 
rate time limitations to implement the friction observer 
in real time.  

According to Armstrong and Canudas (1996), the 
microscopic deformations in the pre-sliding phase are 
in the 1 to 50 µm range. This allows us to estimate that 

01
σ = 0.5 x 106 N/m for both situations ( y& > 0 

and y& < 0). Considering that the dynamic parameter 

11
σ  has to introduce an adequate damping into the 

friction model in the pre-sliding movement phase and 
has to be adjusted in order to assure the passivity pro-
priety according the condition introduced in (Bara-
hanov and Ortega, 2000), we estimate 

11
σ = 127.2 

Ns/m for y& > 0 and 
11

σ = 49.6 Ns/m for y& < 0. 

The friction observer gain is chosen according to 
condition 19 and tuned in order to obtain a smooth 
response. In this way we obtain Kobs = 0.01. 

The gain KD is chosen to satisfy condition 20 and is 

tuned together with the other control gains in order to 
obtain a response without arm vibrations and a suffi-
ciently smooth control signal (see details in Cunha et 
al. 2002. The resulting control gains for actuator 1 are 
λ = 40, KP = 300, KD = 300, KP1 = 20. 

The estimated friction force during the movement 
described in Figs. 5 and 6 is shown in Fig. 8. 

 

Fig. 8: Estimated Friction Force (Actuator 1). 

Note that the estimated friction force increases in 
the static friction range (between 6 and 12 seconds) due 
to the integral action on the friction observer. Due to 
this, the friction observer tends to compensate the 
closed loop system parametric uncertainties by overes-
timating the static friction force. 

Figure 9 shows the position tracking results ob-
tained in the first joint of the manipulator, with and 
without the proposed friction compensation. The track-
ing errors converge to residual sets in both cases and in 
the case including friction compensation the residual 
set is smaller than in the case without friction compen-
sation. 

 

Fig. 9: Tracking Error: (a) with and (b) without Friction 

Compensation (Joint 1). 
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5 Conclusions 

In this paper a cascade control with friction com-
pensation for hydraulically driven manipulators was 
presented. The controller considers the full dynamic 
model of hydraulically driven manipulators and the 
friction forces in the actuators. These friction forces are 
compensated using an observer based on the Lugre 
friction model. The Lyapunov stability method is used 
to establish the convergence of the closed loop tracking 
errors to a residual set in a local sense. This theoretical 
analysis highlights that the residual set depends on the 
friction characteristics and on the controller design. 
Furthermore, the analysis results in design rules for the 
controller gain tuning. These results were confirmed 
experimentally. 

Nomenclature 

ff actuator friction force [N] 
fH hydraulic force [N] 
fHd desired hydraulic force [N] 
fL actuator load force [N] 
pa pressure in cylinder chamber 1 [N/m²] 
pb pressure in cylinder chamber 2 [N/m²] 
q joint position [rad] 
qd desired trajectory [rad] 
u voltage applied to the servo valve [V] 
z average deflection [m] 
y actuator piston position [m] 

0
σ  stiffness coefficient  [N/m] 

1
σ  damping coefficient  [Ns/m] 

2
σ  viscous friction coefficient [Ns/m] 

τ joint torque [Nm2] 
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Appendix 

In this appendix the cascade controller stability 
analysis is presented in more details. 

To this end some aspects of the friction force ob-
server, of the tracking control of the mechanical sub-
system and of the tracking control of the hydraulic 
subsystem should be pointed out. 

Friction force observer: the smoothing function 
used in Eq. 12 is given by:  

 
i v i

( ) 2 / arctan( ) 0m y k yπ= ≥& &  (A1) 

where kv is a positive constant. 
By using the estimated matrix defined in Eq. 13 in 

the friction observer an error given by the matrix 

),ˆ(ˆ),(),ˆ,(
~

yzAyzAyzzA &&& −=  is introduced. Calculating 

this error matrix using Eq. 8 and Eq. 13 results in: 

 
i i i i

0i i

i i i i

ss i i

ˆ( , , ) [( ( , ) ( )

ˆ ˆ( , ) ( )) ]
( )

A z z y diag z y sign y

y
z y m y

g y

α

σ

α

=

−

%

& & &

&

& &

&

 (A2) 

The elements of this matrix are limited, since the 
functions 

i i i
( , )z yα & and 

i i i
ˆ ˆ( , )z yα &  are nonnegative and 

limited (see Dupont et al. (2000)), and the function 

ssi
( )g y&  is limited by the Coulomb friction force and the 

static friction force. 
Defining the error in the estimated friction state 

vector as )ˆ(~ zzz −= , the dynamics of this error are 

obtained using Eq. 12, 7 and A2, and are calculated by: 

 
obs 0

ˆˆ ˆ( , , ) ( , )z A z z y z A z y z K Js= − − +
%&

& &% %  (A3) 

Using Eqs. 6 and 11, the estimated friction force er-

ror
f f f

ˆf f f= −
%  is written as: 

 
f 0 1
f z z= Σ +Σ% &

% %  (A4) 

Mechanical subsystem: In this subsystem the error 
dynamics is obtained applying the control law (Eq. 14) 
to the mechanical subsystem with friction (Eq. 10) 
using Eq. A3, A4 and the error definitions given by 
Eq. 15, 16 and 17. So, we arrive at: 

 0 D 0 P1

T T T

0 1 H

( ) [ ( , ) ]H q s C q q K s K q

J z J z J f

+ + +

+ Σ + Σ =

& & %

%&

% %

 (A5) 

To perform the Lyapunov stability analysis pre-
sented in the sequence consider the nonnegative func-
tion: 

 
T T

1 0 0 0 P1

T -1

0 obs

1 1
( , , ) ( )

2 2

1

2

V s q z s H q s q K q

z K z

= +

+ Σ

% % %%

% %

 (A6) 

Using Eq. A5, the time derivative of Eq. A6 along 
the mechanical subsystem trajectories is given by: 

 

T T

1 0 0 D 1 obs 0

T T -1 T T
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s J A z y z s J A z z y z
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− Σ
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& &%
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 (A7) 

where the screw symmetry property of the robot dy-
namics (Sciavicco and Siliciano, 2004) was employed. 

Hydraulic subsystem: in this subsystem, the error 
in the hydraulic force tracking dynamics is obtained by 
combining Eq. 5, 18 and 9, and results: 

 
H P H 0
f K f Js= − −

&

% %  (A8) 

The design of the gain matrix KP is based on the 
nonnegative function V2 defined as: 

 
T

2 H H
1/ 2V f f=

% %  (A9) 

The time derivative of the function V2 along the er-
ror system trajectories (Eq. A8) is given by: 

 
T T

2 H p H H oV f K f f Js= − −
% % %&  (A10) 

The stability analysis is performed considering the 
cascade controlled hydraulically driven manipulator 
system with the friction observer. The resulting closed 
loop system is Ω = {(10), (7), (5), (11), (14), (18)}. 

We assume that the desired joint position vector 

d
( )q t  and its derivatives up to third order are uniformly 

bounded. 
Tracking error convergence properties: When all 

the system parameters are known, given an initial con-
dition, the controller gains can be chosen in order to 
obtain the convergence of the tracking errors, )(~ tq  and 

)(~ tq& , to a residual set R as ∞→t . The set R depends 

on the friction characteristics and on the controller 
gains. 

Proof: Consider the lower bound function obtained 
using Eq. A6 and Eq. A9: 

 
0 H 1 0 2

( , , , ) ( , , )V s q z f V s q z V= +
%

% %% %  (A11) 

In a matrix equation form this expression results in: 

 T

1
1/ 2V Nρ ρ=  (A12) 

where the error state vector is defined as 
T TT T T

0 H
[ ]s q z fρ =

%

% %  and the matrix N1 is 
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 (A13) 

The time derivative of Eq. A11 along the systems 
trajectories is obtained using Eq. A7 and A10: 

 T T

2
V N Dρ ρ ρ= − +
&  (A14) 

where the matrix 
2

N  and the “disturbance vector” D  

are given by: 
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The matrix N2 is state dependent because the matri-

ces J  and ),ˆ(ˆ yzA &  are state dependent. In the sequence 

we establish the conditions to make this matrix be uni-
formly positive definite. 

First we observe that the matrices 
1

Σ  and 
obs

K  are 

diagonal positive definite (see Eq. 6 and Eq. 12). This 

implies that T

D 1 obs
0K J K J+ Σ > . 

The diagonal matrix ),ˆ(ˆ yzA & , defined in Eq. 13, is 

null in the static friction range ( 0=y& ) and is positive 

definite out of this range ( 0≠y& ). 

Out of the static friction range ( 0≠y& ), using the 

Gershgorin theorem it should be observed that the ma-
trix 

2
N  in Eq. A15 is positive definite if: 

 -1

0i obs i i i i i 1i i i i

ˆ ˆˆ ˆ( , ) 1/ 2 ( , )K A z y J A z yσ σ>& &  (A17) 

for i=1, n where 
0i

σ , 
obs i

K , 
i

J , 
i i i

ˆ ˆ( , )A z y&  and 
1i

σ  are 

the elements of the diagonal matrices 
0

Σ , 
obs

K , J , 

)y,ẑ(Â &  and 
1

Σ , respectively. Considering the ele-

ments signal results in: 

 
obs i 0i 1i i

2 /( )K Jσ σ<  (A18) 

The matrix J elements are limited (Valdiero, 2005), 

i.e. 
i

J  is limited, and the gain 
obs i

K  should be chosen 

in order to satisfy the condition expressed in Eq. A17. 

 2

Di i 1i obs i i 1i i i i

ˆ ˆ1/ 2 ( , )K J K J A z yσ σ+ > &  (A19) 

for i=1, n where 
Di

K  is the i-th element of the di-

agonal matrix 
D

K . This results in: 

 2

Di i 1i obs i i 1i i i i

ˆ ˆ1/ 2 ( , )K J K J A z yσ σ+ > &  (A20) 

From Eq. 13 it can be observed that 
i i i

ˆ ˆ( , )A z y&  in-

creases as the i-th actuator velocity 
i
y&  increases. 

Consider that, given an initial condition, an upper 
limit to the i-th actuator velocity, 

i max
y& , exists. This 

implies that an upper limit 
imax i i imax

ˆ ˆ ˆ( , )A A z y= &  exists. 

Therefore, by choosing 
obs i

K  according to Eq. A18, 

and by observing that all terms in the left hand side of 
Eq. A18 are positive, the gain KDi can be calculated by: 

 2

Di i imax obs i 1i

ˆ1/ 2
i

K J A J K σ⎡ ⎤> −⎣ ⎦  (A21) 

Under the conditions given by Eq. A18 and Eq. 
A20, the matrix 

2
N  is uniformly positive definite, i.e.: 

 0
2

≥∀≥ tIN α  (A22) 

where α  is a positive constant given by: 

 0),(inf 2min
],0[

≥∀=
∈

TN
Tt

λα  (A23) 

Using Eq. A22 in Eq. A14 and employing the Ray-
leight-Ritz theorem results in: 

 )(
2

ρρρα DV +−≤&  (A24) 

Since the state vector z is limited (see Dupont et al 
(2000)), and the elements of the matrix 

atr atr
ˆ( , , )A z z y%

&  are 

limited, “disturbance vector” )(D ρ  is upper limited, 

i.e., DD ≤)(ρ . Therefore: 

 ρρα DV +−≤
2

&  (A25) 

The condition in which the time derivative V&  is 
negative is given by 

 αρ /D>  (A26) 

Expressions A12 and A25 show that ρ  tends to a 

residual set, which depends on D  and on α , as 
∞→t . Consequently each error vector component 

tends to a residual set. So, the measure in the velocity 
error vector s0(t) tends to a residual set and, through Eq. 

17 we conclude that the tracking errors )(~ tq and )(~ tq&  

tend to a residual set as ∞→t . 

Remark 1: As )(~ tq&  is limited, the actuator velocity 

vector )(ty&  is limited. Therefore, there is a velocity 

upper bound in each actuator,
imax
y& , which depends on 

the closed loop system dynamics and of the initial con-
ditions. These initial conditions should satisfy the con-
dition given by Eq. A19. Therefore, the above result 
depends on the initial conditions. Thus, it is a local 
result. 

Remark 2: The upper bound “disturbance” (D ) 
depends on the friction characteristics (see Eq. A16) 
and on the smoothing function 

i
( )m y& . The positive 

constant α , defined in Eq. A23 depends on the control-
ler gains. Therefore, the residual set given by Eq. A26 
depends on the friction characteristics, on the smooth-
ing and on the controller gains. 
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